Skills in Mathematics for 


Integral 
Calculus 


With Sessionwise Theory & Exercises 


Amit M. Agarwal 


S 


Skills in Mathematics for 


JEE Main & 
Advanced 


Integral 
Calculus 


With Sessionwise Theory & Exercises 


Skills in Mathematics for 


JEE Main & 
Advanced 


Integral 
Calculus 


With Sessionwise Theory & Exercises 


Amit M. Agarwal 


) a 
>,<arihant 
ARIHANT PRAKASHAN (Series), MEERUT 


ARIHANT PRAKASHAN (Series), MEERUT 
All Rights Reserved 


© AUTHOR 


No part of this publication may be re-produced, stored in a retrieval system or 
by any means, electronic mechanical, photocopying, recording, scanning, web or 
otherwise without the written permission of the publisher. Arihant has obtained 
all the information in this book from the sources believed to be reliable and true. 

However, Arihant or its editors or authors or illustrators don’t take any responsibility 
for the absolute accuracy of any information published, and the damages or loss 
suffered thereupon. 


All disputes subject to Meerut (UP) jurisdiction only. 


‘ Administrative & Production Offices 


Regd. Office 
‘Ramchhaya’ 4577/15, Agarwal Road, Darya Ganj, New Delhi -110002 
Tele: 011- 47630600, 43518550 


‘i Head Office 
Kalindi, TP Nagar, Meerut (UP) - 250002 Tel: 0121-7156203, 7156204 


5s Sales & Support Offices 
Agra, Anmedabad, Bengaluru, Bareilly, Chennai, Delhi, Guwahati, 
Hyderabad, Jaipur, Jhansi, Kolkata, Lucknow, Nagpur & Pune. 


‘8 ISBN : 978-93-25298-66-8 
PO No: TXT-XX-XXXXXXX-X-XX 
Published by Arihant Publications (India) Ltd. 


For further information about the books published by Arihant, log on to 
wwwaarihantbooks.com or e-mail at info@arihantbooks.com 


Follow us on rf) [ec] L > | 


PREFACE 


“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TO IT, | TEACH CALCULUS TO JEE ASPIRANTS BUT 
BELIEVE THE MOST IMPORTANT FORMULA IS COURAGE + DREAMS = SUCCESS” 


It is a matter of great pride and honour for me to have received such an overwhelming response to the 
previous editions of this book from the readers. In a way, this has inspired me to revise this book 
thoroughly as per the changed pattern of JEE Main & Advanced. | have tried to make the contents 
more relevant as per the needs of students, many topics have been re-written, a lot of new problems 
of new types have been added in etcetc. All possible efforts are made to remove all the printing errors 
that had crept in previous editions. The book is now in such a shape that the students would feel at 
ease while going through the problems, which will in turn clear their concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 
e Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus & 
Pattern in recent years. 


e The most important point about this new edition is, now the whole text matter of each chapter has been 
divided into small sessions with exercise in each session. In this way the reader will be able to go through 
the whole chapter in a systematic way. 


e Just after completion of theory, Solved Examples of all JEE types have been given, providing the students 
a complete understanding of all the formats of JEE questions & the level of difficulty of questions 
generally asked in JEE. 


e Along with exercises given with each session, a complete cumulative exercises have been given at the 
end of each chapter so as to give the students complete practice for JEE along with the assessment of 
knowledge that they have gained with the study of the chapter. 


e Last 10 Years questions asked in JEE Main & Adv, IIT-JEE & AIEEE have been covered in all the chapters. 


However | have made the best efforts and put my all calculus teaching experience in revising this 
book. Still | am looking forward to get the valuable suggestions and criticism from my own fraternity 
i.e. the fraternity of JEE teachers. 


| would also like to motivate the students to send their suggestions or the changes that they want to 
be incorporated in this book. 


All the suggestions given by you all will be kept in prime focus at the time of next revision of the book. 


Amit M. Agarwal 
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It was in this aspect that the process of integration was 
treated by Leibnitz, the symbol of | being regarded as the 


initial letter of the word sum, in the same way as the 
symbol of differentiation d is the initial letter in the word 
difference. 


Definition 
If f and g are functions of x such that g’ (x) = f (x), then 


the function g is called a anti-derivative (or primitive 
function or simply integral) of f w.r.t. x. It is written 


symbolically, | F) dx = g(x), where, a &(x)=f (x) 
dx 


Remarks 
1. In other words, [feo dx =g (x) iff g’ (x) =f (x) 
2. | f(x) dx = g (x) + c,wherecisconstant, 


[. (g(x) + C)= g’(x) =/(x)Jand Cis called constant of integration, 


Session 1 


Example 1 roo + c]=(n+1)x", then find 
Ix 
ie dx. 


Sol. As, fe ee) 
dx 


> (x"*! + C)is anti-derivative or integral of (n + 1) x”. 
x” 4. 
es dx = +C 
n+1 


Example 2 If 2 (sin x+c)=cos x, then find 
Ix 
[cos xx, 
Sol. As, sin x+C)=cosx 
dx 


=> sin x +C is anti-derivative or integral of cos x. 


| cos xdx =(sinx)+C 


Fundamental of Indefinite Integral 


Fundamental of Indefinite Integral 
tg (x)= F(x) 


S | f(x) de =g(x)+C 


Therefore, based upon this definition and various standard 
differentiation formulas, we obtain the following 
integration formulae 


Since, 


n+1 


d ttl x 
(i) — =x",n#-1>| x" dx = 
n+1 


+Cn#-1 
dx \n+1 


d 1 1 
(ii) — (log | x |) === | —dx =log| x |+C, when x #0 
dx x x 


d 
(iii) ae at => Je* dx =e* +C 


(iv) = 


— =a*,a>0,a#1 
dx \ log, a 


a~ 
+C 


=> fa Os. 7 


d 
(v) —(-cosx)=sinx > | sin x dx =-cos x +C 
dx 


d 
(vi) — (sin x) =cos x => [cos x dx =sin x +C 
dx 


2x > | sec’ x dx =tanx+C 


d 
(vii) — (tan x) =sec 
dx 
ua, 2 2 2 
(viii) Pe (—cot x) =cosec* x =| cosec’ x dx =—cotx +C 
ie 
zie a 
(ix) —(sec x) =sec x tan x 
dx 
=> | sec x tan x dx =sec x +C 
d 
(x) —-(-cosec x) =cosec x cot x 
dx 


> | cosec x cot x dx =—cosec x +C 


d 
(xi) — (log | sin x |) =cot x 
dx 


=> [cot x dx =log | sin x|+C 


d 
(xii) — (— log |cos x |) = tan x 
dx 


=> | tan x dx =—log |cos x |+C 
dig le 
(xiii) Pn ae a: 
=> | sec x dx =log |sec x +tan x |+C 
_, a 
(xiv) —(log|cosec x —cot x|) =cosec x 


=> | cosec x dx =log|cosec x —cot x|+C 


ae d (si 4 = 1 
XV sin = 
dx a ge Sige™ 


a’ —x 
= -1 
(xvi) £ (cos ri )- 
x a 
- x 
> | dx =cos {=} 
a’ -x a 
d {1 x 1 
(xvii) ( tan! Je 
dx \a a a+x 
dx 1 4 (| % 
=> | ; 7, tan —|]+C 
a+x a a 
d {1 x -1 
(xviii) ( cot | == - 
x \a a ai+x 
= 1 4 | X 
= | F 7 ax = cot ( re 
a+x a a 
d {1 x 1 
(xix) ( sec” * = 
dx \a a x lx? — a2 
dx 1. =f | % 
> =—sec'|—|+C 
xax?-a? 4 a 


x4jx° -—a 
—dx 1 i (x 

= =— cosec —|+C 
xJx?-a? 4 a 


Example 3 Evaluate 


iy paca (ii) {(x? +5)3 dx 


‘ x? +5x-1 x? 5x" 1 
Sol. (i) I= Q Te ae = (= + iz) 


Chap 01 Indefinite Integral 3 


a [ (097? 45x17? — 27?) dx 


n+1 


using [ x" dx == oo 
n+ 


3/241 1/241 -1/2+1 
x?! 5x1! x 


3/2+1 1/241 1/241 

+ oe —2x¥? 40 

(ii) I = [? +5)? dx [using (a+ b)?= a°+3a"b + 3ab’ +b" 
T= [(x° + 154 + 75x? + 125) de 


7 5 3 

15 5 
fg 4 Pe eG 
7 5 
x 


7 
T= — 4+3x° + 25x? + 125x+ C 
7 


Example 4 Evaluate 


dx 
) | tan? x dx (ii), |} —_———_—— 
J Sin X COS* x 
“16 6 
sin’? X +COS” Xx cos X —Cos 2x 
sin® xX COS* xX 1—cOs x 


Sol. (i) I= | tan’ xdx > I= | Gee’ x —1)dx 
I= | sec’ x dx - Jrdx [using | sec’ xdx = tan x +C] 


=> J=tanx-x+C 
1 
(i) r= [_——_—- & 
sin“ x cos” x 


I= dx [Using sin’ x + cos” x = 1] 


2 2 


ee 2 
(ie x + cos” x 
sin“ x cos“ x 


a 2 2 
sin“ x cos’ x 
T= | dx + ) : dx 
sin“ x cos” x sin? x cos” x 


[= | sec? xdx+ | cosec” x dx 


IT=tan x-—cotx+C 


(iii) J = | 


sin® x+ cos° x 


dx 


2 
sin’ x COS X 


I= (2 x) + (cos* x) dx 


sin? x cos” x 


[using (a + b)? = a? +b? + 3ab(a+b)] 


a x+ cos* x)>—3sin? x cos” x(sin*x + cos "*) 4 


2 2 
sin“ x cos” x 


dx 


1-3sin? x cos” x 
ae 


+2 2 
sin xX COS X 
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I= ——- dx— [3dx Example 6 Evaluate 
sin? x cos” x ; lo : " 
‘ ' (i) [> Be * dx (ii) [2 84 X dx 
r= | a * ca * dx —3x+C . log, x log, 5 : log, b log, a 
sin’ x cos” x Sol. (i) I= [5 dx = [x dx [Using a = be 7) 
r= [sec? x dx + | cosec® x dx —3x +C 7 x l0Be 5 +1 ae 
I=tan x —cotx-3x+C (log. 5 + 1) 
' cos x — cos 2x . 2 oe x lobe S41 
(iv) I= | dx [using cos2x =2cos* x—-1] ar [s ‘ ——— +C 
1— cos x ~ log, 5+1 
= zy a log, x log .2 x _ log) x 
ee x 1) ix (ii) 1 = [28 dx = [2 ae [eem aie 
— cos x 
; 1 
ie 2cos* x+cosx +1 sing log, x = — log, | 
= ; dx n 
— cos x 
= [glove gy = «logs b 
—(2 cos x +1)(cos x — 1) [2 dx [vx dx [using a b] 
=I =| dx 
—(cos x — 1) aaa 
[as -2cos” x + cosx —1=—(2cos x +1):(cos x — 1)] 3/2 


=> I= [(2 cos x +1) dx [20 de = 2x9? 4 


T=2sinx+x+C 


Vx +1)(x? — Vx) 
Remark Example 7 Evaluate é dx. 
xVx+x+/x 
In rational algebraic functions if the degree of numerator is 


greater than or equal to degree of denominator, then always Sol. H l= (vx +1)--v¥}x(x3? - 
divide the numerator by denominator and use the result of Oh EN J 


Vx(x +Vx +1) 
integration. 
: jj Salen 
Example 5 Evaluate “. Gas 
3 2 
() [~~ ax (i) | 7 dx = [etl — Nese +0) 
ve a (x +x +1) 
Sol. (i) r= [> . ses [2288 [Using, a’ — b* = (a— bya’ + ab + b*) 
x+2 2 
= |(x-1)dx=—-x+C 
fe . 8 Jes | ; 
x+2 x+2 
j( az -2x+4) 8), Example BPigate 
x+2 x+2 ( [ea ‘i i= a 
8 x*(1+ x") (x* +1) 
T=||x?-2x+4- dx ; : ; 
a ome Sol. (i) Here, I = | ee dx = [-** _ dx 
1+ 1+ 
jo" 2 +4x-8log|x+2|+C x(1+ x") x"(1+ x") 
Z 1+x? x? 
x x?+5—5 x45 5 = 2 2 dx +] 2 7 x 
(ii) T= [ax = [4° ax = [J 4 - J ax x°(1+ x?) x2(1+ x?) 
x +5 xo +5 K- #3 ES 1 1 
d =| > ax + | z dx =— +tan"'x+C 
I= f 7 Jic=x-s] ; aes a 1+x 7 
x’ +5 x +(V5 6 7 
(ii) Here, I = as Ue {- ie 2 4 
I=x tan '(%)+e xt 1 x" +1 
v5 v5 2\3 , 43 
_((xy tl r 
=x--5 tan! a ee =| xt) IF +1 i 
V5 


(Col) ee dx — 2 dx 
(x? +1) x? +1 


[Using, a? + b? =(a+ b)(a” — ab+b*)| 


1 
= [(x*- x? +1) dx-2/ ; dx 
x" +1 
5 3 
=~ ~* 4x -2tan'x+C 
5 3 


Example 9 Evaluate 


ee 2 x? =x 
(i) - + dx 
} x2 —y-W2 3/2” yW2 _ y-W/2 


(i) | x? —64 x? Ax? (2x +1) 7 
ii : = 

Hi Iy) 4x Heady hg 1-2x 
Sol. (i) Here, I = | 1 x7 ae x7 ax dx 

. : a en, ee 


=1/2 


= ns SS Jas 


1=x 2 
=| Gu, dx = | x—-1 3/2 dx 
vx vx 
= [c Vx —2x73!?) dx 
3/2 -1/2 
2| 2" 9. eG 2 ee 
3/2  =1/2 3 vx 


(ii) Here 
~6 2 2 
— 64 4x°(2x4+1 
1=f x °-6 = x = x°(2x+1) ee 
442x +x" 4-4x 74x 1-2x 
— 


fie x? _ 4x7 (2x + ‘ ie 


stared 4x* —4x +41 (1 — 2x) 


2 
x 


={|- 1— (4x7)? x® 
x° (4x + 2x +1) (4x? — 4x +1) 


_ 4x °(2x +1) dx 
(1 - 2x) 


_ 4x*(2x +1) ie 
(1 - 2x) 


={| (1—4x7)(1+ 4x? + 16x‘) 
(4x° + 2x + 1)(4x? Aye 


=f (1—4x")-(4x74+2x +1)(4x°-2x+1)  4x7(2x+1) es 
(4x? + 2x + 1)(2x —1)° (1 - 2x) 

[using, 16x* + 4x7 +1=16x* + 8x7 +1—- 4x’ 

= (4x? +1) — (2x)? =(4x7 +14 2x)] 


7 i(° = 2x\(1+ 2x)(4x? -2x +1) 4x*(2x + ») in 


(1- 2x)’ (1 - 2x) 


Chap 01. Indefinite Integral 


7 i(c + 2x)-(4x° — 2x +1) _ 


4x°(2x +1) ie 
(1 - 2x) 


(1 - 2x) 
(= 1){4x7 — 2x +1- 4x} dx 
1-—2x 
- [Fe IL = 2x) | 
(1 -— 2x) 
= | (2x +1) dx = x? +x+C 


Example 10 Evaluate 
1 


| Serrano (x — b) a 
(i) Ee (x — jes (x — b) ms 
ey sd eT oate=F) 
: creer lac Se 


_ 1 (Oe) ae 
cos(a—b) “ sin(x — a) cos (x — bd) 
_ 1 J] ea ese8 


cos (a— b) sin (x — a) cos (x — b) 


5 


” sin (x — b)-sin (x - oH dx 


sin (x — a) cos (x — b) 


= + [ feot (x —a)+ tan (x — b)} dx 


cos (a — b) 
i : 
“oi cos(x — b) |} +C 
- 1 sin (x — a) ee 
cos (a — b) “| cos (x — b) | 
(ii) T=] : 


cos (x — a) cos (x — b) 

_ 1 | sin (a — b) 
sin (a — b) ~ cos (x — a) cos (x — b) 

_ 1 ij. dx 
sin (a— b)~ cos (x — a) cos (x — b) 

1 {spew Peostend 


sin (a— b)~ | cos (x — a) cos (x — b) 


cos (x — a) cos (x — b) 


d | {tan (x - b) - tan (x - a)} dx 


~ sin (a — b) 


[—log|cos(x — b)|+ log |cos(x — a)|]+C 


Jee 


~ sin (a—b) 


cos (x — a) 


1 og 
sin (a — b) 


cos (x — b) 


_ cos (x — b)sin (x — > Ag 
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sin (x+a 
Example 11 Evaluate ——2 dx. 
sin (x +b) 
Sol. tsps [SEE oe Putx+b=t => dx=dt 
sin (x + b) 
(ss ay 
sin ft 
Z ye" t Gos (a—b) 4 £08 di (a- h dt 
sin ft sin t 


= cos (a- b)| 1dt + sin (a— b) | cot (t) dt 
=t cos (a— b)+sin (a— b)log|sint|+C 
=(x + b) cos (a— b) + sin (a — b) log| sin (x + b)|+C 
Example 12 
A eee 
(i) If f’(x)= 5 + : and f(1) = ri then find f(x). 


d 3 
(ii) The gradient of the curve is given by 29¢e = 
dx x 
The curve passes through (1, 2) find its equation. 
Sok. GC, fae, 
2 Xx 
On integrating both sides w.r.t. x, 


we get [4(2)de= (242) dx 


2 
~ f(x) = 5% + 2log|x|+.¢ i) 


Now, as f(1) = (called as initial value problem 


5 5 
i.e. when x = 1,y = — or f(1)= 
v= FQ) 7. 
Putting, x = 1in Eq. (i), 
f1) = 7 + 2log|1| + C, but f(t) == 
236 = C= 1 
4 4 
x? 
=> ier releleles 


(ii) Given, a =2x- =, or dy=|2x- = dx, 
dx x? x? 


On integrating both sides w.r.t. x, we get 


Jay =[(2x-]as 


Since, curve passes through (1, 1). 


> 1=1+3+C>C=-3 


flx)=x? += —3 


Important Points Related 
to Integration 


1. [k f(x) dx =k | fF) dx, where k is constant. i.e. the 


integral of the product of a constant and a 
function = the constant x integral of the function 


[UR GDS fe (x)... fy (x) dx 
=(A@eet| PGjdtat| fae 


ie. the integral of the sum or difference of a finite 
number of functions is equal to the sum or difference 
of the integrals of the various functions. 


iw} 


oo 


. Geometrical interpretation of constant of 
integration By adding C means the graph of 
function would shift in upward or downward 
direction along y-axis as C is +ve or — ve respectively. 


2 
x 
e.g. ys|xdx=—+C 
x2+Cg 
Sl ?+Co 
O (x,0) 
Figure. 1.1 


y=| f(x) dx =F(x)+C 
= F'(x) = f(x); F'(x1) = f(%1) 
Hence, y =| f(x) dx denotes a family of curves such 


that the slope of the tangent at x = x, on every 
member is same i.e. F’(x,) = f(x) [when x, lies in 
the domain of f(x)] 

Hence, anti-derivative of a function is not unique. If 
£1(x) and go(x) are two anti-derivatives of a function 
f(x) on[a, b], then they differ only by a constant. 


ie. 81(X) — B2(x) =C 
Anti-derivative of a continuous function is 
differentiable. 

4. If f(x) is continuous, then 


| F(x) de = F(x) +C 


= P(x)= f(x) 
=> always exists and is continuous. 
> F’(x) 


Chap 01 


Indefinite Integral 


5. If integral is discontinuous at x = x,, then its anti-derivative at x = x, need not be discontinuous. 


= eae 58 Z 3 ‘ 
e.g. |x Me he Here, x ‘’3is discontinuous at x =0. But | x dx= 3 x’? + Cis continuous at x =0. 


6. Anti-derivative of a periodic function need not be a periodic function. e.g. f(x) =cos x +1is periodic but 


| (cos x +1) dx =sinx + x +Cisa periodic. 


Daily Life Applications 


7 


The Derivative The Integral 
Function Its derivative function In symbols Function It’s Anti- In symbols 
derivative Function 
Distance (s) Velocity (v) is ds Velocity Distance <= | v(t) dt 
dt 
Velocity (v) Acceleration (a) = dv Acceleration Velocity ye | a(t) dt 
dt 
Mass ({L) Liner Density (p) p= du Linear Density Mass w= Jo) dx 
dx 
Population (P) Instantaneous growth aP Instantaneous Growth Population _ (ae a 
dt dt 
Cost (C) Marginal cost (MC) _ dC Marginal Cost Cost dC 
NC ig C@=|| —— | da 
q dq 
Revenue (R) Marginal Revenue (MR) MR = dR Marginal Revenue Revenue R(q) = dR d 
dq ( =] dq 
Here, q is quantity of products. 
e e 
Exercise for Session 1 
= Evaluate the following integration 
dx x743 
1. dx 
ls ae Proree) 
2 4 
3: jad 4, | = 5 aX 
x(1+ x“) 1+ x 
5 (pase 6 jee 
"+ 21+ x?) : (14+ x?) 
2 
7. [~~ 8. [2% -e% -ax 
(a + bx) 
3x 5x 
e +e alog x Xloga 
9. (ae 10. Jie + @%!09 2) dy 
11. a 12. | tan x tan 2x tan 3x dx 
cot x — tan x 
13. | ue a dg 14. | cos? x dx 
sin x 
15. | sin? x cos? x dx 
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Methods of Integration 


If the integral is not a derivative of a simple function, then 
the corresponding integrals cannot be found directly. In 
order to find the integral of complex problems. 


e.g. | ane dx, | . 7 dx, | = : dx 


Some Integrals 
which Cannot be Found 


Any function continuous on an interval (a, b) has an 
anti-derivative in that interval. In other words, there exists 
a function F (x) such that F ’ (x) = f (x). 

However, not every anti-derivative F (x), even when it 
exists, is expressible in closed form in terms of elementary 
functions such as polynomials, trigonometric, logarithmic, 
exponential functions etc. Then, we say that such 
anti-derivatives or integrals “cannot be found”’. 


Some typical examples are 


(i) j= x ae (i) j= oP 


x 
(iv) [Ji-# sin? x dx 


(vi) | sin (x?) dx 


(iii) | a dx 
(v) [sin x dx 
(vii) feos(x*) dx — (viii) | x tan x dx 
(ix) few™ dx (x) Je* dx 


2 
x 


(xi) | 


5 dx (xii) | 1+ x? dx 
1+x 


(xiii) | 1+x° dx etc. 


Integration by Substitution 
[or by change of the independent variable] 


If g(x) is a continuously differentiable function, then to 
evaluate integrals of the form, 


T= | f(g(x)).9’ (x) de, 


we substitute g(x) =t and g’ (x) dx =dt 
The substitution reduces the integral to | f (t) dt. After 


evaluating this integral we substitute back the value of t. 


Example 13 Prove that 
(ax+b)"" 


(n+1)a 


Sol. Putting, ax +b =t, we get 


| (x-+b)" dx = +C,n#1. 


adx = dt or dx = oi 
a 


+C 


i | (ax + by" dx =| t"- dra 


a antl 
_ 1 (ax +b)" **dx 
a(n +1) 


+: 


Remarks 
1. iff (x) dx =g (x) + C.then | f (ax + b) dx aly (ax+b)+C 
a 


1 
ax +b 


2: If [4 dx =log| x| + Cthen | dx = log] ax +b] +C 
x a 

Thus, in any fundamental integral formulae given in article 

fundamental integration formulae if in place of x we have 

(ax + 6), then same formula is applicable but we must divide by 

coefficient of x or derivative of (ax + b) i.e. a 


Here is the list of some of 
frequently used formulae 


(ax +b)"*? 
7 a(n+1) 


(i) | (ax +5)" dx +C,n#-1 


si 1 1 
(ii) [ay techs lax tbl +e 


1 
(iii) lene? dx =—e** 4 
a 


1 bx +c 


(iv) eo dx = +C 


b loga 


(v) | sin (ax +b) dpe es aves 
a 
(vi) [cos (ax + b) dx sated (ax +b)+C 
a 


(vii) | sec” (ax +b) dx = - tan (ax +b)+C 
a 


(viii) | cosec? (ax + b) dx =- “ cot (ax +b)+C 
(ix) [sec (ax + b) tan (ax +b) dx = ; sec (ax +b)+C 
(x) | cosec (ax+ b) cot (ax +b) de =——cosec (ax + b)+C 
(xi) | tan (ax +b) dx =-2 log |cos (ax +b)|+C 
(xii) [cot (ax +b) dx = log | sin (ax +b) |+C 
(xiii) [sec (ax+ b)dx = log | sec (ax + b) + tan (ax+ b)|+C 


(xiv) | cosec(ax + b) dx = . log | cosec (ax + b)— cot(ax+ b)|+C 
a 


Example 14 Evaluate 


1 
i dx 
Sa 
243x7 
(7 2) ./3x +2 d. ———— ax. 
(iii) i X- x +2 dx. (iv) perme Ix 


‘i 0 [ee 


Sol. (i) Here, I = 


| dx 
3x+4-.3x+1 
(/3x+4+./3x +1) a 


a acer: 4 — 3x +1)(V3x+4 +V3x +1) 


=( x+4 + y3x+1) 5 


(3x + 4) — (3x +1) 


ae aed dea 3x+1 dx 
3 3 


3/2 3/2 
_1)@x+4y"|  1j@x+y'l 
3) 3/2%3 3| 3/2x3 


Using, [(a + b)" dx = have 


= = [(3x + 4)2/ + (3x +1)/2]+C 


8x +13 fe (ere 
ae J4x +7 


a es 


4x +7 


J 4x+7 dx — | dx 
4x +7 4x +7 
=2|(f4x47)dx - [(4x +7) "?dx 


3/2 1/2 
es gy }-(22 Jee 


(ii) Here, I = | 


3/2x4 1/2x4 


1 1 
= (4x +7)? —-(4x +7) +C 
3 2 


n+1 
(ax + b) i; 
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(iii) Here, J = Jorx — 2)./3x +2 dx= f(x 7 =) ba +2 dx 
-2f(sx-$) 3x +2 dx 
3 7 
=i f(sx+2-2-$) 3x +2 dx 
3 vi 
7 20 
= —1|(3x + 2),/3x + 2 dx — —| ./3x +2 dx 
ne ] 
a0 | Bee d 
al x+2dx 


i 3/2 
=—| (3x +2)" dx - 
3] (3x ) x 


_1{ox+op?)_a0forsa’” |, 
eee Lime 


14 40 
= Or 20 =—Geay? He 
27 


x 


+ 3x") dx mes + x? 
"(1 + x”) x°(1+ x") 


=| 1+ x”) 4 x? cn 
x’(1+x7)  x?(14+ x?) 


“(2+ -] = af x dx + [— dx 


-1 
aS -2 a 
=2-~_+tan!x+C=-—“+tan'x+C 
=1 x 


(iv) Here, I = iS 


Example 15 Evaluate 
sin (log x) 3sin x + 4cos x 
: d ' d 
J x x (i) i sant | 7 


(iv) |x sin (4x? +7) dx 


Sol. (i) I= (= ik 
x 
d 1 
We know that, — (log x) = — 
dx x 
Thus, let log x =t 
> - dx = dt (i) 
x 
I= [sin (t) dt =— cos (t)+C 


=— cos (log x) +C [using Eq. (i)] 


3sin x + 4 cos x 


dx 


(ii) T= | 


4sin x —3cos x 


d : : 
We know, rm sin x —3 cos x) =(4 cos x +3sin x) 
x 


Thus, let 4 sin x —-3 cos x =t (i) 
= (4cos x +3sin x) dx = dt 
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t= [X= tg|t|+C 
t 


=log|4sin x —-3cos x|+C__ [using Eq. (i)] 


(iii) I= {——- a Let mtan 'x=t 
dl Ft 3¢ 
1 1 
> dx=dt > 5 ax =— dt 
Lb x 1+x m 
dt 1 
Ls Je’ > [= fet at 
m m 
T=tetacatet™ 4 
m m 


(iv) T= | x sin (4x? +7) de 
Let 4x°+7=t => 8xdx=dt > x dx = dt 


: dt it 

i Jsin (2) | = — 5 cos (t) +C 
1 2 

me cane +7)+C 


Remarks 


While solving product of trignometric, it is expedient to use the 
following trigonometric identities 


1. sin mmx cos nx = 2 {sin (m=) x + sin(m+ 1) x} 
zs cos mx sin nx = 3 {sin(m + 1) x ~sin(m ~ 1) x} 
3: sin mx sin nx = > {cos (m — 1) x—cos (m+ n) x} 
4. cos mx cos nx = {cos (m— 1) x + cos(m + 1) x} 


Example 16 Evaluate 
(i) [cos 4x cos 7x dx (ii) [cos x cos 2x cos 5x dx 


Sol. When calculating such integrals it is advisable to use the 
trigonometric product formulae. 


(i) | cos 4x cos 7x dx 
1 
Here, cos 4x cos 7x = —(cos 3x + cos 11x), 
2 
: 1 
[using cos mx-cosnx = Fae n)x + cos(m+n)x] 
1 
so b= | cos 4x cos 7x dx =— | (cos 3x + cos 11x) dx 
2 


1 1 
== | cos 3x dx += | cos 11x dx 
2 2 


sin3x sin 11x 
= + 
6 22 


(ii) | cos x cos 2x cos 5x dx, 


+C 


1 
We have (cos x cos 2x) cos 5x =—(cos x + cos3x)cos 5x, 
2 


F 1 
[using cos mx.cosnx = —{cos(m—n)x + cos(m+n)x] 
2 


i 
= — {2 cos x cos 5x +2 cos 3x cos 5x} 
4 


1 


= — {(cos 4x + cos 6x) + (cos 2x + cos 8x)} 


4 


1 
*. cosxcos 2x cos5x = Fs + cos4x + cos6x + cos8x} 


I= | (cos x cos 2x cos 5x) dx 


1 
— re | (os 2x + cos 4x + cos 6x + cos 8x) dx 


_ sin 


2x 
+ 


sin 4x  sin6x _ sin 8x 
+ + +C 


8 


Example 17 Evaluate 


16 24 32 


(i) [sin X COS X-COS 2x-cos 4x dx 


2 = 

ii) | ———— ax 
1+ tan? x 
cos 2x 

(iv) |———-4 


cos? xsin? x 


X 


‘i (e +Ccos* x 

1+c0S 2x 

sec 2x —1 
je 

sec 2X +1 


Sol. (i) Here, I = | sinx cos x: cos 2x cos 4x dx 


1 : 
= = | 2sin x: cos x-cos2x-cos 4x dx 
2 


[using, sin 2x = 2sin x-cos x] 


1 : 
= ——— | 2sin 2x-cos 2x-cos 4x-dx 
2x2 


1 1 
= — {sin 4x-cos 4xdx = —— f2sin 4x cos4x dx 
4 2x4 


1 = 8 
= — [sin 8x dx =" "+c 
8 64 
7 1— tan’ 
(ii) Here, I = |—- dx 
1+ tan” x 
: 1— tan’ x 
T= [cos 2x dx Using, cos 2x = a 
1+ tan“ x 
sin 2x 
= +¢ 
2 


(iii) Here, J = | 


1+ cos* x 


2 
dx, 


1+ cos 2x 


dx 


=f 1+ cos? x (aa 
1+2cos 


2 2 


r= 1 2cos” x 


Using, cos 2x = 2cos? x —-1 
& 


1 ; i 
=—|(sec’ x +1) dx =-(tanx+x)+C 
All ) dx = >( ) 


(iv) Here, I = | 


=f 


COS 2x 


dx 


2 +2 
cos x:sin xX 


2 ae 
s° x — sin“ x) dx 


cos 


2 


x-sin? x 


: 2 9 
[Using, cos 2x = cos“ x — sin“ x] 


={(=3 male 
sin’x cos’x 


= | (cosec?x — sec” x) dx = — cot x —tanx+C 
2x.— 1 1 2 
(v) Here, I = f= XT dx =| ae dx, 
sec2x+1 1+ cos 2x 
2sin” x 
We get, I= | dx 
2cos” x 


[using, 1 — cos 2x = 2sin” x and 1 + cos 2x = 2cos” x] 
= | tan?x-dx 
As, tan? x =sec?x —1 


I= [(sec? x - 1) dx = tan x-x+C 
Example 18 Evaluate 


cot 2x=1 
I= | ———— — cos 8x -cot 4x | dx. 
2cot 2x 


Exercise for Session 2 


= Solve the following integration 


1 i} dx 
: 1+ sin x 


3. | sin x cos? x — sin? x) dx 
sin xX + COs x : 
| ——> here (sin x + cos x) >0 
(1+ sin 2x 
sin? x + cos? x 
sin* x -cos* x 


9. | J1-sin2x ax 
11. | (siee(%* *| sin?( 2 4) dx 


o))o 


dx, here cos 2x >0 


13. | [sin -sin (x —a) + sin'{ 2 _ 


15 (oo 


41+ cos 4x 
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cot? 2x -1 


Sol Hes, = jf Sr 
cot 2x 


— cos 8x- cot | dx 


I= | (cot 4x — cos 8x-cot 4x) dx 


. cot? A-1 
using cot 2A = ———_—_ 
2cot A 
— = [cot 4x(1— cos 8x) dx 


[using 1— cos 2A = 2sin?A] 
= J cot 4x-2sin?(4x) dx 


cos 4x 
= =|—— -2sin? 4x dx 


sin 4x 


= fesin 4x-cos 4xdx, 


using sin 2A =2sin Acos A 
- 8 
= [sin 8x de = "+ 
8 
cos x —sin x , 
2. | ———_—..2 + 2sin 2x) ax 
cos xX + SIN xX 


4. | cos x° dx 


6. ice 2X —COS 20 x 


cos xX —COS 


8. | sec’ x -cosec*x dx 


+6 6 
10. j= X + COS By 


sin? x -cos? x 
12. | cos 4x + 1 dx 
cot x — tan x 


dx 


14 (= + sin 5x —sin3x 
: cos x + 1—2sin? 2x 
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Some Special Integrals 


Some Special Integrals Type | 


d. d. 
@) [=F an [* +c ) f—="— w|/—_—— 
x a? a a ax” +bx +c ax” +bx +c 


1 iii) | Jax? +bx+ced 
(ii | >=3 ips | ae (iii) | ax x +c dx 
ce “ _se If ax” + bx +c can be factorised, then the integration is 
(iii) J _i log | 4C easily done by the method of partial fractions (explained 
a 2 2a a- x| later). If the denominator cannot be factorised, then 


d express it as the sum or difference of two squares by the 
; x - -1({* : 
(iv) | —————- = sin | — |4+C method of completing the square 
; P pleting q 
—x 


ax? bx tema x24? a )-« [4 p )+(2)- a 
=log|x +x? +a? |+C a a 2a a) 4a? 
b 
d make the substitution x +— =f. 
(vi) | <= = log | x + x? =a” |+C 2a 
Vx" -a 
Example 19 Evaluate 


re 2 2 1 2 2,1 2. -1/% 
(vii) | Ja -x dx =" xa -x +74 sin [E)+e () J ] He ‘i) | 1 di 


2 2 
x*°-—X+1 2x° +X—-] 
(viii) | va’ +x? dx j 1 
(ii) | —————- dx 
1 1 2 
5x yai tx? +o a" log|x +a? +x" |+C yX° —2x +3 


dx 


‘ ae Sol. (i) l= | ————_, 
(ix) | x" —a® dx " loners 
1. 1 nq 2 _ . 
en a ; a log | x + bgt |+C completing x“ — x + 1 into perfect square. 
dx dx 


2 


dx 
” Se: +x? 


(iv) | 2x* —3x +1dx 


omer ETT rer leas 


Some Important Substitutions 
dx 


Expression Substitution eek =| 5 ; 
a+ x? x =atan® or acot®@ (x - 1/2) + (v3 /2) 
: 1 _;{(x-1/2 
a—x? x =asin® or acos®@ = ——— tan ih 
3/2 3/2 
x? -@ x =asec® or acosec®@ 
9. (2-1 
_ . [= ~=t Gc 
a7 * or culls x =acos20 V3 7 ( NE ) 
at+x ax 
xO x=0.cos’@+fsin’@ using | : eee at or 
Box or f(x — a) (x -B) ae - ze 
(a) 1=/—— ax =" —— dx 
4 * ax°+x-1 x" +x/2-1/2 
Application of these Formulae 


1 
The above standard integrals are very important. Given = | : dx 
: : Near 2° x° +x/2+1/16—-1/16-1/2 
below are integrals which are applications of these. 


=1{ dx =1{ dx 
-9/16 2°>(x+1/4) -(3/4/ 


(x+1/4) 
ee ee | x+1/4-3/4| 
2 2(3/4) “| x+1/44+3/4| 
sing | 7 == ito lc] 
whic | #2 U2 | 
a | ED | 
1 || Set. | 
Pl Gea a) | 
dx 
ie 
a Gene —2x+3 “ST =2x F1=—143 
dx 


| ety 
= log | (x — 1) + y(x — 1) + (v2) | 


using | ——— =log|x +x? +a? ‘i+¢| 
ear af x? 


I=log|(x —1) +x? —2x+3|+C 
(iv) T= [(yax? -3x +1) dx = v2 | (yx? -3x/2 41/2) dx 


= V2 | (qx? -3x/2+9/16-9/16 + 1/2) dx 


= V2 f(x - 3/4)? - 1/16) dx 
(4 


= (x -3/4)a|(x— 3/4)* — 1/16 


= 21? +C 
I —3/4)+.](x—3/4)?-1/16 
er og |(x )+y(x ) 
ginal mage ie 
=2/8 +C 


~ = log |(x ~3/4)+ ix? —3x/2+1/2 


Example 20 Evaluate 


1 2x 
(i) | _——- dx (ii) dx 
| =e" | 1=x? =x" 
‘ x 
iii dx iv dx 
i) J ”) | Ja 
dx 
Sol. (i) Here, | = 
Se 
Let, 1-e* =? 
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=> — 
e 
id 
7 = dt 
ela ea 
dt 1 ae 
ie = ] +C 
i 2-1 PP aa 
_— 2x _ 
=e = ae 
2 "| yi-e7* +1] 


2 
(ii) Here, I = —— dx 
afl — x? — x4 
Let, x? =t,2x dx =dt 
dt 


ioral 1 1 


+--—-it-? 
4 4 


dt 
—(t+1/2) 


f= = 
Bearer osir aca. 
= inn (Et1/2 ode 2x7 +1 
(‘2 )+ . Jee 


a 
iii) Here, J = | ————— dx. Let, a* =t 
(ii) ae 


*. a” logadx = dt, a* dx= 


dt 
log a 


1 ees 
I= . t)+C 
er 2 Toga log a a) 


ae oe sin '(a*)+C 
x2 
dx 
(iv) Here, I= Re yz ax er ay 2) 
Let, x? =t, sy dx = dt, x"? dx = = dt 


= at 
Herr =) 


Example 21 Evaluate 
f cos X ie i) f sin (x — a) 
sin? x —2sin x —3 


(i | 2 sin2x —COS x 
iii 
6 


=cos’ x= Asinx 


14 ~~ Textbook of Integral Calculus 


cos x dx 


ann es ere re 


* cos x dx = dt 


=| dt 
ae oe ee 


Put sin x =t 


dt 
~ a 


dt 
[= 
rar 
= log |(t — 1) + y(t - 1)? — (2)? |+C 


I = log | (sin x — 1) + sin? x—-2sinx-—3|+C 


. _ [sin (x — q) iy 

(ii) Let I= | ieee 
l= fees %) sin (x — Q) 
ore sin (x — Q) 


_ | sin (x — Q) 
4{sin® x—sin? a 


I ee x sin a 


dx 


dx 


2 2 
sin x —sin” O 


sin x dx : cos x dx 
a cosot| -sina.| nen 
ae aoe) ud. + 2 
vsin® x —sin* a vsin© x —sin* a 
sin x dx 


OS x — sin? 04 


= cos a | 
1 - cos? 
; cos x dx 
— sin a 


sin x dx cos x dx 
Vcos’ a — cos? x Vsin’ x —sin’ o 
In the first part, put cos x = t, so that — sin x dx = dt 
and in second part, put sin x = u, so that cos x dx = du 


= cos a -sino.| 


dt . du 
7 I =- cos @ { ———~—— - sina [ —=__ 
cos? a — t” ju? — sin? 
=— cos Q-sin ' — sin a: log 
cos O 
—|(u? — sin? «)|+C 
. -1{ Cos x : 
=— cos sin — sin a: log 
cos O 
|sin x —.fsin? x —sin? @ |+C 


Gi) f= f. 2sin 2x -— cos x ae 


6— cos’ x —4sin x 


dx 


=| (4 sin x — 1) cos x 


6—(1—sin® x)- 4 sin x 


dx 


= (eee Doss 
sin” x—4sinx+5 


Put sin x = t, so that cos x dx = dt 


re 2 
sin’ x —sin' @ 


he La (4t — 1) dt (i) 


— 4t+5) 


Now, let (4t—- ha A (2t- 4)+p 
Comparing coefficients of like powers of t, we get 
2v=4,-44 +p =-1 
=> A =2,u =7 (ii) 
o- past =O+7 4 
4t+5 


[using Eggs. (i) and (ii)] 


=2/ ait dt +7] a 


t?-—4t4+5 t?-—4t4+5 
dt 
= 2log | t?— 4t +5 |+7 — 
tr 4t+4-445 


dt 


=2log|t? —4t+5/+7 | ————__ 
zi i erage 


=2log|t? —4t+5|+7 tan’ '(t-2)+C 


=2log|sin? x — 4sin x +5|+7tan (sin x—2)+C 


Type Il 
@ (eae Gi) | to (px +q) 
ax” +bx +c fax? a 


(iii) | (px +q) \ax? +bx +¢ dx 


The linear factor (px + q) is expressed in terms of the 
derivative of the quadratic factor ax” + bx +c together 


Ad 
with a constant as px +q= (ax? +bx +c) +p 
Ba 


=> px+q=A (2ax +b)+u 


Here, we have to find A and ul and replace (px + q) by 
{A (2ax + b) + u} in (i), (ii) and (iii). 


Example 22 Evaluate 


2 2 
a-Xx a* —x 
(i) | dx (ii) Le re 
at+x a’ +x 
Sol. (i) Let 1={ |“—~ dx 
at+x 
a x a-x a-x 
I= dx = d. 
a+x a-x * le — x? . 


ll 
a 
n 
2 
5 
ra 
a |[& 
"lcci 
> 
= 


Put a? — x? =t? >-2x dx =2tdt>xdx=-tdt 


ees 
=a-sin '(2}ar+e 
a 


enti 2 
=a-sin Seen 
a 


(ii) Let t=(x 


a+x? 


Put x’ =t=>2x dx =dt 


_lie dt 
2 Ta naar 


1 2 pd t u 
=-a’-sin —|]+— |— 
2 (=) Ala 


where at —t? =u => —2tdt=du 


1 _ t 1 1/2 
hat sin ( 4 #os) 2 ee 
2 a’ 4 \ 1/2 


[where t = x* andu =a‘ — x*] 


ees a 1 4 4 
=-a’-sin (= +=-4f,a —-x° +C 


2 


Integrals of the Form | one dx, 

ax?+ bx+c 
where k(x) is a Polynomial of Degree 
Greater than 2 


To evaluate this type of integrals we divide the numerator 
by denominator and express the integral as 


R(x) 


Q(x) +—————_, where R (x) is a linear function of x. 
2 
ax” +bx +c 


Example 23 Evaluate 


(i) |x 14x ex" OK (ii) J+) = x= x? ax 


T=[xyit+x-x dx 


Put ran] tase xth en 
dx 


Sol. (i) Let 


Then, comparing the coefficients of like powers of x, 
we get 


1=-2A and A+uN=0 > A=-1/2p=1/2 


T=[xyi+x-2x? dx 
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-f{-5a-2)+ 7} l+x—x? dx 

=~ 5 J 2x) Vibe stds [fie 22x 

=-1fveaetf-ct-ret-t nar 
2 2 4 4 


[where t =1+ x — x7] 


(7). 8) 


4 ity. 4 
3 2 
[ 2 2 2 
(x —1/2) |{ v5 1)" 1(V5). 1/2) | 
2 (4) (s-£) +2(2 )sur(2 5) hac 
= Fx xt) 


1[ (x -1/2) 7,55 “(2 
+-)A> tx ix? +e ais | 
2| 5 x-Xx = ve | 
(ii) Let T= [(x+1)¥l-x- x? dx 
d 2 
Put, (+n=a(Sa-x-x ))+n 
dx 
Then, (x +1)=A (-—1-2x)+ comparing the 


coefficients of like powers of x, we get — 2A =1and 


W-A=1>5A=-1/2 and p=1/2. 


(x+1)=— 5 (-1-2x) +) 
So, forty finan a dea ff-2 1-2 
Ji-x—x? dx 
=~ 5 f(t 2x) ft- e— x? de to flix Pde 
=~ 5 f-1- 2x) fi-x— x? ax 
— fp-(e+x+t-3h rr 


1 1 tate 2 ax 
=-5 ve at + [v5 /2) (x+1/2)' d 


[where t =1+x- x] 
--2(E)a2 {2 (242) rao 
aera ka 
24 V5 /2 
x3)? + (2x +1) 1-2" 


5 “(Fe 
+ —sin +C 
16 V5 
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+X+3 
Example 24 Evaluate PPB oe 
—x-2 
Sol.Let I= (2 
x =H 2 
I= fiat 2x +5 is 
x2 -—x-2 
> — [idx + [—2**? ax 
= HS 2 
I=x+ [= cede dx 
x? -x-2 


Put, 2x+5=A {2 (x? -x- a| +. Then, obtaining 
x 


2x +5=A (2x —1)+, comparing the coefficients of like 
terms. We get,2=2A and 5=uW-A 


AX =1 and uw =6 


[where t = x” — x -2] 
dx 


=x +log|t|+6 | erry. 


dx 
— (3/2)° 


x-— 


=x+log|x?—x—-2|+6- 


1 
2(3/2) 


x- 


| 
log 
| 


ee eee = 


2 
| x+1| 


Integrals of the Type 


ax’? +bx +c 
peer 
(px° +qx +r) 


2 bx + 
(ax x 4 


—_—————" dx 
px? +qx tr 
3. | (ax? +bx +c) px? +qx +r dx 


In above cases; substitute 


2. 


d 
ante bx bem (px get) +i (pr +qr+n| +Y. 
Pa 


Find A, and y. These integrations reduces to integration 
of three independent functions. 


2x? aie uae 


ah? ct 


Example 25 Evaluate ——s 


2x? Fox 4 


ax? marie 


ee cee 
x 


Sol. Let I= oa 


or 2x7 +5x+4=A (x? + x41) +p (2x 4+1)+7 

Comparing the coefficients of like terms, we get 
2=A, 5=A+M, 4=A4tuU+Y 
A=2, b=3/2, y=1/2 


Hence, the above integral reduces to 

Fes (ae ee 
ae Tris 

afi = (2x +1) 1 1 
\xrtxt 2 yxt txt 2 yx? txt 


a2 ff exeide+ [So 


dx 


=| dx 

2 yx2txt1 
[wheret =x*°+x+]] 
pe 


-a[ dx 2 Peg 
=2 f(x +1/2)? + (3/2) a oe 


dx 


al 
| len py a 
= 2) (+ +) frets tS tog (+4 Aen 
+3yxr?txti +— * log (x + a )+ +x+1/+C 
| (ee ere tenlee a 
+34x°txt14+- log {(: +2) fererilec 
eer eee 


Trigonometric Integrals 
(a) Integrals of the Form 


} — —— 4x, | 


2 
acos’x+bsin“ x a+bsin“ x 


| - : dx, i : dx 


(asin x +bcos x)’ a+bsin” x+ccos” x 


dx, | : 


5 dx, 
a+bcos*x 


To evaluate this type of integrals, divide numerator and 
denominator both by cos” x, replace sec’ x, if any, in 


denominator by (1+ tan’ x) and put tan x =t. So that 


sec” x dx =dt. 


Example 26 Evaluate 
1 
(i) 
\ Tani x +9cos? x 
dx 
2 


2 
4sin©° x +9 cos” x 


Sol. (i) 1={ 


sles Gie : 2 
Here, dividing numerator and denominator by cos“ x. 


We get 
sec” x 
f= ee dx 
4tan? x +9 
Put tanx=t 


= sec’ xdx=dt 


- Fe +9 


| dt 
2 


r+ (3/2)? 


(ii) Let I= [ —* de= | “x dx 


3 
T= i= 


3sin x — 4sin” x 


4sin’ x 


eae : 2 
Dividing numerator and denominator by cos“ x, we get 


I= | sec” x dx =| sec” x dx 
3sec* x — 4 tan” x 3(1+ tan” x)— 4 tan? x 
l= (pemeas x dx 
3—tan’ x 


Let tanx=t = sec’ x dx =dt 


_ t 1 V3+t 
‘ laa 23 bs] Ete 
eee V3 + tan x 
‘ sige] BEBE Lc 


(b) Integrals of the Form 
1 1 
lms x+ bcos x oe a 


| 1 1 


dx, | 
a+bcosx 7! asin x+bcos x+c 


dx 
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To evaluate this type of integrals we put 
2tanx /2 1—tan? x /2 

——; > and cos x = ———— 

1+tan® x /2 1+tan® x /2 


tan x /2=t, by performing these steps the integral reduces 


to the form | — 


sin x = and replace 


dt which can be evaluated by 
at” + bt +c 


methods discussed earlier. 


Example 27 Evaluate 
) J dx 
V3 sin x +COSs x 
2tan x/2 
1+ tan? x/2. 


| dx 
2 +Sin X +COS X 
Sol. For this type we use, sin x = 


1-—tan? x/2 
— x/2 


cos Xx = 


(i) Let J = | 


2+sin x + cos x 
=| dx 
2tan x/2 1—tan? x/2 

2+ ; + 5 
1+tan° x/2 1+tan* x/2 


2X 
sec’ — dx 
2 


J 2X x 2 Xx 
2+2 tan” —+2 tan —+1-  tan* — 
2 


sec” = dx 
l= 2 


2x Xe 
tan®° —+2 tan —+3 
2 


< 
Put tan —=t 


> * sec? ~ dx = dt = | tie =2| id 
2 2 


t? + 2t+3 t?4+2t+14+2 


=2] dt 
(¢ +1)? + (V2) 

1 -1ftt+1 
=2-——t Ze 
t=vBtan'( S241) ac 


Be 
dx 
(ii) Let J = 
a perce 
=| dx 
V3-2tan x/2 1—tan’ x/2 
1+tan?x/2 1+tan?x/2 
sec? ~ dx 
_ 2 


23 tan ~— +1-— tan? ~ 
2 2 
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ae ee ee 
2 2 2 
2dt dt 
I= =2 
ere err eres ae 
dt dt 
=2 =2 
Perey: care 
re. ibd | 2+2- V3 |. 6 
2(2) °|2-1+ 3 | 
1 | 2-3 + tan x/2| , 
I=— log 
2 °| 2+ V3 -tan x /2| 


(c) Alternative Method to Evaluate 
the Integrals of the Form 


| dx 


asin x+ bcos x 


To evaluate this type of integrals we substitute 
a=rcos0,b=rsin6 and so 


r=Jja’+b’?, @=tan™ [=] 
a 


asinx +bcos x =rsin(x +8) 


1 
So, | - 
asinx +bcos x 


x =~ |- : dx 
r- sin(x +8) 


1 1 
A (ecster de ee tan(2+8)|+c 
i r 2 2 


| 
|———— «= : 


asinx+bcos x lq? +p? 


1 
log | tan [Ff tan °| +C 
2 2 
1 
Example 28 Evaluate | Fea cocx dx 
sin x +COS x 


Sol. Let J3 =rsin® and 1=r cos0. 


Then, r = (V3)? +(1)? =2 and tano= 3 => e=2 


1 


T= dx 
| Bains 


=| dx 
rsin@sin x +r cos@cos x 


= dx 


1 
ae — ; [sec (x — 6) dx 


(d) Integrals of the Form 


peosx+qsinx+r pcosx+qsin x 


dx 


acosx+bsinx+c acosx+bsinx 


Rule for (i) In this integral express numerator as, 

A (denominator) + (diffn. of denominator) + y. 
Find A, and y by comparing coefficients of sin x,cos x 
and constant term and split the integral into sum of three 
integrals. 


nN | eri [ees (denominator) ed | dx 


denominator asinx+ bcos x+c 


Rule for (ii) Express numerator as A (denominator) + 
(differentiation of denominator) and find A and as above. 


(2+ 3cos x) 


Example 29 Evaluate j= re rw, 
sin X+2Ccos x 


Sol. Write the numerator = 1 (denominator) + Lt (d.c. of 
denominator) + Y 
=> 24+3cosx=A(sinx +2cosx+3)+[U(cosx—2sin x)+¥ 


Comparing the coefficients of sin x, cos x and constant 
terms, we get 


O=A-2u, 3=2A +u, 2=3A4+Y 


=> A =6/5, W=3/5, Y=—-8/5 
Hence, I = — 2 fide +2 | = = dx 
sin x +2cos x+3 
| dx 
5° sinx+2cosx+3 
6 ; 
==-xt = = log sin x +208 x +3]—" I, (i) 
5 
d: 
Where, I; = | 7 


sin x +2cos x +3 


=| dx 
Qtanx/2  2(1- tan” x/2) 
: + : +3 
1+tan* x/2 1+tan* x/2 


9x 
sec’ — dx 
2 


x 2 
pe ee 


x 2 
—+3+3 tan” — 
2 
sec? ~ dx . 
= 2 , lettan—=t 
9g xX x 
tan” —+2 tan —+5 
2 2 


2dt | dt 
a ae 
(t+1)° +2 


x 
en pa 
1 -1{t+1 2 ( a 
eee af )= tan | 2 | (ii) 


2 


From Eqs. (i) and (ii), 


6 | fn 
I= re ? jog singeeogas le a | ie 
| 


Example 30 The value of J+ tan x-tan (x + A)} dx 
is equal to 


| Sec X 


——— ]+C 
| sec (x +A) |" 


(a) cot A-log 


(b) tan A-log| sec (x + A)|+C 
| sec (x +A) (x + A) )| 

ec (x) | 
(d) None of . above 


(c) cot Al08) +C 


Sol. Let I= Ja + tan x-tan(x + A)}dx 


aff 


= (2% x-cos(x + A)+sin x-sin(x + A) 


sin x-sin (x + A) 
+ 


cos x-cos(x + A) 


dx 


cos x-cos(x + A) 


(—— 


cos x-cos(x + A) 


Af dx 


cos x-cos(x + A) 


= COS 


Multiplying and dividing by sin A, we get 
sin A dx 


cos x-cos (x + A) 


= cot A-| 


sin (x + A — x) dx 


= cot A- 
er x-cos (x + A) 
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ae A, j{ See Ad ce x 


cos (x + A)-sin x re 
cos x cos(x + A) 


cos x-cos (x +A) 
= cot Ad] tan (x + A)dx — | tan x dx} 


= cot A-{log | sec (x + A)|— log|sec x |} + C 


Hence, (c) is the correct answer. 


Example 31 The value of j—= 


(a) log| cot x +./cot? ies: 
+,/cos? x=1/2|+C 
—log| cot x +./cot* x —1|+~2 log| cos x 
+,/cos* x-1/2]+C 
c) log|cot x +./cot* x —1|+2log| cos x 
+,/cos* x-1/2|+C 
—log| cot x +./cot? x —1|+2log| cos x 
+,/cos? x—1/2|+C 


* dx, is equal to 


4/ COS a cos 2x 
Sol. Let I= | =| dx 
sin x sin x ,/cos 2x 
1-2 
a sin? x Toone © 
sin x ,/cos {cos 2x 
1 sin x 
= i dx — a dx 
sin x «cos? x —sin? x 2 cos’ x -1 
cosec” x sin x 


dx 


ar see: x-1/2 


Sar x- ras 
—ds 
--[- lee 
[where t = cot x ands = cos x] 


Slee |e +./2? = 1 | +42 lows 4/s° =1/2)4C 
=—log| cot x+4/cot” x — 1|+V2 log| cos x 
+cos* x-1/2|+C 


Hence, (b) is the correct answer. 
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Exercise for Session 3 


= Evaluate the following integrals 


1. 


J. 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


24. 


(d) None of these 


f x ax 2 f x? 
9 -—16x4 9+ 16x® 
3 
x~ dx 
ee 4. dx 
eee J a=" 
—__—_—— dx 
J qo fe xo Fre: —9e* 
2* 8x —11 
. | ——— dx 8. ————————— _ dx 
pr —~25 5+ 2x — x? 
———_ 10. [| —*-> ax 
xX~+2x+2 3 -—2x — x 
3x —1 x dx 
|———s ox 12 | 
4x? -4x +17 2x +3 
| a= ay 14. | de ae 
x-b 1+ x 
(2 e@ 16 f dx 
lyz 4 y 44 * J44sin x +cos x 
2: * 
| dx 18. p= X sin x ay 
sin x + /3cos x sin x —cos x 
{ e* a 20 | cos Xx — eX x 
(5 —4e* —e2* ~(4-cos? x) 
Evaluate | 2510 % +2005 * 4, 22. Evalute | (2x —4) 4+3x — x7dx. 
3cos x +2sin x 
f (2x? + 5x + 9)dx 
(4 gx? ere 
The value of | ee _ , iS equal to 
SeC X + COSEC X 
(a) 4 (sin x + cos x) + 1 Io tanx/2— 1- v2 +C 
V2 tanx/2- 1+ /2 
(b) 24 (sin x + cos x) + ! log tanx/2— 1- V2 +C 
J2 tanx/2- 1+ /2 
(c)! (sin x — cos x) + 1 Io tanx/2— 1- v2 +C 
2 V2 tan x — 14+ J2 


Session 4 
Integration by Parts 


Integration by Parts 
Theorem If wu and vare two functions of x, then 
Juv demu J vee J % J va dx 


i.e. The integral of product of two functions = (first 
function) x (integral of second function) — integral of 


(differential of first function x integral of second function). 


Proof For any two functions f(x) and g(x), we have 


d d d 
© {F(2): go} = fl) tga} + (2) A foo) 
Z| [fo taht) (F(a) x= [ fl) g(x) ae 


=f [foo tala) ax +f [se (F(a) x 

=| f(x): g(x)dx 
= Jf rea Z tec) Jax 

= roo g(a dx f( eZ to Ja 
ia. FSi aud {g(x} 


So that, g (x) =|v dx 


fuvdr=u-fvde—f{ fv de} ax 
Remarks 


While applying the above rule, care has to be taken in the 
selection of first function (u) and selection of second function (v). 
Normally we use the following methods : 

1. If in the product of the two functions, one of the functions is 
not directly integrable (e.g. 

og|x|,sin”' x,cos~' x, tan”! x, ..., etc.) Then, we take it as the 
irst function and the remaining function is taken as the 
second function. i.e. In the integration of fx tar’ | x dx, 


an ' x is taken as the first function and x as the second 
unction. 
2. If there is no other function, then unity is taken as the second 
unction. e.g. In the integration of fan” x dx, tan”! x is taken 
as first function and 1 as the second function. 


3. If both of the function are directly integrable, then the first 
unction is chosen in such a way that the derivative of the 
unction thus obtained under integral sign is easily integrable. 


Usually we use the following preference order for 
selecting the first function. (Inverse, Logarithmic, 
Algebraic, Trigonometric, Exponent). 

In above stated order, the function on the left is always 
chosen as the first function. This rule is called as ILATE. 


Example 32 Evaluate 


(i) [sin x dx (ii) | log. | x | dx 


Sol. (i) l= [sin x dx = [sin x-1dx 
I II 
Here, we know by definition of integration by parts that 
order of preference is taken according to ILATE. So, 
‘sin ' x’ should be taken as first and ‘1’ as the second 
function to apply by parts. 


Applying integration by parts, we get 


Vx s(x)- ee 


ai. . 1 pat 
=x-:sin x+-—- ens 
2 p/2 


I=sin~ 


Let 1-x°=t 
1 
-—2xdx=dt = xdx=--—dt 
2 
pe 


a 1 
=xsin’'x+—-——+C 
2 1/2 


T=xsin }x+J1—-x7+C 
°. [sin”' x dx =x sin”! x + y1- x? +C 


(ii) T= flog, | x | dx = [log, | x|-1 dx 
I II 
Applying integration by parts, we get 


= log|x|-x—-f +-x dx 
x 
= x log| x|- | 1dx 
I=xlog|x|-—x+C 


Example 33 Evaluate 


(i) |x cos x dx (ii) ie cos x dx 


Sol. (i) [x cos x dx, [= |x cos x dx 
I st 
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Applying integration by parts, 
d 
I= x(| cos x dx)—- |«—(x cos x) dx} dx 
({ ) oooh ) dx} 
I=xsin x - Ja-sin x dx = x sin x + cos x +C 
(ii) T= |= cos x dx 
I II 
Applying integration by parts, 


T=x (| cos x dx)- [ech -{[ cos x} dx 


=x’ sin x — [2x -(sin x) dx 


= x’ sin x2 x(sin x) dx 
We again have to integrate iE: sin x dx using integration 
by parts, 
=x" -sin x -2 [x -sin x dx 
II 


=x’ sin x - 24 (fan x dx )- (F) (| sin x dx) ax} 


=x’ sin x —2{—x cos x- J1-C cos x) dx} 


IT=x* sin x +2x cos x —2sinx+C 


a, = 
sit. ale cos 4/X 
Example 34 Evaluate | = = 

sin |) /x+cas” | afx 
sin’! Vx —cos! vx a 
sin™! lx +cos Vx 
as Vx —(m/2-sin™! Vx) ee 


T/2 


dx. 


Sol. Let [= | 


[<sin7'@+ cos 'O@=1/2] 


> == [(asin”! Vx — 2/2) dx 
Tl 
es sin” Vx dx - fide 
TU 
= [inn Vx dx - x + ...(i) 
TU 


Let x =sin’? 0, then dx = 2sin 0 cos 0 dO = sin 20 d0 


[sin Vx dx = Jo - sin 20 dO 
I Il 
Applying integration by parts 


[sin Vxdx =-6- ee + iE cos 20 d0 


-0 1 
= —-cos 20+ —sin 20 
2 4 


== 2S (1 2sin’ @) + -sin @- 1 — sin” 6 


= sin”! Vx (1-22) +> Vx I= (ii) 
From Eqs. (i) and (ii), we get 


14 {= ant Jay (1-23) +2 J fi= a} =aee 
TT 


== {\x-x —(1-2x)sin Vx}-—x+C 


Integral of Form | e* {f(x) +f’ (x)}dx 
Theorem Prove that 

Je* Uf (x) +f/ («)} de =e* f(x) +C 
Proof We have, fe { f (x) + f’ (x)} dx 


= fe*- f(x) dx+[e*- f’(x) dx 
II I 


= f(x)-e* —| f’(x)-e*dx +[e* f(x) dx +C 
=f (x)-e*+C 
Thus, to evaluate the integrals of the type 
fer (f(x) +f (x)} dx, 


we first express the integral as the sum of two integrals 
|e f (x) dx and | e* f” (x) dx and then integrate the 


integral involving e* f (x) as integral by parts taking e* 


as second function. 


Remark 
The above theorem is also true, if we have e™ in place of e” 
i.e. (a { f (kx) + f’(kx)} dx =e f (kx) + C 


General Concept 
J ef) {F(x)g” (x) +f’ (x)} dx 


Proof T= | es) f(x) g(x) dx + [ es) f dx 
SS a a 
it I 1 as it is 


Using, | - (x) dx =e®") we get 
= f(x) 8 =] f(x) ede + [e8. f(x) de 


= f(x): ef) 4C 


2.2 . 
(xdine tdawey| % COS x —(x sinx +cos x) 
e.g. =|e dx 
x 


i x sinx +cos x 
aN Le aaceaas cos x Jax 


2 
x 


; cos x cosx \ 
=> imei [x cosx( )+( Ja 
x x 


(x sinx +cos x) | cos Xx 


>e +C 


x 
t 3 
e.g. =e an* (sin x —sec x) dx 
t : t 
=|e * sin x dx —fe ™* sec x dx 


tan x 2 


t 
-cosx + fe sec x cos xdx— | e"* sec xdx 


“COS X 
Example 35 Evaluate 
1+sin x cos x 1+sin2x 
i fe |-—— leet) fe | —__- |e 
(J cos? x i J [een 


1+ sin x cos x 
dx 


Sol. (i) 1=Jer[ : 


COS XxX 


1 sin x cos x 
I=] e* st ; dx 
cos” x cos” x 


I= Vier {tan x + sec” x} dx 


I= ]e*-tan x dx + [e* (sec® x) dx 
II I 


I=tan x-e* — | sec” x-e* dx + [e*-sec? x dx +C 
I=e* tanx+C 


a 1+ sin 2 
(ii) I= ie" 4 Sb ay 
1+ cos 2x 


fer tease zen} 
=l]e ; dx 


2cos” x 
=i 2x 
e 


alee 
= ]é 


= fe2® -tan x dx += [e?* sec’ x dx 
noi 2 


2 2 
x e x 
~ [sec BS 


2 


1 2sin x cos x 
+ dx 
2 cos” x 


2 
2cos” x 


1 
iad x + tan x} dx 


1 
= tan x- dx += [e?* -sec” x dx 
2 


2 


1 
T=-e**-tanx+C 
2 


2 
i= 

Example 36 Evaluate Je* | 2 
1+ 


x? 


2 2 
Sol. I = le a dx = jee 
1+ x? (1+ x?) 
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Je} ee — i 
(_+x°)° (1+x*) 


* 1 2x d 1 2x 
=fe a 2y2 dx | as ( =| 2\2 
1+x° (14+x*) dx\1+x (1+x*) 


Integrals of the Form 
| e* sin bx ax, |e cos bx ax 


Let I= i e™ (sin bx) dx 


Then, I= [sin bx -e™ dx 
I Il 


ax 


mint ]- [cos hes ae 
a a 


a a a 


1 b ax ax 
=—sin bx -e™ -? Jeo x [bain al 
a 


1 b b? 
—_ . ax ax : ax 
=—sin bx-e —— cos bx -e ar sin bx -e™ dx 
a 


2 
1 = ax b ax 
I=—sin bx-e ——> cos bx -e aearae | 

a a a 


b? 6X 


. > (asin bx — bcos bx) 
a a 


ax 


+b° 
> (8 }-S asin -beosin 
a 


ax 


or I= (a sin bx — bcos bx) +C 


2 b? 


Thus, Jew sin bx dx = (asin bx — bcos bx) +C 


a’ +b? 


ax 
a. 


a : _ e ; 
Similarly, Je cos bx dx = Aas (acos bx + b sin bx) +C 


Aliter Use Euler’s equation 


Let P=[e* cos bx dx and Q=|e* sin bx dx 
Hence, P+iQ=/[e™ . elbx alee de 
1 ; ~ib 
P+iQ =—— e(@*)x = 27 pax (cos bx + isin bx) 
at+ib a+b? 
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(ae“cos bx+ be“*sin bx) — i(ae“sin bx—be“‘cos bx) 


a’ +b’ 
pe e™ (acos bx + bsin bx) 
a’ +b? 
e™ (asin bx — bcos bx) 
O= 


a” +b? 
Example 37 Evaluate 
) Je* cos” x dx 


(ii) [sin (log x) dx 


Sol. (i) I= fet cost x dx = fe*-{1* 60520 . 


2 
1 1 

T=-|e* dx + — | cos 2x-e* dx 
2 2 


1 1 
T= -e*+-1 sald 
; si (i) 


where, I, = | cos 2x-e* dx 


I, = [ cos 2x- e* dx = cos 2x-e~ -|- 2sin 2x-e* dx 
I II 


e*~-cos 2x +2 [sin 2x-e* dx 
I I 


e* -cos 2x + 2 {sin 2x-e* — fe cos 2x-e* dx} 


=e*-cos 2x + 2sin 2x-e* —4], 


I, =—{e* cos 2x + 2sin 2x e*} ...(ii) 
From Eqs. (i) and (ii), we get 
1 11 
I= —e* +—--{e* cos 2x + 2sin 2x-e*} 
2 25 
1 1 
I=—e* +—e* 
2 10 


(ii) I= [sin (log x) dx 


{cos 2x + 2sin 2x} +C 


Let log x =t 


> x=e' or dx=e' dt 


f= J(sin ®)- e' dt =sint-e ‘— Joost: e’ dt 
II II 


I=sint-e' — {cos t-e'—[—sint-e! dt} 
‘cost —I 


t . t 
I=e -sint-—e 


1 
I= > e' (sin t — cos t)+C 


I- - {sin (log x) — cos (log x)} + C 


x7dx 


Example 38 Evaluate | j 
(x sin X+os x) 
2 
Sol. Let I = id dx 
(x sin x + cos x)” 


Multiplying and dividing it by (x cos x), we get 


(x cos x) 


I= |(xsec x): dx 
J I (x sin x + cos x)? 
II 
I =x sec x f——-_, dx 


(x sin x + cos x)* 


d x cos x 
7 {2 i of { (x sin x + cos x)’ 


tx a 
ai 
= x sec x» —______ 
(x sin x + cos x) 
-1 
— | (xsec x-tan x + sec x): ————————_ dx 
(x sin x + cos x) 


(x sin x + cos x) 


2 


— x sec x 
= +f 
cos” x-(xsin x + cos x) 


dx 


(x sin x + cos x) 


— x sec x 2 
= - + [sec xdx 
(x sin x + cos x) 


—xsecx 
‘e— +tanx+C 


(x sin x + cos x) 


Example 39 The value of 


3-xX . _4f 1 ‘ 
| aa [= V3=x) i equal to 
2 
(a) , -3 (cos (2)} +2,/9-—x* -cos ‘(S24 


(d) None of the above 


3=x es 1 
Sol. Here, I = -sin’ || —./3-— x | dx 
| 34x (% 
Put x =3 cos 20 
= dx = — 6sin 20 dO 
ee a | = stor 8 -sin“(3 i= Feo |(-6 sin 20)d0 
34+3 cos 3+3cos 20 V6 
= = = -sin”' (sin @) -(— 6 sin 20) dO 


cos 8 


=~ 6 [@-(2sin? 6) d® = - 6 [ 8 (1 — cos 26) dO 


92 
--6{& fo cos 
2 


~- 29 +6{ one Bh Lc 


Hence, (a) is the correct answer. 


sec x (2+sec x) 


Example 40 The value of | dx, is 
(1+2sec x)? 
equal to 
°° (pt ee 
2+ COS xX 2+ COS x 
+c ij) SX ag 
2+sin x 2+sin x 
Sol, Let 1 = [SC *C* see») = [2cosxtt yy 
(1+ 2sec x) (cos x + 2) 


dx 


ee 


(2+ cos x)? 


=| cos x dx +f sin? x 
2+ cos x oa 


+2 
sin x 
a |——’ dx 


= | cos x- ; 
(2+ cos x) 


————- dx 
I (2+ cos x) 
I 


Applying integration by parts to first by taking cos x as 


#2 
sin” x 
second function, keeping oo dx as it is. 
(2+ cos x) 
1 . : sin x 
J = ——— (sin x) — [sin x -———~. dx 
2+ cos x (2+ cos x) 
a) 
| sin“ x 
fui (2+ cos x)* 
f= 2 ¢ 
2+ cos x 


Hence, (a) is the correct answer. 


Example 41 The value of Jlog (/1— x +../1+ x) dx, is 


equal to 


a) xlog (Y= X + JT#X) +5 x— sin (x) +C 
b) xlog (T= x + TEX) +5 x4 sin” (x) +C 
c) xlog (YT=X + TEX) x+ Sin” (x) +C 


(d) None of the above 
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Sol. Here, we have only one function. This can be solved 


easily by applying integration by parts taking unity as 
second function. 


If we take u = log (./1— x + ./1+ x) as the first function 


and v = 1 as the second function. 
Then, 


T=[1-log(J1- x + 1+ x) dx 
= flog(J1-— x + 1+ x)}-x- rerarce ee 


1+x 


- + -xdx 
2,1-—x 21+%x 
=x log(jl-x+ 1+) 


aS o_o 
2° f1-x+/1+x ji-x 


=x log(j1-—x + 1+.) 
a (ements x)-2,1—x? ge gee 
2 (1-—x)-(1+ x) 1- x? 

=x log(j1-x + 1+ ie ier eta 


1 1 1 
=x log(j1-—x+./1+x)- Jrde+ | dx 
2 2 jl— x? 


ll 1 = 
So Wee) ar ae 'y+C 


Hence, (c) is the correct answer. 


“42 
Example 42 The value of Je* f =e Jo is 


(ese 
equal to 
© 4-1) 5 e* =x 4x7) 
(14 x?)3/? - (14 x?)3/? 
a (d) None of these 
1+ x 


xi +2 
Sol. Let I = Je* f “4 dx 
1+x 


1-2x? 
= [e* ee 2yr2 + tote) 


= fer x de x 1-2x is 
ae 2 (4x2)? sey" (14+ x7p/? 
x x 
e xe 


< _e* f+ x7 +x} 
(1+ x2? (i+ x? p/? (1+ x?2)3/2 


+C 


Hence, (d) is the correct answer. 
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Example 43 If | (sin 30+sin@)e°"® cos @d0 


= (Asin? 0+Bcos? 6+ Csin6+ Dcos 6+ E)en"? +F, 
then 
(a) A=—4,B=12 (b) A=—4,B=-12 
()A=4,B=12 idiA=4.5=—12 
Sol. Let I= | (sin 30 + sin 0) e"" ®. cos 6 dO 
= ie sin 0 — 4 sin® @)-e"" °- cos 0 dO; 
PutsinO=t => cos @d0= dt 
= [(3t - 4t*)e! dt ...(i) 
As, I=(Asin*?@+ Bcos’@+ Csin@+ Dcos0+ Ee"? + F 
=(A sin?0- Bsin?@+ Csin® + Dcos0+ B+ E)e"" 9+ F 
When, sin 0 =t 
I =(At?— Bt? +Ct+Bt+E)e'+F 
as by Eq. (i) D = 0...(ii) 
From Eqs. (i) and (ii), 
Joe — 4t°)e' dt =(At® — Bt? +Ct+ B+ E)e'+F, 


oe , f (t) 
differentiating both sides 
(3t — 4t°) e’=(At?— Bt?+ Ct + B+ E)e' +(3At? — 2Bt+C)e! 


= A=-4 and 3A=B > B=-12 


Hence, (b) is the correct answer. 


Example 44 The value of 
| eae [* cos*x — xsinx+cos x 
e . 


x* cos* 


Jo is equal to 


(ayer es) X+ ] +C 
X COS X 


yetrnrrcor ( xeos x4 Jee 
x 


+C 
X COS X 


(c) el* sin xX + cos Xx) (« 2 


(d) None of the above 


Sol. Let I = le sin x + cos x) | 
x* cos? x 


= eer gece x hades fel She ee) 


x sin x — cos x 
- | ————__—__ | dx 


(x cos x)? 


4 3 ; 
x* cos’ x —xsinx +cos x 
dx 


Applying integration by parts 


(x sin x + cos x) __ | el sin x + cos x) dx} 


- {et sin x + cos x) | 1 


={x-e 


xX COS X 


_ | el sin x + cos x) i| 


= e(% sin x + cos x) x 1 +C 
X COS X 


Hence, (c) is the correct answer. 


2Xx+2 
Example 45 Evaluate| sin7' § —————— | dx. 
Jax? +8xX+13 
[IIT JEE 2001] 
Sol. Here, I = [sin ee Te dx 
4x7 + 8x +13 


et | 2x +2 
= | sin | dx 
ee +2) +3? | 


Put 2x +2=3 tan 0 > 2 dx =3sec’ 0 d0 


= [sin (2 Mi | 3 see? 6 db = 2 Je sec” 6 dO 
3secO } 2 2 


3 
=— {0 tan 8 — | tan 0 dO 
a an J tan } 


= > (0 tan 8 — log | see |} + C 


2 
an?) og +=) sus 


= aKou iran(Sea4 0) — log 4x? +.8x + i} +C 


213 


_3)ax+2, 
2) 3 


=>- I 


=> I=(x+1)tan™? (26 + ») - log (4° +8x+13)+C 


? (x sec? x + tan x) dx 


Example 46 Evaluate |~ a 7, 
x tan x+ 


2 
x sec” x + tan x 


(x tan x +1)’ 


a)— : —|2x- ee x i 
* ( mami fe ( ae =) 


2 
[sing f= ESE da (S ad ees 1 | 


Sol. Here, I = [x dx 


(x tan x + 1)* it t (x tan x + 1) 


2 
=1--[ * 


| 2x (cos x) 
xtanx+1 x sin x + cos x 


dx 


[put, x sin x + cos x =u 
=> (x cos x + sin x — cos x) dx = du] 
x? du 
+2] 
(x tan x + 1) u 
2 
x 
= — ————— +2 log|u|+C 
xtanx+1 


2 
x 


= — ————— +2 log|xsinx+cosx|+C 
xtanx+1 


Exercise for Session 4 


= 


: | x7e%dx 


bo 


- | log x -ax 


an 


| (tan x) dx 
7. | x tan-' x dx 


ke —sin x 
1-—cos x 


11. [e*(tan x + logsec x) dx 


13. 


bo 


1 
| c (log x) + uel dx 


x (-x)? 
15. Je Aa 


17. [e™ -cos (bx + c) dx 


19. | sinvx dx 


21. [cot (1- x + x*)dx 


23. (pee Ae 
x 


cos? x 


2 A 
25. fee = st 


22. 


24. 
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| x? sin x dx 
| (log x )*dx 
| (sec x) dx 


| wae dy 


[log (1+ x?) dx 
cos” x 


fer. 1+ sin 2x ay 
1+ cos 2x 


x 


for [tesnees “bax 


Cis BP 


e 
J toafiat 


| sec® x dx 


; | (sin x dx 


[sin x ax 
Yat+x 


f cos? x + sin 2x 
(2cos x —sin x)? 
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Session 5 


Integration Using Partial Fraction 


This section deals with the integration of general algebraic 
rational functions, of the form rat where f(x) and g(x) 
&(x 

are both polynomials. We already have seen some 
examples of this form. For example, we know how to 

1 L(x) P(x) 

or or 

Q(x) Qx) Q(x) 
where L(x) is a linear factor, Q(x) is a quadratic factor and 
P(x) is a polynomial of degree n > 2. We intend to 
generalise that previous discussion in this section. 


integrate functions of the form 


We are assuming the scanario where g(x) (the 
denominator) is decomposible into linear or quadratic 
factors. These are the only cases relevant to us right now. 
Any linear or quadratic factor in g(x) might also occur 
repeatedly. 


Thus, g(x) could be of the following general forms. 
© g(x) = L(x) L2(x)...Ln(x) 


g(x) = Ly (x)... E(x)... Ly(x) [ 


(n linear factors) 
n linear factors; the rth ) 


factor is repeated k times 


n linear factors, the ith 


A= OL Oat 00 


8(x) = Ly (x)L2 (x)... Ln (x) Q(x) Q2(x)..-Qm (x) 


[" linear factors ™) 


factor is repeated k; times 


m quadratic factors 


g(x) =...O* (x)... 


a particular quadratic factor 
repeats more than once 
e Acombination of any of the above 


Suppose that the degree of g(x) is n and that of f(x) is m. 
If m = n,we can always divide f(x) by g(x) to obtain a 
quotient q(x) and a remainder r(x) whose degree would 
be less than n. 


re qx) 


+ ne) (i) 
g(x) 
f(x) 
g(x) 
The partial fraction expansion technique says that a proper 
rational function can be expressed as a sum of simpler 
rational functions each possessing one of the factors of 
g(x). The simpler rational functions are called partial 
fractions. 


Ifm<n, is termed a proper rational function. 


From now on, we consider only proper rational functions. 
fle) r(x) Jo» a” 
B(x x) 


procedure described in (1) above. Let us consider a few 
examples. 


If 


is not proper, we make it proper 


Let g(x) be a product of non-repeated, linear factors : 
(x) = Ly (x)L2(x)...Ln (x) 


Then, we can expand 


x 
in terms of partial fractions as 
g(x 


1 Pe gd 
g(x) L(x)  L,(x) L,(x) 
where the A/s are all constants that need to be determined. 
Suppose f(x) =x +1and g(x) =(x —1) (x —2) (x —3). Let 
us write down the partial fraction expansion of nS 
f(x) +1 A B Cc 


dx) G@=D@—-2ao3) e-1 222 23 


We need to determine A, B and C. Cross multiplying in the 
expression above, we obtain : 
(x +1) = A(x —2) (x —3) + B(x -1) (x -3) 

+C(x -1)(x -2) 
A, B,C can now be determined by comparing coefficients 
on both sides. More simply since this relation that we 
have obtained should held true for all x,we substitute 
those values of x that would straight way give us the 
required values of A, B and C. These values are obviously 
the roots of g(x). 


x=1 => 2=A(-1)(-2)+B(0)+C(0) 
=> A=l 
x=2 => 3=A(0)+B(1)(-1)+C(0) 
=> B=-3 
x=3 => 4=A(0)+B(0)+C(2) (1) 
=> C=2 
Thus, A=1, B=—3 and C=2. 
We can therefore write mn as a sum of partial fractions. 
je). 1.3 7 2 
g(x) x-1 x-2 x-3 


f(x) 


Integrating 
g(x) 


is now a simple matter of integrating the 


partial fractions. This was our sole motive in writing such 
an expansion, so that integration could be carried out 
easily. In the example above : 


{22 ae =in(x =1) -3 Ine -2) +2 In(x —3)+C 
g(x) 
Now, suppose that g(x) contains all linear factors, but a 
particular factor, say L,(x), is repeated k times. 


Thus, g(x) = 1K (x) Lo (x)... Ln (X) 

nm can now be expanded into partial fractions as follows 
a(x 

f(x)_ Ai 4 Ay A Ax B, Bn 


+ cae + aie 
g(x) L(x) L(x) L(x) L(x) L2(x) L(x) 


k partial fractions corresponding to L, (x) 


This means that we will have k terms corresponding to L, (x). 
The rest of the linear factors will have single corresponding 
terms in the expansion. Here are some examples. 


1 
ad 2 
(x —1)°(x —2) 
A B GC 
can be expanded as + + 
e=1 (S17 2-2 
1 
=> 


(x —1)°(x —2) (x -3) 
can be expanded as 
A B Cc D Cc 


+ + + + 
x-1 (x-1)? (x-1)? (x-2) (x-3) 
ee 
(x —1)?(x +5)° 


=> 


=> 


can be expanded as 
A B Cc D E 


+ + + + 
x-1 (x-1)? (x+5) (x+5)? (x +5)? 


Example 47 into partial fractions 


(x+ 1) (x — 2) 
2x +1 
(x +1)(x - 2) 
and non-repeated roots. 
2x+1 a wi B 
(x+1)(x-2) x+1 x-2 


Sol. Here, has Q(x) = (x + 1)(x — 2) ie linear 


> (2x + 1) = A(x — 2)+ B(x +1) 
On putting, x = 2 we get 
5 


5= A(0)+ BG) = B=? 
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Again, letx =-1 
= A—-1)+1= A(—1-2)+ B(0) 
Aas 
3 
a2x+1 1/3 5/3 
(x+1)(x-2) x+1 x-2 


1 
xX —1)(X+ 2) (2x + 3) 


into 


Example 48 Resolve 


partial fractions. 
Sol. Let : i + : + S ‘ 
(x — 1) (x + 2) (2x +3) x+2 2x+3 


x= 1 
where A, B,C are constants. 
1= A(x +2)(2x +3)+ B(x —1) (2x +3)+ C(x -1)(x +2)...(i) 
For finding A, let x — 1=0 or x = 1 in Eq. (i), we get 
1= A(1+2)(2+3)+ B(0)+C (0) 


A= 
15 
Similarly, for getting B, let x + 2=0or x = — 2in Eq. (i), we 
get 
1=A(0)+ B(—2-1)(—4+3)+C (0) 
=> B= 2 
3 


For getting C, let 2x + 3=0or x = — 3/2 in Eq. (i), we get 


1= A(0)+ B)+C[-3-1)(-2 42] 


2 


, 1 oii gs ta 
*(x-1)(x+2)(2x+3) 15(x—-1) 3(x+2) 5(2x+3) 


Henc 


3x° Ox? +x +1 
(x +1) (x + 2) 


Example 49 Resolve into partial 


fractions. 


Sol. This is not a proper fraction. Hence, by division process it 
is to be expressed as the sum of an integral polynomial 
and a fraction. 


Now, 3x° +2x* + x+1=3x (x? +3x +2) 
—7 (x? +3x +2) + (16x + 15) 
So, the given polynomial 
3x° +2x7 4+x41 
(x + 1)(x +2) 


(16x + 15) 


anal OR eT 


i) 


Now, the second term is proper fraction hence it can be 
expressed as a sum of partial fractions. 


16x +15 A B 


(x+1)(x+2) x+1 «+2 
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To find A put x +1=0, ie, x =—1in the fraction except in 
the factor (x + 1). 
16(—1) +15 
(-1)415_, 
(—1+ 2) 


= A=-1 ...(ii) 


To find B put x + 2=0, ie, x = — 2in the fraction except in 
the factor (x + 2). 


Ua ee pay iii) 
(-2+1) 
; ; il 17 
=> The given expression = (3x — 7) — + 
x+1 x+2 


[using Eqs. (i), (ii) and (iii)] 
Case II When the denominator g (x) is expressible as the 
product of the linear factors such that some of them are 
repeating. (Linear and Repeated) 
Let Q(x) =(x —a)* (x —a,)(x —a,)...(x —a,). Then, we 


assume that 


ee ae a re ee 
O(x) (x-a) (x -— a)? (x —a)* 
B By B, 


+ + 
(x—a,) (x- 4p) (x —a,) 


Example 50 Expression 


X+5 
oe has repeated 
2 


(twice) linear factors in denominator, so find partial 
fractions. 
x+5 — A ES B 
(x—2)? (x-2) (x -2) 
: (x+5)=A(x-2)+B 
Comparing the like terms, A =1,-2A+B=5 or B=7 
XD 1 7 
= + 
(x—2)? (x-2) (x-2)° 


Sol. Let 


3x—-2 
(x —1)? (x +1)(x+2) 


Example 51 Resolve into 


partial fractions. 


Sol. Let Sint 
(x - 1)’ (x + 1) (x + 2) 
A B Cc D 


+ + + 
(x-1) (x-1)) (x+1) (x+2) 
w. 3x —-2= A(x -1)(x +1)(x+2)+ B(x 4+1)(x +2) 
+ C(x —1)(x +2)+ D(x -1)°(x +1) 
Putting (x — 1) =0, we get B= 1/6, 
Putting (x + 1) =0, we getC =-—5/4 
Putting (x + 2) =0, we get D=8/9 


Now, equating the coefficient of x’ on both the sides, we get 


(426eD & pe te 
4 9 36 
3x —2 -_ 3 , 1 
"(x = 1)? (x +1)(x +2) 36(x-1) 6(x-1) 
5 8 


- + 
4(x+1) 9(x+2) 
Case IIIT When some of the factors in denominator are 
quadratic but non-repeating. Corresponding to each 
quadratic factor ax” + bx +c, we assume the partial 
Ax +B 
fraction of the type —> , where A and Bare 
ax” +bx +c 


constants to be determined by comparing coefficients of 
similar powers of x in numerator of both the sides. 


Example 52 Resolve into partial 


(x+1)(x? +4) 


fractions. 
2x +7 _ A 
(x +1)(x? +4) 
Qx+7= A(x? + 4)+(Bx+C)(x +1) 


Bx+C 
+ 


Sol. Let ; 
x" +4 


x+1 


Put x=-1 
i 5=5A or A=1 
Comparing the terms, 0= A+B => B=-1 
7=4A+C => C=3 
2x +7 1 4 (x +3) 
(x+1)(x? +4) x41 x? 44 


Aliter To obtain values of A, Band C from 
Qx+7= A(x? +4)+(Bx+C)(x +1) 

ie, 2x+7=(A+B)x?+(B+C)x+4A+C 

Equating the coefficients of identical powers of x, we get 
A+B=0,B+C=2and4A+C=7. 

Solving, we get A =1, B=—-1,C =3 


Example 53 Find the partial fraction 
2X +1 
(3x +2) (4x? + 5x+6) 
2x+1 _ A Bx +C 
(3x +2)(4x° +5x+6) (3x+2) (4x? +5x +6) 
then 2x +1= A(4x? +5x +6)+(Bx + C) (3x +2) 


Sol. Let 


where A, B,C are constants. 
For A, let 3x +2=0, 


Comparing coefficients of x” and constant term on both the 
sides for B and C, we get 


4A +3B=0, 
4 1 
B=-—A => B=— and 6A+2C $1, 

3 10 
cu 1lc6A 3 fet! 
2 40 

[+7] 

x +— 

2x+1 -3 4 


ane + 
(3x +2)(4x7 +5x+6) 40(3x+2) 10(4x? +5x +6) 


Case IV When some of the factors of the denominator 
are quadratic and repeating. For every quadratic repeating 
factor of the type (ax + bx +c)*, we assume : 


A,x+ Ay, A3 x+A, 


ax’ +bx +c (ax? +bx +c)? 


Ang 1 X + Any 


(ax® + bx +c)* 


Ix 2x? 4x41 


Example 54 Resolve into partial 
2 2 
x (x* +1) 
fractions. 
4 2 
Sol. Let 2x" + 2x tx+1 A Bx+e Dx +E 
x(x? +1) x x? 41 (x? 41) 
or 2x1 +2x*° +x+1= A(x? +1)? +(Bx+C) x(x? +1) 
+ (Dx + E)x 


Comparing coefficients of x’, x3, x”, x and constant term 
A+ B=2,C =0,2A+ D+ B=2,E=1,A=1 
. weget A=1,B=1,C=0,D=-1,E=1 


Hence, the partial fraction, 


1=x 


1+x° (14+x°)? 


ax! +x? +x+1_ 1) x 


x (x? +1) x 


Example 55 Evaluate the following integrals: 


(1— x7) dx  p 3X1 
J x(1— 2x) i) ie ay a 
oe PRO ERS 8dx 
( I eee; . Serene 
Sol. (i) Le, 27% =-1444_8 
x(1-—2x) 2 x (1-2x) 
> (1— x) =) x (12x) + A(L— 2x) + B(x) 


1 
On putting x = 0 and x =-, we get 
2 


iA ae sai p=2 
4 2 


1 
2 
=[[i+=+ : dx 
2 x 2(1-2x) 


1—x 
cme . 
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Aig alga igh p 2) Pete +C 
2 2 -2 


=) pe tog lal= logit = Onl 2: 
2 4 
3x —1 A B 
2 ~ 2 
(x-—2)° (x-2) (x-2) 
> 3x —1= A(x —2)+B, (i) 
On putting x = 2 in Eq. (i), we get B=5. 


(ii) Let, 


On equating coefficients of x on both sides of (i), we 
get A =3, 


3x-1 , pf 3 Blas 
lear leek 


=4ide| =e)" 46 
x= 2 


x°+x+1_A B,C 
x+2 


(iii) Let, 


x? (x+2) x x? 
=> x 4+x4+1= Ax(x +2)+ B(x +2)+ C(x?) ...(i) 
On putting, x = — 2 and x = 0 in Eq. (i), we get 

C =3/4 and B=1/2 
On equation Coefficient of x” on both sides of (i), 


we getl=A+C>A=1/4. 


den (HPs 24 a 


(pees 
x? (x +2) x x x+2 


1 1 3 
= — log|x|- — +—log|x+ 2)+C 
4 ax 4 


ae 8 — A Br C 
(x+2)(x° +4) x+2 x°4+4 
=> 8= A(x* + 4) + (Bx + C) (x +2) ...(i) 


On putting x = —2 in Eq. (i), we get A = 1. 

On equating coefficient of x? on both sides we get, 
0=A+B>B=-1 

On equating constant term on both sides, we get, 
8=4A+4+2C5>C=2 


ce | ; éx=|[ : E342) 
(x +2)(x* +4) xt+2 x°+4 


1 1 ¢ 2x dx dx 
ae ree alae sere rar 


1 1 2 
= log |x + 2) -— — log|x? + 4|+2.-— tan (2) +e, 
2 2 2 


1 
Example 56 Evaluate {———— dx. 
sin x — sin 2x 
1 1 
Sol. Let I= [- - dx = |- dx 
sin x — sin 2x sin x —2sin x cos x 
=| 1 ay =| sin x ay 


sin x (1—2 cos x) sin’ x (1-2 cos x) 
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=| sin x 


(1— cos* x)(1—2cos x) 


(put cos x =t = —sin x dx = dt) 


dt ...(i) 


1=f —dt = | -1 
(1-1?) (1—2t) (1—t)(1+ 1) (1-21) 


Here, in Eq. (i) we have linear and non-repeated factors thus 
we use partial fractions for; 


-1 A B C 
= + + 
(1-—t)(1+t)(1-2t) (1-t) (14+¢t) (1-2t) 
or —1= A(1+t)(1—2t)+ B(A—t)(1- 2t)+ C(1-t)(1+1t) 


Putting (t+1)=0 or t=—1,we get ne 
-~1=B2)(1+2) = Ba-- 
Putting (1-—tf)=O0ort =1, we get 
4=AOED = Az 
Putting (1 — 2t) =0ort =1/2, we get 
~1e¢(1-3) (143) ie 
2 2 3 
=4 a rr 
(1-t)(1+t)(1-2t) 2(1-t) 6(1+¢t) 3(1-2¢) 


So, Eq. (i) reduces to 


at 1 1 at 4 1 
= ered read er 


ei eee 


=~ 5 log|1~ cos x|~ “log |1+ cos x | += log 
|1-2cosx|+C 
a 


i} 30s x) 


Example 57 Evaluate js 
-— xe 


(1- x sin a dx 
x (1 = (xe°s*)?) 
Put xe°%*=t 


> (xe°°**-(— sin x) + e°°°*) dx = dt 


a dt dt 
: laa =a 
-{(4 B 
+ + 
i t= 


Ct+D ) ee 
Comparing coefficients, we get 


Sol. Here, I =| 


1+t+t? 


Igoe? pees 


3 3 
ea 
—--t-— 

+| 2 214 


14+t+e? 


A=1,B= 


t 


dt 1, dt 
I=|—+ 
rslin 
1 1 2 
SES ei eat 


[where, t = xe°°*] 


Example 58 Evaluate [sin hx.e * dy, 


Sol. The given integral could be written as, 


: tan” 
=| 4sin x-cos x-cos 2x-e" “dx 


2 2 ay tan? 
= 4 [tan x-cos x (cos” x —sin“ x)-e"" “dx 


2 
=4 | tan x-cos’ x(1— tan” x)-e'” * dx 
tan x 2 
=4/[——. -(1— tan? x)-e"" * dx 
(sec” x)? 


Put tan? x=t 


= 2tan x-sec’ x dx =dt 


Tee: 2 (1+t) 
= (= ~G+he , 
(+t) 


=2 fe’ — : dt 
(+t (+t)? 


1 
=-2— e' +C 
(1+ ft) 


[using [e*(f(x)) + f’(x))dx = e*. f(x) +] 
_ Qe" : . oe 
(1+ tan“ x) 


2 
IT=-2cos* x-e™ *+C 


1+ X COS x 
Example 59 Solve gr 


=aee | 


1+x cos x 


Sol. Let I = dx 
J x(1— x*e” sin x) 


Put (x e™*)=¢ 


Differentiating both the sides, we get 


(x e™*. cos x + e5"*) dx = dt 
> e™* (x cos x +1) dx =dt 
=> I = | ———— 

os 


[using partial fraction] 


on 
t(1-—t)(1+t) 


{3 : \a 
t oe 2(1+t) 


1 
Pe ee ae 


=log|t|~ 5 log|1~¢|- 


i 1 
= log | x e™* | ——log|1- x7e?™*|+C 
2 


Example 60 Evaluate; 
1 2 3 
| —flog e® .loge® * .loge® *}dx 
x 
Sol. We have, 
I= iE floge™ . loge’ * log, e*x} dx 
x 
[ | 
ee . 1 ty 
x |loge™ loge®* loge**| 


dx 


xfloge® + loge*} floge” + loge* } floge” + log x} 


Exercise for Session 5 


= Evaluate the following Integrals : 


x2 


1. @ane —2)(x -3) 


dx 


dx 
J x(x" +1) 


| cos X , 
(1+ sin x)(2+ sin x) 


| sec X 
1+ cosec x 


J dx 
" J x |6(log x)* + 7 log x +2| 


N 
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a dx 


x{1+ log e“} {2 + loge*} {3 + loge*} 


Put loge‘ =t > | de = di 
x 


r=| dt -{(3 to hy 
(1+t)(2+t)(3+t) 2(1+t) (2+t) (3+t) 
[using partial fraction] 


== log i + | ~ log + t+ log|s-+ t+ C. 


= ; log [1 + loge*|— log [2 + loge*| + log [3 + loge*|+C. 


dx 
re 


J 2x 
(0? 44). 62 +3) 


dx 
| dx 
sin x (3 + 2.cos x) 


f tan x + tan? x 
1+ tan® x 


1 
. ax 


| a 


Session 6 
Indirect and Derived Substitutions 


Indirect and Derived Substitutions 


ne | es : [+c 

‘ ° . . ty 

(i) Indirect Substitution ie ae 

If the integral is of the form f (x): g(x), where g(x) isa “5 a) 5/2 4 ay) 

function of the integral of f (x), then put integral of 

f(x)=t where, I =a log [= i” (given) ...(ii) 
1+ x* 


(x? - ) | i .. From Eggs. (i) and (ii), we get 

ee) k 5/2 
ae atog| = ; |+e= 2 tog s =z |+e 

26x HI4C (b) {x7 +2+C Lee ane 


=> a=2/5 and k=5/2 
Kalk? HIAC (d) None of these . 


Hence, (a) is the correct answer. 


Example 61 The value of [ee 


d(x* +1) 
Sol. Here, I = | ————— 5x4 44x35 
J yx +2 Example 63 Evaluate ft 
We know, d(x? +1) =2x dx (x +Xx+1)? 
4 
| au de Sol. Here, | af + 4x° ; dx = | x" (5+ 4x) ~ dx 
=a perl) (14545) 
Put, x7 42=t / x x 
5/x°+4/x 
o idee = fo (2B ane J z ax 
t 1 1 
feta) 
=> T=2.x7+2+C x x 
1 1 
Hence, (a) is the correct answer. Put i+ Pst 
x x 
We xk 4 5 
x _ 
Example 62 If oes _—~ dx = alog ral ee = (- — 4 dx = dt 
x x 
ax) x? 1+ x , 
t 1 1 
then aand k are NF ae rl ; ee 
a) 2/5,5/2 (b) 1/5, 2/5 ee 
()5/2,1/2 (d) 2/5,1/2 ~ 
5 nn 5 
Sol. Here, | ie) z dx =| = , xo+x41 
(Vx) +x (vx)? + (Vx) 
dx Example 64 For any natural number m, evaluate 
7/2 i + 73 ie + x2" 4 x) (2x2™ + 3x” +6)!" dx, x>0 
5/2 
* [IIT JEE 2002] 
Put 5/2 y 2 Te dx = dy Sol. Here, {= ea ns x2™ 4s x™) (2x2 +3x™ + aye dx 
3m 2m myi/m 
foe | = f(a 4 x2 4 xm) 2 4327" 4 6x7)" 
3S ey x 


= ler Ey 21 M1) (23s oy? Gem yn gy i) 


Put 2x3” 43x72" + 6x™ = 
> 6m (x21 4 x? 1 4 x1) dx = dt 
*, Eq. (i) becomes, 

r= [em dt. p/m) +1 . 

6m 6m (1/m)+1 
1 m+ 1 
= ——_ [2x37 43x? +6x™) ™ +4+C 
6(m +1) 
x dx 


Example 65 lee —= 


is equal to 


fa) sIn(t4 14x?) +C (best x? +c 


(G20 e xc ee 


x dx 


Sol. 
Vit x?) 141+ x? 
2x 
Put 1t¢41¢x° =? => 
Ql1+ x? 
d 
* OX = dt 


afl t+ x? 


(d) None of these 


t= [72 -nsc=aievitx?+c 


Hence, (b) is the correct answer. 


(2x +1) 


Example 66 | ——__ cx 
Ue ee ie 
3 
(a) —_~—___. ate (bh) —"_, as ate 
(x° + 4x +1) (x° + 4x +) 
2 
() “—__ +c @ ~—__, u ate 
(x° + 4x + 1) (x° + 4x +] 
Sol. J 2x +1 dx = | 2x+1 ay 
(x? + 4x41)? 4 4 1 af2 
x" |1+—+—-> 
x x 
= -3 
=| 2x “+x = co 
Ca 
14+—-+— 
x x? 
Now, put—+—+1=t° > rd dx = 2t dt 
x x x? x? 
-tdt 1 
I= = 
las 
= ae +C 


af x? +4x+1 


Hence, (b) is the correct answer. 


Chap 01 Indefinite Integral 35 


Example 67 The evaluation of 


pt+2q-1 q-l 
x — qx : 
as +2 t dx 5 
XPT 4 DKP TI 44 
p q 
x x 
(a) - ———— +C (b) ———_ +C 
xPTI 4] xPT9 4] 
q p 
x x 
(c) - ———_ +C (d) ———_ +C 
xPT9 44 xPTI 4] 
+2q-1 =4 
Sol. Here, I = [4 csi 
xP +d 4 OxP A144 
pteq-l_oyq-1 P-1_ay-q-1 
(= ; ei dx =[P — dx 
(x? *4 41) (x? + x1) 
Taking x? as x’? common from denominator and take it in 
numerator. 


Put x? +x %=t = (px?~!- qx 47!) dx =dt 


dt 1 x4 
1=[G--tec=| en Jee 
na +1 


Hence, (c) is the correct answer. 


Example 68 pos 
In" x—x 


dx is equal to 


a 
2 \Inx 


(b) 1 ia Px=*) te 
4 Inx + x 


Sol. Here, I = (2 


| 


x’ (1-Inx) dx =| 


x4 (m2) -1 
x 
Put sg os, SOU 


x x? 


_¢ dt | dt 
? law ponies 


Hs -1) Fr 
(t? +1)(t? — 1) 
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ail in( ER) ean (BZ) 4c 
4 Inx+x 2 x 


Hence, (b) is the correct answer. 


xX 1 
ee aes 
[IIT JEE 2006] 
fax = ax? 4.4 Fs ages ole | 
(a) + (b) > + € 


dx is equal to 


Example 69 | 


x? x? 
rage) ae | sax” ox 1 
(c) ————————-+C___ (d) >—————- + C 
x 2x? 
Sol. Let [= [= died dx 
x ae 2x7 +1 
=f =A. dx 
2 1 
“Pk 
x x 
44 
3 5: 
=+/ Pie a tg 
4 2 1 4 x? x" 


[: jE as 2,76) +¢| 
_ Vax - 2x! +1 ae 


2x? 


Hence, (d) is the correct answer. 

Example 70 Let f(x)= 

= fofo...of(x), 
—$—$— 


ao n22 and 


then ne g(x) dx equals to 


n times 
[IIT JEE 2007] 
es (= 
(a) ' (14nx") 7+4C (b) ——(14nx") 74C€ 
n(n— n= 
1 
ae ye ee 
(0) (4nx") 9 4 (d)—_ (14 mx") 7 4 
n(n + n+1 
Sol. = 
f(x) (1 + nye 
= y 
Ff (x) Gay ee 
Where, y= . = - 


(1 4 xy (1+ 2x" ye 


Similarly, f( f(f(x))) = ——— 
(1+ 3x") 


and ( fofofo ... of ) (x)= g(x)= 


n times 


x 


(1+ + nx" a 


n-1 
n-2 x 
|x" “e(x) dx = | —————_ dx 
J ea 
1 - - 
= [nex Mad+nx"y"" dx 
n 
go 
1 (1+nx") ® 
= mm ce ew, 
n joe 
n 
1 
nym 
1+ 
_(tax) "16 


n(n — 1) 


Hence, (a) is the correct answer. 


Derived Substitutions 


Some times it is useful to write the integral as a sum of 
two related integrals which can be evaluated by making 
suitable substitutions. 


Examples of such integrals are 


Type | 


(a) Algebraic Twins 


2x? 241 E ott 
lela ethane 
x" +1 xO = 1 
laa err, -Sa® 


2 
j- 5 ax, | 4 - 7, ax 


x° +1+kx (x* +1+kx*) 


(b) Trigonometric Twins 
| tan x ‘J cot x dx, 


J ax, | 


sin® x +cos° x 


dx, 
(sin* x +cos* x) 


| tsin x tcos x d 


a+bsinxcos x 


Method of evaluating these integral are illustrated by 
mean of the following examples : 


Integral of the Form 


Hr(est|e-t)e 


1 1 
Putx+—=t > }1- dx = dt 
x x? 


x 


Chap 01 Indefinite Integral 37 


1 1 1 1+x° 1 1-x° 
2. x—-— |} 1+— |dx. >I[= dx + dx 
jaf }( =| | ae A ee ore 
Lp 14+1/x?* Lp 1-1/x? 
tS = = dx — dx 
ee a [1+ Jes a fae 9 eresere 
Pes, | [(dividing Numerator and Denominator by x*)] 
° Jae * _1p (1+1/x’) ies! (1-1/ x?) 
-_ . F mre es: . eaarar 
—— numerator and denominator by x. 
=1{ dt a | du 
Ola oo aits(v7~ 2° u? +3) 
xi tkx? +1 


1 
_ ; 2 where t = x —— and u=x+ 
Divide numerator and denominator by x*. x x 


5 : pot tan~? es or ee +C 
Example 71 Evaluate | 7 OX. . ae V7) 2 3 V3 
+x 
= 3] Fp tant (22) - 1 wo (2) 4c 
Sol. Let | 2 dx => | zs dx 2 V7 v7 V3 V3 
Ix 1+x 
a] ae (sees Example 73 Evaluate | Jtan x dx. 
= 7 ax t+ ri *| 
2 Dee Aas Sol. Here I = | tan x dx 
5) ex? 41 x? —1 ise 
= I dx — | dx Put tanx=t 
2)" x" +1 x" +1 er 
= sec’xdx=2tdt = dx= 
1+t 
Remark 
2 
Here, dividing Numerator and Denominator by x? and r= |e a dt =| as dt 
converting Denominator into perfect square so as to get 1+t? t+ +1 
differential in Numerator pe4d P41 
r dt + dt 
- eel pees me eee re ort laa 
ae 22 x? +1/ x? x? +1/x? (eal (emus 
2 = dt + 
6 f 1+1/x? dx — 1-1/x? se t? +1/t? t?+1/t? 
2|" (x-1/x)? +2 (x+1/x) -2 =f 14+1/t? f 1-1/t? 
Ji dt 7 dud (t-1/t)? +2 (t+1/t) -2 
2 2 2 2]? 
2|ot + (V2) u ~ (Ja) | | 5 ds =+] - dr p [set Fande= et] 
s?+ (V2) r2— (2) t t 


1 1 
[where t = x -—andu=x+-—] 
x x 


fotee “($]- : tog! 2222 [Jac : EE | N| 

“2|a 2 |ut 2 || | ue a (oe: 

[ | 1 [| => tan”*( )+ log E hig 

4582 2 V2 
eee ie) ee ee ae | ee 2)| 
rica a “ae | ; eo 
ae ae [(where t = ./tan x)] 
Example 74 Eval : d 
Example 72 Evaluate Jase * xampie Evaluate [sa va x. 
+ 5x7 +1 sin’ X+COS” X 

Sol. Let r=+f 2 dx Sol. Let I=4|— 

2° x4 45x +1 sin’ x + cos* x 
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Dividing numerator and denominator by cos* x, we get 
sec* x 
I=4 |= dx 
tan’ x+1 


2 2 
r=4 f% x (1+ tan x) ax 


1+ tan* x 
Put tanx=t => sec’ xdx=dt 
2 
t" +1 
r=4 | r dt 
t' +1 
1+1/t? 1+1/t? 
=4] ; E ~at=4{ es 
t°+1/t (1-1/t) +2 


1 
Again, put z=t-—— 
t 
dz 4 ($) 
I=4 | ——=-—~tan “| ~|+C 
ae V2 V2 


— 


J2 
2 — 
Example 75 The value of | oes ’ 
er — (ax? +b)? 

equal to 
(a) | sin7 (ax?) +4 (b) c sin” [av+ 2) +k 

(6 x x 
(c) sin“ [ates +k (d) None of these 

c 


(ax? — b) dx 


eae “i = [ax + al 


Sol. Here, I = | 
V 


=} sin” (Aer) ve 


Hence (c) is the correct answer. 


1) ( 1 
(x? malas 


Example 76 f= 1 3 
+ 


Sol. 


x 2x 
r= (x a 
x41 
Put x*=y => x* (Inx+1)dx=dy 


it te 
+1 
a 6s] 2 os 
1 
ai ary : +2 
y z= 
1 1 
Put, y-—=t > [+ Jayme 
y y 
dt 1 “yt 
‘— =—/| tan  —~|+C 
a3 ( +) 


Example 77 Evaluate 
j (x? —1)dx 


: 1)" 
(x + 3x? +41) tan (x42) 
Xx 


(x? — 1) 1 
Sol. Here I = | x+ 
(x4 +x° +1) tan! x 


The given integral can be written as 


I= (1-1/ x") dx 
(x8 ¢341/24)tan( x42] 
x 
(dividing numerator and denominator by x*) 
fe (1-1/ x?) dx 


(41/3) +i) ( x44) 


x 


Putas 2 > eal dx = dt 
x A 


Now, make one more substitution 


i) 


(t? +1): = (t) 


tan! t =u. Then, =du 


tr +1 


‘, Eq. (i) becomes, I = (Ss =log|u|+C 
u 


= I=log|tan”'t|+C=log|tan”'(x+1/x)|+C 


ae 5/6 ) dx 


Example 78 | 7B 


(x7 + x41)? = x"? (x7 4x41) 
116 (7 1/6 _. 5/6 
_ (x ) dx 
Sol. I eae 3 (2 4 x 4 1)? = xl? 6 (2 4 x 4 18 
=f (1— x?) dx 
P22 4 x gy? — x (xP 4 x 13 


eating x+ Be t | 

x 
1/2 1/3 1 
(x+2+1] -(x+241] [=(1- a) acnat| 
x x x 


= =n dt 
Gen? =)? 


Substitute, (t + 1) = u° 


6u d 2 
Se ee ee 


Put u-1=z 
3 
dz=-6 (Zt) a 
Zz 


3 2 
+3z° 4+3z+1 
=--6? Z Z ge 


z 
1 

=-6{ 2434342 dz 
z 


zi 32" 
=-6 Pa ak a +C 


1/6 
1 

where, e=(x+te] -1 
x 


Example 79 The value of | {{Lx1}} dx, where {.} and 

[.] denotes fractional part of x and greatest integer 

function, is equal to 

(a) 0 (b) 1 (c)2 
Sol. Let I= leah dx 


where, [x]= Integer and we know {n} = 0;n € Integer. 
I= [0dx =0 


(d) -1 


Hence, (a) is the correct answer. 


Type Il 


Integration of Some Special 
Irrational Algebraic Functions 


In this case we shall discuss four integrals of the form 


jo@ 
P/Q 


and (x) is polynomial in x. 


dx, where P and Q are polynomial functions of x 


9 (x) 
P/Q 


To evaluate this type of integrals we put Q =t’, ie. to 


1 
evaluate integrals of the form | (anand dx, put 


ax +b) cx +d 


(a) Integrals of the Form | 


dx, where P and Q 


are both linear of x 


cx+d=t?. 
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The following examples illustrate the procedure : 


Example 80 Evaluate a dx. 
X+1) [x - 


1 
Sol. Let I = lem dx 
Here, P and Q both are linear, so we put Q = t? 
Le. x-2=0° 
So that dx = 2t dt 


1 
= 
Vea 
1 ag fk 
=e ()+e 


1=F ww! F4) +c 


dt 
-2t dt=2 ; 
tr 4+3 


> (x) 
Po 


quadratic expression and Q is a linear expression 


(b) Integrals of the Form | dx, where Pisa 


To evaluate this type of integrals we put Q =?” ie. to 
evaluate the integrals of the form 
1 
[ dx 
(ax? +bx +c) ./px+q 


put pxt+q=t’. 


2 
Example 81 Evaluate J = dx. 


x? +3x+3)./x+1 


x+2 dx 
(x? +3x+3).[x +1 
Put x+1=t? > dx =2tdt 
ai (t? —1)+2 
(t? — 1)? +3(¢? —1) +3} V0? 


=2] n+ dt =2 | 


th+t7 41 


Sol.Let [= | 


-(2t) dt 


14+1/t? 
4141/0? 


7 1+1/t? 7 du 
mr Beas 7 2) ae 


where u=t— | 
t 


-Ftn"(Z)+c 


2 = x 
ae alt 
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(c) Integral of the Form | 


=a px? tqxtr- 


dx 
where in | —— P is linear and Q is a quadratic put, 
) plo 


ax+b=—. 
t 


dx 


(Td? 541 
dx 
(x-1Jx?txt1 


1 1 
Put x-1=- => dx=-—dt 
f t? 


» El 


Example 82 Evaluate | 


Sol. Let I = | 


—1/t? dt 


2 
veto) +(teajaa 
t t 
aif dt __ a) dt 
Ve +3tr+1 9 VB i( ‘) 1 
t+—-]| +— 
2 
= — L hog | (t +.1/2)+ f(t 41/2) +1/12|/+C 
V3 
| he 
| 2 +t) 4 +1| 
(= ) eo1 2 | 
log +=]+ 

x-1 2 12 | 
| | 


(d) Integrals of the Form i= P JO’ where P and Q both 


+C 


| 
S|- 


; : 2 
are pure quadratic expression in x, i.e.P =ax“ +b 


(ax* +b) cx? +d 


1 
To evaluate this type of integrals of the form we put x a 
dx 


(4x2) f1— x2 
r=] dx 
(1+ x*)/1— x? 


Put gs eta ec 
t t? 
I=] 


—1/t? dt =r t dt 
Again,t? =u = 2t dt = du. 


and Q=cx’ +d, ie.| 


Example 83 Evaluate | 


Sol. Let 


Geer (t? +1) Jt? -1 


1 du dx 
=- which reduces to the form 

Ga) eS ae 
where both P and Q are linear so that we put u—1=2z" so 
that du = 2z dz 


| 2z dz =-| dz 
27 (22 4141) V2? (z? +2) 


1=-Fpran'()+c 


Aliter Put x = cos 0, dx =-— sin 9 dO 
sin 8 dO 
ra] =| 


oe fas oP fe 
sec? 0 +1 tan? 0+2 
sec’ @ dO = dt 


(1+ cos” @) sin @ 1+ cos? 0 


Put tanOd=t. => 


| 
where, cos 9 = x 
1 _1/1- x? 5 
— —= tan +C sin 8=.4/1-— x 
2 | ex | ’ 


x 


tan 0 = vas] 


Example 84 Evaluate 
x= Tx” BI =H ET 
iat I dx 


Sol. Here, I = | 


* (x +1) 


(x? =1) jx‘ +2x°— x" +2041 | 
Xe 
x? (x +1) 


1 2 1 
(1-5) xt(xt 42x14 242) 
x x x 
2 


1 1 
Putx+—=t,ie. (1-4 dx = dt 
x x 


a(t? —2) + 2t-1 Jt? + 2t —3 
=(4 dt =| dt 


(t + 2) (t + 2) 


=| t? +2t-—3 
(t +2) ,/t? ee 
=| t(t + 2) dt—3| dt 
(t + 2)/t?+ 2t —3 (t +2)/t?+ 2t —3 
1=1,-31, ...(i) 
t dt dt 
Where, I, = and I, = 
es re ae 


,=-/—4— t dt 
y(t +1)? -— 4 
(z -1) dz 


Put, t+i=z=| 
22? 


_ zdz dz 
cee: Ie 
=z? -2? —log|z+Jz?-4| 
= /t? + 2t —3 -log|(t +1) +t? +2t4+3]| ...Gi) 


Also, I,= | a 


6-6) 


I= Jt? + 2t-—3 —log(t+1+ Jt? + 2t —3) 


— V3 sin’! ae 
t+2 


dx 
(x —k)" Jax? +bx +e 


1 
Here, we substitute, x —k= : 


1 
where, t = x + — 
x 


(e) Integrals of the Form| 


where r>2andrelI 


dx 
(x — 3)? ,Jx? —6x+10 


Sol. Substitute (x — 3) = - => dx =- = dt 
t E 


Example 85 Evaluate | 


dx 
We get, | ; , 
(x — 3)? jx" —6x +10 
i —1/t? dt 
ive Jast+3? —6(1/t+3)+10 
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t? dt 
le 


=log|t+Ji+0? 


sis --| 1+t° dt 

1+t 

— Slt? ~ Flog t+ i+? |+0 
=F log|t + +0? |- 5 vit? +C 


sal 1+ yx -ox+10| yx? -ox+10 |, 
2) "| |x-3| | |x-3)? | 


(f) Integrals of the Form 


| ax” +bx+ce 
: (dx +e) «| fx? mer 
Here, we write 


ax” +bx +c=A, (dx +e) (2fe +g) +B, (dx +e) +C, 


Where A,, B, and C, are constants which can be obtained 
by comparing the coefficients of like terms on both the 
sides. 


2x? + 5x+9 
Example 86 Evaluate | dx. 


(Ce al xr 1 
Sol. Let 2x7 +5x+9=A(x+1)(2x +1)+ B(x +1)+C 
or 2x? +5x+9=x? (2A)+x(3A+ B)+(A+B+C) 
> A=1,B=2,C =6 


2x? +5x +9 


(x +1) 4x? a 
=f (x + 1) (2x +1) dx +2] 


(x+1)x?+x41 


Thus, | 


x+1 


wonerern 
aaa ars 
seer +(3/4) Bere 


[where u= x7 +x+1 id = eh 
t 


=2Vx? 4+x4+14+2-1log|(x+1/2)+Vx°+x41| 


dt 
-6 | 
V(t — 1/2)? +3/4 
a rere re, [x42] eae] 


| 
~6'o¢|(#-2) VP =r +c 
=2 x1 +og [x42] Vi? +a4i| -6 og 

| l-x +4 x? ttle 


| 2(x +1) 


| 2x+1 


- "4x41 
= [G+ 


dx +2] 
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Type Ill 


Integration of Type | (sin” x -cos” x) dx 


(i) Where m, n belongs to natural number. 
(ii) If one of them is odd, then substitute for term of even 
power. 


(iii) If both are odd, substitute either of them. 


iv) If both are even, use trigonometric identities only. 
g y 
mt+n—-2 
(v) Ifm and nare rational numbers and (Bee-2 | isa 


negative integer, then substitute cot x = p or tanx =p 
which so ever is found suitable. 


Example 87 Evaluate J sin? X-cos® x dx. 


Sol. I = [sin® x-cos® x dx 


Let cosx=t => -sinxdx=dt 
T=- [(1-17)-85de 
; : 18 46 
f=|f d=(P d&=—=—-4c 
fear J —— 
cos® x cos® x 
I= = +€ 
8 6 
Aliter [=| R° (1- R’)’ dR 
if sin x = R, cos x dx =dR 
1=|R° dR- [2R° dR+ | R’dR 
- 4 he + 8 
po x 2sin & *1c¢ 
4 6 8 
Remark 


This problem can also be handled by successive reduction or by 
trigonometrical identities. Answers will be in different form but 
identical with modified constant of integration. 


Example 88 Evaluate [sinc x-cos”"/3 x dx. 


1 Oy ee | 9 
Sol. Here, sin"? x-cos- 3 x dx ieJ—3 3 _=-3 
2 
eggnes ys e _ 
= = =, 
I | . 1/3 a: dx | (cot x) (cosec’ x) dx 
sin x-sin” x 


i= J (cot ”* x) (1+ cot” x) cosec? x dx 
= -frew (1+ t*)dt = -f«e" +1°/?) dt 


[Put cot x = t, > — cosec® x dx = dt] 


3 3 
= J? 72/347 88lac¢ 
2 8 


=- {3 (cot?/? x) + _ (cot? | +C 


dx 
Example 89 Evaluate [———. 
2sSin X+SeC X 
Sol. Let = | dx (2 | 
2sin x + sec x sin2x+1 2° 1+sin2x 


oy es x +sin x)+(cos x —sin x) 4 
= x 
2/ (sin? + cos* x +2sin x cos x) 


(cos x — sin x) 


dx 


=f cos x +sin x 


3 dx +f 


(sin x + cos x)* (sin x + cos x)* 


= / dx “2 


dv . 
| zo where, v = sin x + cos x 
2 


sinx+cosx 2°"¥y 


dx 1 


_ 1 J 
ave ee eee 


2 2 


dx 1 


1 
= = £0 
ara . ( *) 2(sin x + cos x) 
sin | x + — 
4 


1 Tt Tt 1 
= —~log|cosec] x+— |— cot] x+— ||-—— +C 
24/2: 4 4) 2(sin x+cos x) 


Type IV 


Integrals of the Form| x”(a+ bx")?dx 


CaseI If Pe N. We expand using binomial and integrate. 
Case II If PEI (ie, negative integer), write x = t*, 


where k is the LCM of m and n. 


+1 
Casemm 16 


is an integer and P © fraction, put 


(a+bx")=t*, where k is denominator of the fraction P. 


m+1 


Case IV u( 
n 


+ P) is an integer and P € fraction. 


We put (a+b x”) =t*x", where k is denominator of the 


fraction P. 


Example 90 Evaluate ? (2x7)? dx. 


Sol. i= |e" (24+ x?) dx 


Since, P is natural number. 
rela (4+x+ 4x1?) dx 


= fcax" $+ x3 4 4x°!°) dx 


Ayt!s 7/3 gli 
= + +C 
4/3 7/3 11/6 
3 24 
Syst a 2 TE AN 
7 11 


Example 91 Evaluate je (1+ x2/3)-" dx, 


Sol. If we substitute x = t* (as we know P € negative integer) 
.. Let x= tk where k is the LCM of m and n. 
ser Sdeest di 


3r° dt _ 
or c| 5 ; dt=3] ; =3tan ‘(t)+C 
t"(1+t") t°+1 


> T=3tan !(x"3)+C 
Example 92 Evaluate een (+ x3 )/? dx, 


‘ 1 
Sol. If we substitute 1+ x/* =”, then me dx = 2t dt 
3x 


t-6t dt 
l= 
I~ 
or T=2(14+2x3y"? +¢C 


=6 fr? dt =2t°+C 


Example 93 Evaluate [vx (4x7)? dx. 


1 1 
Sol. Here, m=-— and n=-— 
2 3 


Put x=t° >dx=6t° dt 
=> r=[e (1424 68° dt 
=> 1=6 [t° (1+ 40? +6¢4 + 40° + 2°) de 


= 6 {ce + 40"? + 6¢'? + 4t™ + 2°) dt 


t? 4ti! 6t? 4th pt 
=6 + + + + +C 
9 11 13 15 17 


Fag. 2a ie, © ley * sity Fe 
11 13 15 17 


Example 94 Evaluate [x (1+ x3)? dx, 


Sol. Here, (2 (1+ x°)?/3 dx have m=5,n=3and p=. 


m+1 


6 ; 
=-=2 [an integer] 
3 


n 


So, we substitute1+ x°> =t? and 3x” dx =2t dt 
x fxPa+ x?) dx = [x (1+ x3)?3 x*dx 
2 
=f -1(e?)? Sede 
3 


277.2 7/3 2 7413/3 47/3 
=—[(t°-1)t'"dt=— |(t-'"-t dt 
5 (e?-1) =a I ) 
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2|3 3 
—2)2 ,16/3_ 9 ,10/3L LO 
3 (16 10 


1 1 
=-(1+ x°)*? --(14+ x39 P+c 
8 5 


Example 95 Evaluate le (ex) de 
m+1 | )-[-AS- sje-3 
n - f 2 


If we substitute (1+ x*)=t? x’, 


Sol. Here, ( 


then 1 + 


1 -4 
~=t’ and , ax =2t dt 
x 


x 
dx dx 
T= pee 
ie (+ x4)¥? Ja x2 (141/ x4)? 


=| dx =22 (28 
ed eifx*\? 4- x%¢ 


1 2 2 1 4 2 
=——|(t° -1)° dt =—— |(t° — 2t° +1) dt 
5s? =) = ) 


ie? 25° 
=--|—-“ 4r]4+C 
215 3 


1 
Wheret = ,/1 + 7 
x 


Example 96 Evaluate lar dx. 
x + /x 


1 
Sol. Let T= | ———— dx 
lar + Vx 
Put x/@=t, = x=f' and dx =12t'! dt 
1 ai 
| 12 ¢" dt = 12 [ dt 
+27 t+1 


Again put (t+1)=y 


—1)° 
es dt = dy=12fY ) dy 
y 


8.7 6 5 4 3 2 
=12f2 8y'+28y’—56y° + 70y — 56y~+ 28y ae ay 


e [using binomial] 


= 12 | (y’— 8y°+ 28y°— 56y*+ 70y*— 56y"+ 28y —8 + 1/y)dy 


8 7 6 5 4 
8 28 5 0 
y ge ey 
qa) 2 2 s 5 4 Jac, 
56 28 
= y —8y+log|y| 
Where y=x"" 41 
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Exercise for Session 6 


= Evaluate the following integrals 


4 (x + 2) dx 
se SF xy? a rcerersyeres 
dx dx 
. Ga. leva? xno? 
5 sec x .dx 


J sin (x + 2A)+sin A 


6. The value of | [{x}] dx; ( where [.] and {.} denotes greatest integer and fractional part of x) is equal to 


(a) 0 (b) 1 
(c) 2 (d)—1 


7. it | f(x) cos x dx =3F (x) + C, then f(x) can be 
(a) x (b) 1 
(c) cosx (d) sin x 


sin xX + Cos x 


8. The value Oi) eerser IX 
+16 sin 2x 


(a) 1 log 5+ 4 (sin x — cos x) LC (b) log 5+ 4 (sin x — cos x) +c 
40 5 -— 4 (sin x — cos x) 5 — 4 (sin x — cos x) 
(c) i log Sea ele  OoSx) +C (d) None of these 
10 5-4 (sin x + cos x) 
9. The value of | oe Ree dx, is 
1+ 2cos 5x 
(a) aes, = MG (b) sinx —cosx+C 
2 
(c) ener oes +C (d) None of these 
2 3 
cos 5x + cos 4x : 
10. The value of | OP SE EE Saye lis 
1-2 cos 3x 
(a) sinx + sin2x +C (b) sinx - SN 2X 4.6 
(c) — sin x — einen +C (d) None of these 


Session 7 


Euler's Substitution, Reduction Formula 
and Integration Using Diffrentiation 


Euler's Substitution, Reduction and 
Integration Using Diffrentiation 


Integration Using 
Euler's Substitutions 


Integrals of the form If (x), Jax? + bx +c dx are 


calculated with the aid of one of the three Euler’s 
substitutions 


(i) Jax? +bx +c =ttx-a, ifa>0. 
(ii) Jax? +bx +c =tx+ve, ifc>0. 
(iii) fax? +bx +c =(x -a) t, if 


ax” + bx +c=a(x —0)(x —B), i.e. If is real root of 
(ax? +bx +c). 


Remark 


The Euler's substitutions often lead to rather cumbersome 
calculations, therefore they should be applied only when it is 
difficult to find another method for calculating a given integral. 


x dx 


(f7x—10— x2) 


Sol. In this case a< 0 and c < 0. Therefore, neither (I) nor (II) 
Euler’s Substitution is applicable. But the quadratic 
7x —10— <x” has real roots & = 2,B =5. 


.. We use the substitution (III) 


ie. 47x —10— x? =,\(x-—2)(5— x) =(x—2)t 


Where (5— x)=(x —2)t? 


Example 97 Evaluate | =| 


or 54+2t7 =x(1+t’) 


_ 5 +2t? 


14+¢? 


hen 5 + 2t? o\¢=—2! 
(x -2)t —2/t ; 


14+t? 


5+ 21° — 6t 
x dx 1+t? Gane 
Hence, I= | =| 5 
(7x —10—- x?) 3t 
: 1+t? 
_-6 ;5+2t 
27 ? 
-2 5 - -5 
= i( +2) a= +2t;}+C 
9 t? t 
| noe -3(Srn)ec 
(7x —10— x”)? 9\t 
7x —10— x? 
Meese 
x=2 


dx 
Example 98 Evaluate | —————. 
le —X+) 


Sol. Since, here c = 1, we can apply the second Euler’s Substi- 


x? —x+t1=tr-1 


tution. 


2t—-—1 
Therefore, (2t-—1)x=(t?-1)x? => x= - 
t=1 
2(t? —t+1)dt t 
dx =- ( ) and x +4/x° —x+1=—— 
(t? —1)° t-1 
— 24? + 2t —2 


r=] dx _ 
xt4x?—x41 


Using partial fractions, we have 
-20°+2t-2 A. B 6 D 
t(t-1)(t+1)?) ¢t $t-1 (t+1) (£41) 
or (—2t? +2f-2)=A(t—1)(t +1)? + Bt (t +1)" 
+C(t-1)(t+1)t+ Dt 
we getA=2, B=—-1/2, C=-3/2, D=-3 


1, dt 3 dt dt 
sled lea ae 


= Sieg |e |-slog.| t-1| Fog. | tei + 


t(t—1)(t +1) 


dt 
Hence, J = 2 | = 
t 


+C 


3 
(t+1) 


x 
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Introduction of Reduction 
Formulae (a recursive relation] 
Over Indefinite Integrals 


Reduction formulae makes it possible to reduce an integral 
depending on the index n>0, called the order of the 
integral, to an integral of the same type with smaller 
index. (i.e. To reduce the integrals into similar integrals of 
order less than or greater than given integral). 

Application of reduction formula is given with the help of 
some examples. 


Reduction Formula for [ sin" x ax 


Let I, = | sin” x dx =|an" x sin x dx 
I II 


iat 8 2 
=-—sin” x cos x + |(n—1) sin” x cos” x dx 


=—sin"~' x cos x +(n—1) | sin” ~?xe(1 sin’ x) dx 


=-sin"~* x cos x +(n—1) | (sin"~? x —sin” x) dx 


where, tanx=t => sec’ x dx =dt 


tr} 
I, = | —I,~2 
tan"! x 
I, = ned — I, ~2 
. tan"~' x nao 
> | tan x dx= ; — [tan x dx 
i 


Reduction Formula for | cosec” xX dx 


Let I, = | cosec” x dx = | cosec"~? x cosec” x dx 
I II 


=cosec"~*x (—cot x) — Ja —2) cosec"~? x (cosec” x — 1)dx 


n—-2 


=—cosec x cot x —(n—2) | (cosec” x —cosec”~* x) dx 


=~—cosec”~* x cot x —(n—2) I, +(n—2) In_2 


=~—sin"~' x cos x +(n—1)I,-2 —(n—1) I, 
oni, =—sin"~' xcos x +(n—1)I,_-2 
sin"”' xcosx n—1 
=> I, =~ a) 
n n 
—sin""!xcosx n-1 
Thus, | sin” xdx= + sin"? x dx 
n n 


Reduction Formula for [ cos” x ax 


Let I, = | cos” x dx =| cos" x cos x dx 
I II 
=cos""! x sin x + [(n—1) cos"~* x sin’ x dx 
=cos"~' x sin x +(n—1) [cos"~? x (1—cos” x) dx 
=cos""' xsinx +(n—1)I,_, —(n—1) I, 
nI, =cos" | x sinx +(n—1)I,_» 


cos"! x sin x 


n-1 _ 
or | cos” x dx= + | cos” 2 x dx 
n 


n 


Reduction Formula for tan" x Ox 
Let I, =| tan" x dx 
— ae =| ane x tan? x dx =| tan"~? x (sec” x —1) dx 


=| tan"~*x sec? x—-I,_9 = ae dt —I,,-» 


(n—1) I, =—cosec"~? x cot x +(n—2) In_2 
i cosec” ” xcotx n—2 
or == =9 
" n-1 n=1 ” 
FA cosec”* xcotx n-—2 i 
ne | cosee xdx =—- ; | cosee x dx 
n—- n 


Reduction Formula for [sec” x dx 
Let I, = | sec" x dx =|sec"~? x sec” x dx 
I I 


=2 = 
=sec” x tan x — | (n—2) sec" 
x sec x tan x: tan x dx 


3 


=sec"~* x tan x —(n—2) | sec"~? x (sec? x —1) dx 
=sec"~* x tanx —(n—2) I, +(n—2) I,» 


= (n—1) I, =sec"-? x tanx +(n—2) I,_2 


sec"? x tanx (n—2) 
+ I 

(n-1) (n-1) 
sec"? x tan x , (n=2) 
(n—1) 


(n—1) 


or I, = n—-2 


-2 
, | sec” x dx = | sec” x dx 


Reduction Formula for | cot” x dx 
Let I, = [cot x dx =| cot" x cot? x dx 
sli x (cosec” x —1) dx 


n-2 


= |eot*"? x (cosec” x — 1) dx = [cot x dx 


=| dt-—I,_», where t = cot x 


cot”! x 
I, = nt —I,-2 
A cot” | ree 
[cot x dx =- 7 — [cot x dx 


Reduction Formula for [ sin” xcos” x dx 


Let A=sin™~! xcos"*! x 
dA -2 +2 


ae) sin” “ xcos”** x —(n+1)sin™ x cos” x 
x 
=(m-—1)sin™~* x cos" x (1—sin® x) 
—(n+1)sin” x cos” x 
=(m—1)sin™~* x cos" x —(m—1+n+1) 
sin” x cos” x 
dA = 
ae 70m A) sin™ 2 x cos” x —(m+n)sin™ x cos” x 
x 


Integrating with respect to x on both the sides, we get 
A=(m-1) [sin"~? x cos” x dx —(m+n) 
[sin x cos” x dx 
=> (m+n) | sin” x cos” x dx =(m-—1) 


. m2 
| sin” xcos" x dx —P 


— fos) [sin 


=> [sin xcos” x dx = 2 x cos” x dx 


: +n) 
m-1 n+1 
sin x COS x 
m+n 
- m1 i 
(m—1) sin” ~~ x cos x 
or m,n — m-2,n 
(m+n) (m+n) 
Remarks 
Similarly, we can show 
m+ n+1 
sin”*' xcos xX on- 
1. fain” xcos” x dx= +  fsin” "x cos"? x ax 
m+n m+n 
‘m+ n+ 
. sin X COS xX m+tn+2 
2. sin” x cos” x dx = + 
m+ m+ 1 


fsin”* 2 x cos” x ax 


sin” *!' x cos?*! x rm m+tn+2 


nt+1 


3. sin” x cos” x dx = 
n+ 


sin” xcos’*? x dy 


sin”! x cos’*! x | m1 


4, sin” x cos” x dx = 
n+ 


n+ 
“om—2 n+2 
sin X COS x dx 
sin” *' x cos”7! x % n-1 
m+ 


5. sin” x cos” x dx = 
m+ 1 


fsin”* 2 x cos”? 


x ax 
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Reduction Formula for cos” x sin nx ax 


Lett a =| cos” x sin nx dx 
I II 


cos” xcosnx m 
- [cos 
n 


| ‘“ 
x sin x cos nx dx 
n 


cos” xcosnx m ed 

=- - [cos x 
n n 

{sin nx cos x —sin(n—1) x} dx 

[using sin (n —1) x =sin nx cos x —cos nx sin x 

=> sin x cos nx =sin nx cos x —sin(n—1) x] 


cos™ 


xcosnx m i ; 
=- - [cos x sinnx dx 
n n 
m 
—-l rt 
+—J cos” x sin(n—1) x dx 
n 
m 
cos) xcosnx m 
Inon = = Lae I -1,n-1 
n 
m 
m+n cos) xcosnx m 
=> Ino =7 m-i,n-1 
n n 
m 
cos) xcosnx m 
or In. = 7 + Im-1,n-1 
m+n m+n 
Remarks 
Similarly, we can show 
Pitt 
cos” x sin nx m 
1. [cos x cos nx dx = + 
m+n m+n 
Jcos”~! x cos (n 1) x dx 
mM a ted 
uP ccm nsin” x cos nx msin X COS X COS NX 
2: fain x sin nx dx = 5 ; 3 5 
m-n m-n 
m(m—-1 ssp: ; 
gS sil” 2 x sinnx dx 
m=-n 
Fe) . “om—1 
im nsin” x sinnx = msin X COS X COS NX 
3. fin xX COS Nx dx = 5 5 . 5 


Sih) Mo =f 


2 x cos nx ax 


m(m=1) pom 
ee ae SiG 
m—n* J 


Example 99 Evaluate /, = Noes 
x?+a 


=|] 1dx 


(x? os 


Sol. Here, I, = la Zr 
x 4a 


Applying ee by parts, we get 
tle ee Oe 


“Ge +ay a (x? +a 
= as + 2n | x! x 
(x? +a°)" (x? + a7)" 
xv+a—-a’ 
(x 4a2F laere 
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x 1 2 
i +2n dx —2a‘n 
ap oe lay Integration Using 
x 
= HPI ly 2m a? Iga pincrenwagon 
(x° +a‘) 
i dx dx 
Ina’ Ing1=——— + (20-1) I, In | | =, | 7 
(x° +a°)" ee (a+bsin x) (sin x +a sec x) 
_ 1 x (2n—-1) 1 a+bsin x 
or Tn+1 a ae eC 9 ea |———- dx,... we follow the following method. 
ana’ (x +a’) ” @ (b +asin x)’ 
sin x cos x 
Remark 1. Let A=———_ or A = ————— according to the 
Above obtained formula reduces the calculations of the integral a+bcos x a+bsin x 
/, 4 to the calculations of the integral /, and consequently, allows integral to evaluated is of the form 
us to calculate completely an integral with natural index, as J F 
X¢ x 
dx | a4 fx. | or | 
= 2 ; 2 
ee re ma [= }+e (a+bcos x) (a+bsin x) 

i dA 1 
Ethan aneye Orne 2. Find — and express it in terms of —————— or 
Let n=1 dx a+bcos x 

/ =f dx _ 1 x bale / 1 

Plies e? We eee oe eens the case may be. 


Og x? +a 2a8 a 
Let n=2 
dx 1 x 3 
ly = / 
. eares 4a (x2+a)? 4a” 


eal ea GR Re Per + Stan! (*}+c 
2 a 


...and so on. 


Example 100 Derive reduction formula for 
sin” x 
(n,m) = {—— dx. 
COS” X 
Sol. Using Integration by parts for Iq, m), we get 


sin x 


Tg gosta"? ax 
cos” x 
I II 
—-mt+i1 
agg) - { (m-1)sin"~? 
(m — 1) 
(cos x) "7! 
x -+ COS X- 
Pus 1) 
_ 1 sin"~'x  (n—-1) f¢ sin” 
‘ — dee 


m-1 cos™* x (m-1) 
1 sin” (= 1) 


(m — 1) cos”! x (m- 1) 


n,m 


Im —2,m-2) 


is required reduction formula. 


3. Integrate both the sides of the expression obtained in 
step 2 to obtain the value of the required integral. 


dx 


Example 101 Evaluate | 5 . 
+4cos x 


Sol. Here, A= —— then 
5+4cos x 


dA _ (5+ 4 cos x)(cos x)—sin x (— 4 sin x) 


dx (5+ 4 cos x)’ 
5 25 
. dA 5cosx+4 are 
dx (5+4 cos x)’ (5+ 4 cos x)” 
dA 5 1 9 1 
=> = . 


dx 4 (54+4cosx) 4 (544 cos x)’ 


Integrating both the sides w.r.t. ‘x’, we get 


A=2{ dx =| dx 
4°5+4cos x (5+ 4 cos x)’ 
= al dx eal dx od 
(5+4cosx)° 4°5+4cos x 
dx =*{ dx _ sin x 
4 7 4 (iz tan? x/2) (5+ 4 cos x) 
(1+ tan? x /2) 
| dx (0 sin x 
(5+4cos x) 9°9+tan® x/2 9 5+4cos x 
= f dx =2 (28 _4  sinx 


(5+4cosx)? 9°94+t? 9 5+4cosx 


(where tan x /2= tf) 


= f dx _ 10 1 ann! t\ 4 sin x 
(5+4cosx) 9 3 3) 9 5+4cos x 


=| dx _ 10 tan”! tanx/2\ 4 sin x +C 
(5+4cosx)* 27 3 9 \5+4 cos x 


dx 
Example 102 Evaluate | —— 
(16+ 9 sin x) 
Sol. Let A=—°* — ...(i) 
16+ 9 sin x 
= dA _ (16+9 sin x)(—sin x) — cos x (9 cos x) 
dx (16 +9 sin x)* 
dA —16sinx-9 
= = 2 
dx (16+9sin x) 
= Sane <3 
dx (16+ 9 sin x)” 
dA 16 il 175 a 
> =-—. - + ; ...(ii) 
dx 9 (16+9sinx) 9(16+9sin x) 


Integrating both the sides of Eq. (ii) w.r.t. ‘x’, we get 


1 d. 1 d 
co =f x e i Ix 
9/16+9sinx 9 ~(16+9sin x)* 
2 
= 15) dx = A+’ ha x /2) dx 
9 ~ (16+9sin x) 9 ~ 16+16 tan® x/2+18 tan x/2 
1 d. 16 2 dt 
=| x : a Ae J : 
9 / (1649 sin x) 9 / 16t? +18¢ + 16 
[where tan x /2= t] 
175 d. 2 dt 
d | 7 = A+ 
9 “(164+9 sin x) Oe oP EA eG 4 
2 dt 
=A+t ; 
? ( 2) 175 
t+—| +|—— 
16 16 
2 1 _,{16t+9 
=A+-—xX : tan’! ( 
9 175 175 
| dx a8 cos x 
(16+9sin x)’ 175 (16+9sin x) 
2 a4 eine 
+ tan CG 
(175)>/? ( V175 
dx 
Example 103 Evaluate | 5 
(sin xX + asec x) 
when |a|>1/2. 
2 
cos” x dx 


ae or r= 


Sol. Here, [= | ; ; 
(sin x + asec x) 


(sin x cos x + a)” 


2 
| cos” x dx 
2 


: +2 2 
a” +2asin x cos x + sin” x cos” x 
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2 
| cos” x dx 


2 : 15, 2 
a” + asin 2x + —sin“ 2x 
4 


=| 4 cos* x dx mr ee 
(4a” + 4a sin2x + sin? 2x) (2a + sin 2x)? 
=2{ dx +2] cos 2x dx 


(2a + sin 2x)* (2a + sin 2x)” 


=> [=2I,+ (ee [where (2a + sin 2x)=t, (2 cos 2x) dx=dt] 
t 


1 
=> [=21,- 
(2a + sin 2x) 
d. 
where I,= i —— ...(i) 
(2a + sin 2x) 
Put ee cos 2x 
2a + sin 2x 
ae dA _ (2a+sin 2x)(—2sin 2x) — cos 2x (2cos2x) 
dx (2a + sin 2x)° 


dA _ — 4asin 2x —2 


= 2 
dx (2a+sin 2x) 
- dA _ — 4a(sin 2x + 2a)—2+ 8a° 
dx (2a + sin 2x)? 
dA 4a (8a* — 2) 
= =- + ; 
dx (2a+sin2x) (2a+sin 2x) 


Integrating both the sides w.r.t. ‘x’, we get 
dx 


=> A=- 4a 
lea sin 2x) 


+ (8a° — 2) I, 


2 
sec’ x dx 


= (8a” - 2) = A+ 4a | ; 
2a+2tan x +2a tan” x 


4 dt 
=A+— ; 
aa ar ee | 
a 
dt 
=A+2 


(+2) +(1- 2) 
2a 4a’ 
fay. CO [se 2) 


{4a® -1 4a’ -1 


COs 2x 4a 
+ 


2a + sin 2x l4q? —1 


tan’ | [euesty as 2 ...(ii) 


\{4a* -1 


= (8a* — 2) 1, = 


From Eqs. (i) and (ii) 
1 cos 2x rm 4a 
(4a* -—1) (2a+sin2x) (4a? —1)3/? 


_1|2at +1 1 
[as | C 


- + 
lag? —1 (2a + sin 2x) 
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JEE Type Solved Examples : 
Single Option Correct Type Questions 


dx 


6 6 
cos x+sin x 


> Ex. 1 The value of | , is equal to 
(a) tan” '(2 cot 2x)+C_ (b) tan” | (cot 2x) +C 


(c) tan”! (: cot 2x] + C (d) tan” '(— 2 cot 2x)+C 


dx sec® x dx 
Sol. Let 1 = [———~— = | ; 

cos’ x+ sin” x 1+ tan” x 

(1+ tan? x)?-sec” x 

=| dx 


1+ tan® x 
(1+ t’)? 
141° 


Put tan x =t = sec’ x dx =dt =| dt 


={ (1+ t’)? 
aQ+?)a—t+t*) i 
( +5 )ar 


t 
(t-1/t)? +1" 


2 2 
=| = zat ={ ae =| 
1-ft+t (1/t° -1+t*) 


1 
Putt -—=z 
t 


. [1+ 5} dt=de =| bs =tan'(z)+C 
t + fil aaa | 


2 2 
api =—1 _,{ tan” x-1 
=tan ' +C=tan’ +C 
t tan x 


=tan | (—2 cot 2x)+C 


Hence, (d) is the correct answer. 


tan”! x 2 
e = = =X 
> Ex. ss eae (sec! .J1+.x*)? +cos ( dx, 


Tex” 


(x >0) is equal to 


-1 
(a)e" *-tan! x +C 


tan! x -1 2 
e ‘(tan x 
eo an 


(b) Cc 


2 
(c) e' '* -(sec™"(4f1+ x2))? + C 
(d) etan |x -(cosec'(,/1+ x7)? +C 


= = -+/1-x = 
Sol. Note that sec! ,/1 + x” =tan x; cos? | =2tan ‘x, 
Lex 


For x >0 
=> I= 


x 


{(tan™ x)* + 2 tan”! x} dx, 


=] 
elm 
1+ x? 
Put tan) x=t 


-1 
= | ef(t? + 2t) dt=e'-t? =e"™ *(tan x)? +C 


Hence, (c) is the correct answer. 


x a 


e 


i) | ae ae dx. 


=2x. 


e** +e 41 te“ +1 


Then, for an arbitrary constant c, the value of J — 1 equals to 
[LIT JEE 2008] 


e 


> Ex. 3 Let! = | 


1 4x g?* 44 1 2x 4 eX 4] 
(a) — log | <= +C (b)—log| ae 61 
2 e* +e°*% +1 2 e* —e*~ +1 
2% x 4x 2x 
+1 + +1 
(c) — log | ——* +C (d)—log | <= C 
e* +e~ +1 *¥ eX 44 
Sol. j= | ee a dx 
l+e*+e™~* 
2g | (e** —e*) | (u? -1) d pee 
u=e 
14+ e% +e 1l+4u°+u' 
il 
[ - +) du [: - a dt 
u = u = 
Lae ee 
1+ tu (u+2) -1 
u u 
1 t-1 1 uw—ut1 
=—lo + C=—lo tC 
2 ered 2 Pl age | 
ae e* —e% +1 oe: 
2 eX ter 41 


Hence, (c) is the correct answer. 


Ex. 4 Integral of .{1+ 2cot x (cot x +cosec x) wart. x, is 
(a) 2In cos > +C (b) 2In sin = + C 


1 
ioe cos = +C (d) In sinx — In (cosec x — cotx)+C 


Sol. I= [1 +2 cosec x cotx +2 cot? x dx 


=f Veosec” x + 2cosec xcotx + cot” x dx 


= | (cosec x + cot x) dx 


= [PES * ay = [cot (=) dx = 2log 


sin x 


+:¢ 


5 
sin — 
2 


Hence, (b) is the correct answer. 
Ex. 5 Ifl, = | cot” x dx, then 1)+ 1,+ 2 


(Intlgt+...4+13) +1ot+ lo equals to (where u=cot x) 


u? uw u? u° 
(a) u + — +...4 — (b) —} u+—+...4 — 
2 9 2 9 


2 9 2 9 

2 9 
(c)—Jut li oe (d) Ag ge ee 
2 9! 2 3 10 


Sol. I, = | cot” x dx = | cot”? x-(cosec?x — 1) dx 


n-1 


n-1 
— ke =du5 Ot Ue T = = [put n = 2, 3, 4,..., 10] 
n-1 n-1 
u 
I, + Ip =-— 
2 0 1 
we 
I, + I, =-— 
3 1 9 
we 
I, + I, =-— 
4 2 3 
i? 
Tyg + In = - — 
10 9 9 
Adding, Ip + I, + 2 (12 + I 4 + Ig) + Ig + Io 


Hence, (b) is the correct answer. 


Ex. 6 Let f(x)=x+sin x. Suppose g denotes the inverse 


1 
function of f. The value of g’ (= + =| has the value equal 


V2 


to 
J241 
(a) V2 -1 (b) —— 
2 
(c)2- V2 (d) /2 +1 
Sol. f(x)=y=x+sinx 
=> OY 4 Seog 
dx 
Pian, OR = 1 
a9 ~ 1+ cosx 
where me : =x+sinx > x=— 
y 4 J2 : ~ 


(E+ =)" 1 

B\4a Ya) 14 (0/v2) 
oe: ee afi 
= ewe 1)=2-2 


Hence, (c) is the correct answer. 


Ex. 7 The value of | 


dx . 
\Ge—a)(b—x)" 


(a) 2sin”| = i¢ (b) 2sin”! fest) +C 
- b-a 
(c) sin”! |—— ear 61 (d) None of these 


Sol. Let x =a cos’ @ + b sin’ @ in the given integral. 
So that, dx = a (2 cos @) (— sin 8) + b (2 sin 8) (cos 8) dO 
dx =2(b—a) sin ® cos 8 dO 
2(b — a) sin ® cos 8 dO 


ie 
(a cos’ @ + b sin? @ — a) (b —a cos’ 8 — b sin’ @) 
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r, | sin 8 cos 8 d0 
(b sin? @ — a sin? 8) (b cos? @ — a cos” 6) 
sin 8 cos 8 dé 


=2(b-a =2]1d0 
( errr | 
=20+C=2sin'! ae 
—a 
Hence, (a) is the correct answer. 
x= 
Ex. 8 The value of | ( ; ) 5 dx, is 


(x —1) 
Sol. Let [= 
laa & +x? a 
2 
=| oS) dx 
(x41)? x2 + x? 4+ x 
“lo x? (1-1/ x") - 
as x +x 
=| 21 -1/ x’) = 
rere xafxtbitisx 
Put oe 
x 


=(1-1/ x") dx =dt 


dt 
eres. 


dx 


PJO- 


which reduces to | 


Let t+1=2° 
2z dz 
(2° +1) V2’ 


=2 | i =2tan'(z)+C 
Zk 


2 
= = +x4+1 
pier (ne bossan 4°21 26 
e x 


Hence, (c) is the correct answer. 


dt = 2zdz =| 


(1+ x?) dx . 
51S 

=x" alex? 4° 
vx +x 244-3x 
ake +x 2444 3x 


Ex. 9 The value of | 


+C 


(b) 1 (og vx‘ +x * +14 ¥2x) 
eS Vxt 4x7 + A 
() gee =X *+1-V3x] 
Ri Vxi +x Peas danl 


(d) None of the above 
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(1+ x?) dx 


(1—x*)J1 +x? + x* 
(145) ax 
=| x 
1 1 2 
x |x] xe — Pla x 
x x 


_ f (1+1/ x’) dx 
(1—1/ x) (x -1/ x)? +3 


Put x t=a=(14 “| ax dt => | dt 
x x fy 43 


Again, put P43S5° 


Sol. Let [= | 


s ds i ds 


> 2t dt =2s ds = | <a Pacer 
= : wog| = c 
2V3 s+ V3 |- 


afX° +x 24 Sal3x 
s +x 2414 3x 


Hence (a) is the correct answer. 


= 7 5 (08 


Ex. 10 The value of | = 


dx 
, is 
| (a+ bx?) b-ax’ 
1 _1{ xvVa? +b? 
a) ————— tan | —————. + C 
aa’ + b*) av b —ax’ 


1 _1{ xva? +b? 
b) —————$ tan™ | —————. + C 
"i (a° +b ) see 
1 _1[ xva? +b? 
(c) ———— tan” | —————_]+C 
aa’ + b*) | a | 


(d) None of the above 
Sol. Substituting ax’ = b sin’ @ 


> ax= |? cosa 
a 
1° cos0 a 
a 


I=] 
[a+ Ente | Y= bsin?o 


a 


1 3 1 
= Wf flo 243 e7 3z+3 Is 


cos 8 dO 
(a? + : sin” @) - cos @ 


=e [ 


=va[ = 


a ae Q° 


dividing numerator and denominator by cos’ 8, we get 


sec’ 6 dO 
a’ sec’ 0 + b’ tan’ 0 


=va[ = 


, put tan 8 =t 


dt dt 
= Ja = Ja 
Prerarar: | aay rae 


Va | dt 


a’ +b? a a 
_ 1 tan”? xVa7 +b? ie [ , 
fa(a® + b”) avb—ax’ 


Hence (a) is the correct answer. 


va [i + a re : ja? + a e. 


Ex. 11 The value of | 


and s — z =—, then value of k, is 


(a) 1 (b) 2 (c) 3 (d) 4 


Sol. Here, I =| 


nc 
2x .J1—x ,(2-—x)+ 4/1 x. 
put (1 — x) =t? —dx =2tdt 

| 2t dt 


cea Jlte+t 
aa ae 


dx 
log s— +s? 541 


+C 


= 


1 
* (t-1)(t + 1) les : 


1 dt 
(t Tae tt] alte esln gore 


: dt 


1 
ae aw aweets ee 


Let f=2% 214 
a 
dt 
where 1, =] 
(f-1),/t?+¢4+1 
dt 
and I, 
Free: tt+1 
1 


al 
For [,, put (t — 1) = 
Zz 


...(i) 


> dt =-—ds 
s 
ds 
= J 2 
oo 
s--] +2 
2 4 
=~ tog|(s-2) + 51 | ...(iii) 
1 2 
I= £ fog (= + /Z r3e+3)| 
+ male ar s° alee 
[2 | 
where, z = : and s = : 
, Jjl—-x-1 Jjl—-x4+1 
s-z= : : Shee 
Vvi-x+1 vVl-x-1 x 


Hence (b) is the correct answer. 


Ex. 12 sores 
Gc tary’ 
1 x 1 = : 
= 5 5 or tan +C. Then the value of k, is 
ka* |x’ +a a a 
(a) 1 (b) 2 (c) 3 (d) 4 
Sol. Here, we know 
| Oe it ee 0 
x“+ta° a a 
—2x 
Also, ‘ldx= x x dx 
J +a? x ta? Ia +a’) 
2 a 28 
+a°-a 
= zt [- 2 na 4 
x +a (x° +a‘) 
I II 
dx x dx 2 dx 7 
= + 2 2a (ii) 
Pe x +a’ i +a ere 
From Eqs. (i) and (ii), we get 
2 tan! ise + 2 : tan! = 2a” | iad 7 
a a x°+a a a (x° +a“) 
= 2a” | oer = Ae es 
(x“+a°)" x°+a a a 
or | Je id eget = + C 
(x“+a‘)* 2a x"+a a a 


1 x 1 1X 
= {5 Es tan! ac 
ka* (x°+a° a a 


k=2 


Hence, (b) is the correct answer. 
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m 


2 
na 


Ex. 13 | -—_— 
i Fear +a’)? 4a*(x? +a’) 


x Z 1 
2a*(x?+a’) 2a° 
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tan”! ( “| +C. Then|m—n] is equal to 
a 


(a) 4 ve 3 (c)2 (d) 1 
Sol. Let I= Ie a ...(i) 
(x? + a?)3 
1 ws 
and I, | aaa dx (ii) 
1 —2 (2x) 
= 1 dx = x dx 
(x? + a’)? (x? + a’)* Ie + a’) 
I Il 
2 
x x“ +a°-a 
= + dx 
(x? + a’)? J (x? +a’)° 
x 1 2 dx 
= 4 dx 
(x? + a’)? Ie +a’) Ie +a’) 
ee Ei =i : = mp 41, — 4a? - I [using Eqs. (i) and (ii)] 
x“+a 
= 4a°I = +31 
(x? 4a)? 7" 
x 3 
=> I= + I (iii 
4a? (x? +a")? 4a” : oY 
[using previous example, 
dx x 1 = 8 | 
(a = tan + C 
Ie +a’) 2a*(x? +a’) 2a? a | 
x 3 %. “(2] 
=>I= + tan eC 
4a°(x’+ a’)? 4a? lisa a’) 2a° a | 
(iv) 


m=3andn=4 
| m—n|=|3—4]=|-1|=1 
Hence, (d) is the correct answer. 


Ex. 14 Ify(x-y)* =x, then 
[=e —In[(x —y)* —1].Then(m + 2n) is equal to 
(x-3y) n 
(a) 1 (b) 3 (c)5 (d)7 
7 dx 2 
Sol. Let P cay In{(x-y)°-1] 
dy 
dP «1-2 } 
dx x-3y 9 {(x-y)’-1} 


...(i) 


Given, y (x — y)’ = x, on differentiating both the sides, we get 


dy _ 1-2y(x-y) 

dx (x—y)(x—3y) 
1—2y(x-y) 

ap ™ nfs ee 

dx {(x -y)’ - 1} 


ii) 
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_(x-y)(x-3y)-14+2y(x-y) — (x-y)1 


(x —3y) {(x-y)*- 1} 
(iii) 


(e—Sy) eo) = 1 
a 
"dx ~ (x —3y) 


which is true as given 


dx 1 2 
=-—] 1}, 
lean 5 log (x -y)? =) 
meiln=zZ 
=> m+2n=5 


Hence, (c) is the correct answer. 


Ex. 15 If | (x+y1tx? Y ae, 
=a ptt? yt te 


Then 7 + a is equal to 
(a) 2 (b) 3 


Sol. Let I =| (x + 4/1 + x7)” dx 
Put x+ 1+ x =t (i) 


1 
> 1 + ———— _-2x |dx=dt 
214+ x? 


i+ 4x - 
> dx = dt ...(ii) 
{1 + x? 


y= yrs 


(c)4 (d) 5 


x—y1+ x? 
We know, t=x+j1+ x2 =x+ 1+ x? x 
2 
Sal eX 
—1 2 
t= => t=x+,1+x 
x— it x 


Subtracting, we get 


1 1 at 
2j1+x° =t+- or =5 ... (iii) 
t +x? t +1 


From Eqs. (i), (ii) and (iii), we get 


2 
r+ 
dx = ; dt 

2t 

t +1 1 _ 
=[* : fe + t"~?) dt 

(21) 2 

1f prt t-} | 


[x+ Jt x*)]}"*! 


a reEy + (1+ x*))"7! + C...iv) 


Then comparing the values of a and b by Eq. (iv) a =2, b =2 
(a+ b)=(2+2)=4 
Hence, (c) is the correct answer. 


Ex. 16 if | es dx, where f(x) is a polynomial of 
x" =1 


degree 2 in x such that f(0) = f(1) =3 f(2) =—3 and 
jz F(x * 


dx =—log| x =1|+log| x? +x+1| 


a (BH ec Then(2m-+ n) is 
vn V3 
(a) 3 (b) 5 (c)7 (d) 9 
Sol. Let f(x) =ax’ + bx +c 
Given, f(0) = f) =3f(2) =- 
f(0)=c=-3 
Fa)= )=atbt+c=-3 
3 f(2) =3 (4a + 2b + c)=-3 
Gene a 
f(x) =x? —x-3 
f(x) x? — x3 
i sae a mee een 


Using partial fractions, we get 


(x? — x -3) — A, Bet+C 
(x—1) (x? + x41) (x-1) (x*4+ x41) 
we get, A=—-1, B=2, C=2 
t=] {x 
(x" + x +1) 
(2x + 1) dx 1dx 
=-log|x : + 
é| | eerern Pers 
dx 
=-—log| x-1|+ log |x*+x+1|4 
el [+ log | Ces a (v3 /2)? 
2 2x+1 
—log | x-1|+log|x?+x+1]4 tan" Jee 
g | | + log | ae a 
“. On comparing m=2,n=3 => 2m+n=7. 


Hence, (c) is the correct answer. 


1+ 
a dx, is equal to 


Ex. 17 The value of | ' 
x (1+ xe* 


(a) log 


(b) log 


(c) log 


1+ xe* 
(d) None of the above 
(1 + x) de =| 


x(1+ xe")? 


(1 + x) e* 
(xe*) (1 + xe*)? 


Sol. Let I = i 


put1+ xe“ =t 
 (L+ x)e* dx=dt= | ae , applying partial fraction, 
t—1)-t 
ondaie 1 _ A B,C 
: (t-1)t? t-1 ¢t # 


=> 1=A(t’) + Bt(t-—1)+ C(t-1) 
For t=1 > A=1 
For t=0 >= C=-1landB=-1 


1} d= tog] #1] tog t+ 4-6 
t t 


i 
: r= ff t 


= log | xe* | — log |1+ xe*|+ +¢ 
+ xe* 
xe~ 1 
= log + tC 
1+ xe* 1+ xe* 
Hence, (b) is the correct answer. 
dx : 
» Ex. 18 The value of | , is equal to 


x +a? —x? 
G) sin [*] 4+ Mog) x4 Ya — |+C, 
(4 sin" (=) — Log) x + ya? =x? |+C, 
(6) 5 sin! (=]—togl x + Yat -x’[+C, 
(4) 5 cos" (=]+ tog x-+ Ya? = J+C, 

Sol. it | aoe 


dx =a cos 0 d0 = | 


, Put x=asin0 


a cos 9 d@ 


asin®@ + Ja’ —a’ sin’ 0 
=| cos 8 d@ ae ee 
sin0+cos6 2 sin 8 + cos 8 


d0 


=1 fide ; oy 
2 2/ sin®@ + cos0 


== 0+ = log (sin + cos) + C 
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1 =1{% x x? 
=—sin log + alt= 3 [4C 
2 a a a 


2 
qs = 1 
an (2) + Slog) x + ae +Q 
a 


[where C=C ; log a) 


Hence, (a) is the correct answer. 


» Ex. 19 The value of 


dx, is equal to 


=] 
pea ae 
1 (x? (x? 41 
oa [$H4)+< (b) V2 sec AH} +c 


2 2 
aia) +C (d) V2 cosec”! aaa +C 
Z J2x 


=| x? (1 —1/ x*) dx 
1) {xt +1 (x44) a 


x 


Hence, (a) is the correct answer. 


More than One Correct Option Type Questions 


hg? 23/2 a 
Ex. 20 i< = dy A tX yr" (Bx* —6) 
x 


: +C, 
x 
then 
1 
a) A=— b)B=1 
(a) aor (b) 
1 
c) A=- — d)B=-1 
(c) a (d) 
+ + ac 
I4 2 
Sol. Here, I = as dx =| = dx = | 5 xX dy 
x x x"+x 


4 
Put t= /1+—>> t=14+—5 
x x 
8 
x 
1 r 5 
T=— | -t*) de =— 4—-—1}4+C 
16 16 | 3 
1 (44+ x’)? 
—.‘ ) (x? —6)+C 
x 
1 
=—, =1 
120 


Hence, (a) and (b) are the correct answers. 
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Ex. 21 The vate of the integral 
je" * (cos x +cos® x) sin x dx is 


1 2 
(a)—e*” * (3-— sin? x)+C 
2 
“2 1 
(b) e*" * [14 3 cos? xJ+e 
2 
2 
(c) e*” * (3 cos* x + 2sin? x) + C 


~ 2 
(d) eS * (2cos? x + 3sin* x) +C 


Sol. Put t =sin? x 


a 3 te’ 
The integral reduces to I = Jee thdt=~e' a 6 
2 2 2 
1 ‘ 
=; ein’ x03 _ sin? x) 4+.C [option (a)] 
sin” x 1 2 7 
=e 1+ ; cos’ x}+C [option (b)] 


Hence, (a) and (b) are the correct answers. 


JEE Type Solved Examples : 
Passage Based Questions 


Passage 
(Q. Nos. 23 to 25) 


x 


“| [1-5 Jas putx+—=t 
x 
a a a 
a) [x4 8 Jar, put x? ee tad 2 
x x 
For integral fs(2 +4) (x-4] dx, put x? gla 
x? x? x? 


many integrands can be brought into above forms by 
suitable reductions or transformations. 


For integral If x-4) [ +) putx—“=t 


For integral | f\ x 


For integral Le 


: x* =2 
> Ex. 23 |— dx 


ee eo ge) 


(a) ix? Hee (b) +14 SHC 


(c) .]x? ys (d) ,}x? eee 
x? x? 
2 
pee 
3 
Sol. Here, I = | 4 dx 
x +1t—> 
x 


» Ex. 22 Ifl= | (tan x +Vcot x) dx = f(x) +c, then 
F(x) is equal to 
(a) V2 sin '(sinx — cos x) (b) ae 


V2 
(c) V2 tan” (| (d) None of these 


Sol. r=[¢ tanx + cot x) dx = [2 - 


2cos (sinx — cos x) 


sinx + cosx 


2sin x COSxX 


If sinx — cosx = p, then(cosx + sinx) dx =dp 


ere 


V2sin? p+c=-2 sin’ (sinx — cosx) + ¢ 


T 2A jot = sin x — cosx 
=— — J2 cos! (sinx — cosx) = V2 tan”! 
v2 {1 —(sinx — cosx)? 


a6 aac sinx — cosx _ Fin (“ee _ "| 
,/2 sinx cosx V2tanx 


Hence, (a), (b) and (c) are the correct answers. 


2 2 
Put x°+—+1=t = a(x ;) de=at 
x x 


p/2 
C=Vi+C 


Fd atieee 


2 
= /x°+S+14+C 
x 


Hence, (b) is the correct answer. 


(x-1) 


(x +1) x? co a = 


(a) tan”! [xt tan +C 


» Ex. 24 


(b) tan”! pe tee 
x 


(d) None of these 


aa oeerh eerie 
x x 


= (1-4) ac=ar at 


x 


= 1 
(c)2tan fx +—+1+C 


Sol. | 


1 
Putx+—+1=?? 
x 


2t dt 1 
rarer lap . 


=2-tan! (y+c=2 tan" | setaijec 
x 


Hence, (c) is the correct answer. 


5x’ +4x° 
(x? +x +1) 
5 
(a)x°+x+14C (b) ~*~ +¢€ 
xX +xt+] 
5 
()x* +x 4+ (d) ~—_+c 
X>+xt] 


5x4 + 4x° 
Sol. Here, I = Penal 
(x° + x41) 


JEE Type Solved Examples : 
Matching Type Questions 


© Ex. 26 If x €(0,1) then match the entries of Column | 


with Column II considering c’ as an arbitrary constant of 
integration. 


Column | Column II 
bale 1 4 

(A) [tan 2 tan™! yi vx =1 dx (p) —x44+C 
jl+vx +1 3 


/ 4 
(B) cot : tan! fees ae (@ ox Cc 
x 


1— tan ene L= vx 
2 1+ Vx 
x 


1+ tan 2 a ee : 
2 1+ vx 


©) | 


(D) [ime 2e| \ Le vt1—y ee |e (s) a4 40 
1 


{yl+ ve 1+ 4lt ale 


Sol. Let /x = tan’0 
x=tan'@ => tanO=x'4 
fe O71 
dx = 4 tan? @ sec?6 d0 eee) | 
-. 8 €(0, 1/4) 
1+ Vx =sec 0 
1 =] 
(A) r= [tan 2 tan! vit Vx -1 dx 
1+Vx +1 


= 1+ Vx -1 _; /sec8-1 
= tan | 2 tan ————- |= tan] 2tan a 
1¢vVx 41 secO +1 


“ 8 
= tan E tan | tan °)) = tan0 


I =| tan@-4 tan?0 sec” @ d0 
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we . 10 
Divide numerator and denominator by x, we get 
5 


r={ 5x ° + 4x7 


dx 
Q+tx*+x°) 


Puti+ x + x° =t=(-4x° —5x°) dx =dt 


dt 1 1 
[=-[>=-+C=—.~—{+C 
t t Lae ee 
x3 
x +x+1 


Hence, (d) is the correct answer. 


4 4 
= nee C=_ (ete 


(B) T= [cot 2 tan? gl tNe SVE dx 
1+ Vx + 4x 


- cot|2tan 1+ vx ~4/x aver lade 6 — tan® 
, 1+ Vx + Vx sec 8 + tan®O 


= cot (2 tan’ ,|(sec 6 — tan 8)’) 


_, 1-sin9® 
= cot E tan! ne 


cos 8 


If6 €(0, 1/4), then sec 8 — tan8 > 0 


= cot (2 tan! tan (= *)) = cot (= 0] = tan0 
4 2 2. 


I= | tan: 4tan? @ sec” 6 dO 


4 4 
=— tan? 0+C=—(x"*)4+C 
5 5 


(C) ; sin” [ =: | re [ 7 on 


1+ Vx 2 1+ tan’0 


1 T T 
=-—sin™' (cos 20) =— sin“! sin ( = 28 =—-0 
2 2 4 


= [tan ( - (= -0)) 4 tan? @ sec’ 0 dO 
4 4 


=[4 tan’ @ sec” 6 dO 
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=“ tan’e+ C= 2 (x) 40 
5 5 
D) Let Vx = tan?@ = x = tan‘’0 
[x €(0,1) | 


dx = 4 tan® 0 sec” 6 dO 
|. ) <(0,/4)| 


wit Vx =sec 0 
=f nl F fil Vx +1- vit z=) 
{it ve +14 yjt+ vx -1 


“ Et wl ae 
{it ve +14 y+ vx -1 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


» Ex. 27 If the primitive of the function 
2009 2 \" 
f(x)= 


1 
( w.r.t. x is equal to — 
1+x 


- +C, 


oe nlit+x 


n 
then — is equal to...... 
m 


2009 


x 
Sol. f=] Ga xyiom 
Put 1+x°=t > 2xdx=dt 
41004 1004 
=i 1) oe iii 1 Doge 
2 poo 2 t tr 
1 1 
Put 1 oe => ae 
1 1005 
1004 4 m4 4c 
=3 I _~ 2 1005 
4 \ 1005 2 \1005 
1 (: 2 row {| . 
2010 t 2010 \1+ x 
n 2010 
> m=1005,n=2010 > — 
m 1005 
"(x x 
Ex. 28 Suppose ft ) F\ ) =0 where f(x) is 
fx) Fd 


continuous differentiable function with f’(x) #0 and satis- 
fies f(0) =1and f’ (0) =2, then f(x) = e +k, then +k is 


equal tO... esses 


Sol. f’(x)- f(x) - 


= tan’0- tan [ot 


=( Serre) 


{sec 9 + 1 + ,/sec 0-1 
) 


cos 5 —-—sin — 


= tan’@-tan| 2 tan! 


8. 8 
cos S —+sin — 
2 


= tan?@-tan [2tan l tan ( a °)) 


pee ha 8-cot 6 = tan 8 


4 tan°0 4 
+C= x 
5 5 
> (q); (D) > (q) 


[= | tanO- 4tan’ @ sec? dd = 


(A) > (q); (B) > (q); (©) 


. f(x) F 
Integrating, ¥@) + ..-(i) 
Put x=0, FO) c>c 

f(0) 
Hence, ga) ii) 
f(x) 2 
From Eq. (i), 2f(x) = f(x) «. : a2 
Again, integrating, In[f(x)]=2x+k 


Put x = 0 to get, k =0 
f(x) =e* 


> A+k=2+0=2 


; : rn 
Bice sin (100x) (sin x) 
u 


© Ex. 29 | tsinqotx)- sin® 
then us is equal to...... 
Sol. (1) l= | {sin (100 x + x)-(sinx)?} dx 

= | {sin (100 x) cos x + cos 100 xsin x} (sin x)” dx 


— [sin (100x) cosx-(sinx)” dx + | cos(100x) (sin x)" dx 
I II 


100 


_ sin (100x) (sin x) 
100 


100 
rr | cos (100x) (sin x)!° dx + | cos (100x) (sin x)? dx 
al 


_ sin (100x) (sin x) 


100 


+C 


> = 100, w 


100 => & 1 
wu 


Subjective Type Questions 


Ex. 30 If, denotes | z" e'” dz, then show that 
(Ati, =lo te Clz? +212? +... enl2"*'), 
Sol. [,, =[z " e/? dz, applying integration by parts taking e” as 


first function and z” as second function. We get, 


elt ght! 1 htt 
I, = | el? ( 5 ). dz 
(n+ 1) Zz n+1 
1/z n+1 
: 1 = 
ef & | eV? 2"! dz 
(n+ 1) (n + 1) 
ae agn tl Te 
(n+1) (n #1) 
ae gh 1 [ ellz. 2” ae | 
(n+ 1) (n+ 1) n “7” | 
Pak (zt) el? , (zy" 1 
Tey 
(n+ 1) (n+1)n (n+1)n 
1/z, n+1 1/z, n 1/z, n-1 
e'*. (z) +e (z) Pe (z) e 1 es 
(n+1) (nt+1)n (n+1)n-(n-1) (n+1)n(n-1) 


_ elt. @ytt | ell (2) - el .(z)! 
n+1 (n+1)n (n+1)n...3-2 
1 
"as Daa—1) 38 “4 
Multiplying both the sides by (n + 1) !. We get, 
(n+ 1)! 1, =(e"% -2"*!-nt4 ev? +z" (n—-1)!4... 
+...t el? «29 -(2)14 el? 2? -1N 4 Iy 
=> 1,(nt i!=Ihte* (tz? +2122 4+...4nt2"*3) 


Hence Proved. 


Ex. 31 If, =[ x” fa? - x? * _ x? dx, prove that 
us (a? —x? ie y= 1) 2 

Q (n+2) "iggoy) Oe 

Sol. I, =| x ja? — x" dx = Je "1 {x sla? — x7} dx 


II 
Applying integration by parts, we get 


/ / 


n—1) n-2 2 2 2 
= : x a° — x dx 
3 3 | ) 
5 hm n 1(q 322 (n 1) a (n-1), 
n n-2 n 
3 3 3 
te (n —1) i x1 @ x?)3?2 | (n—1)a? ih 
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(22? Jn x(a xy? , @ra, : 
3 : 3 3 = 
ss x" 1 (q? — x?) (n—1) a? 
. (n+ 2) ee i 


Hence Proved. 


Ex. 32 If lp 


=(sin x +cos x)” 


= | (sin x +cos x)” dx, then show that 
mi, '. (sin x —cos x) +2(m—1) In 
Sol. -. I, =| (sin x + cos x)” dx 

=| (sin x + cos x)”~!- (sin x + cos x) dx, 


Applying integration by parts 


™~l(cosx+sinx) [om 1)(sinx+ cos x)"~? 


=(sinx + cos x) 


-(cos x —sin x) -(sin x — cos x) dx 


™~l(sin x —cosx)+(m—1) [(sinx+ cos x)” ? 
(sin x — cos x)” dx 


= (sin x + cos x) 


cos x)” + (sin x — cos x)* =2, 


As we know, (sin x 4 
Im =(sin x + cos x)"~' (sin x — cos x) + (m—1) 


m-2. 19 _ (sin x + cos x)*} dx 


—-1) 


| 2(sin x+ cos x)"~? de—(m—1) | (sin x + cos x)” dx 


| (sin x + cos x) 


=(sin x + cos x)” ' (sin x — cos x) +(m 


Im = (sin x + cos x)”~' (sin x — cos x) + 2(m—1) 


In-2 (TA) Tin 
or (m —1)I,,+ I, =(sinx + cos x)” (sin x — cosx)+2(m—1)I,_ 9 
or mI, =(sin x + cos x)” ’ (sin x — cos x) +2(m—1) Im_2 


Hence Proved. 


Ex..33) [lon = | cos” x-cos nx dx, show that 


(m+n) Inn =COS” X-sin nx + M1 4, 1-1) 


Sol. We have, 
Tron =| cos” x- cos n x dx 
I 0 
sin nx 3 : sin nx 
=(cos” x Tees I | m cos”! x(—sin x)- dx 
n 
1 m : m nm F : 
=— cos x-sinnx + — | cos x {sin x - sin nx} dx 
n n 


As we have, cos (n — 1) x = cos nx cos x + sin nx sin x 


1 . m “4 
». Lag =— cos” x-sin x + — [ cos” x {cos(n—1) x 
n n 
—cosnx-cos x} dx 


1 ‘ m -1 m 
=—cos”x-sin x + — [ cos” x: cos(n —1) xdx — — 
n n n 


J cos” x-cosn x dx 


1 ; m m 
=—cos” x-sinnx + — In-an-1-— Iman 
n n 


n 
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1 
Inn = — [cos”™ 
, n 


mt+n 1 
( Lisi = [cos” 
n 


m+n) In.» = cos” 


x-sinnx + MIn-1.n-1] 


x-sinnx+mIn 17-1] 


— 


x-sinnx+ MIn-1n-1 


TU 
tan| —-x 
(4 


cos” x tan? x+tan? xX+tan x 


tan( Ex ) a 
4 


cos” x tan’ x + tan? x+ tan x 


Ex. 34 Evaluate i dx. 


Sol. I = 


_ f (1 — tan? x) dx 


(1 + tan x)* cos* x tan’ x+ tan? x+ tan x 


T= 
tanx+2+ tanx+1+ 
tan x tan x 
1 
let y= ftanx+1+ 
tan x 
2 1 2 
=> 2y dy =| sec” x -—,—: sec” x | dx 
tan” x 
—2yd 
=| yey = | y= 2tan 'y+C 
(yi +1)-y l+y 


1 
tanx+1+ +C 
tan x 


2 
Ex. 35 Evaluate aie il) 


fa 


Multiplying and vara by x 


dx. 


(x sin x +ncos x)? 


x? +n(n—-1) 


Sol. Here, dx 


(x sin x + ncos x)" 


an~2 we get 


x? +n(n—1)p x"? 
=f 2 yx 
(x" sin x +n x" | cos x) 
We know x" sinx+nx" ' cosx=t 
=> {(n x"~' sin x) + (x" cos x) + n(n—1) x"~* cos x 
—(n x"~! sin x) dx = dt} 


=> x"~* cos x-{x* + n(n—1)} dx =dt 
Keeping this in mind, we put 
=f +n(n—1)}-x"~ 
(x" sin x +n x"~! cos x)’ 
I I 


Applying integration by parts, we get 


2 cos x 


x" + sec xdx 


m 1 
=x" sec x: = i 
(x" sinx+nx" ~~ cos x) 
=t 
(x" sec x tanx+nx"“-sec x) 
+ | _ = dx 
(x" sinx+nx"”~ cos x) 


(x sec x) = | aod 
= sec” x dx 
(x sin x + n cos x) 


x sec x 
= ( ) +tanx+C 


(x sin x + n cos x) 


Hence Proved. 


Ex. 36 Ifcos®> sin ®@ >0, then evaluate 


2 
c) 
1+sin20\~ cos 20 
i log | —. +log | ———— 
1—sin 20 1+ sin 20 
2 cos” 6 
Sol. Here, r=[ log 1+ sin26 + log cos 20 4 
1-sin20 1+sin20 


=| Deere 163 cos @ + sin @ log cos 8 + sin @ de 
cos 8 —sin 8 cos § — sin @ 


=f 2 cos? 8 1 on [ Scusueat Ja 


cos § — sin 8 


= | cos 20: log pone ane dO, applying integration by parts 
i cos 8 —sin® 


I 


cos 8 + sin8 sin 20 2 sin 20 
= log : | ; do 
cos § — sin 8 2 cos 20 2 


sin 20 [ seen | 
= lo 


7 log | cos 28 | + C 


2 cos 8 — sin 8 

tan’'x 

Ex. 37 Evaluate {| «x. 

x 
of 
Sol. I= | aul a =| tan! x: dx 
x 

I I 


1 1 1 
. dx 
3x3 J 1+ x? (—3x’) 


Putl+x°=t 


eer a | ae 
3x 6° (t-1) 
tan’ x 1 
fs= +-—I rar Gt 
Ge Pe (i) 
Where, d=] arf] A oe Y soba 
(¢-1 t 


Comparing eet we get 


A=-1,B=1,C=1 


1 1 1 
h f ate tt}e 


=-—log|t-1 


— 
e} 
gO 
+ 
—~ 
= 
i= 
= 


1 1 
(t-1)— 


Sol. We know, log (1 


.. From Egs. (i) and (ii), we get 
-1 


£ 1 1 
as 42 { tog) x? | + tog] + 2 +C 
3x 6 x 
tan! 1 | *4+1| 1 
= _ log : ; gre 
3x 6 | x | 6x 


Ex. 38 Evaluate | x log (1— x”) dx, and hence prove 


1 1 il 
that + + 
1:5 2:7 3-9 


+ ej 2 g 
id Oo =, 
3 6 9 


Put x’ instead of x in the above identity, 


4 6 8 

> log (1 x*)= Ft apa eee oles OR 
2 3 4 
6 8 10 

> x” log (1 x’) = Page Cea Ura eee Omer 
2 3 + 


Integrating both the sides, we get 


x x x 


* log (1 — x”) dx = 
[* og (1 — x*) dx 7 


+...00 F+C 
15 


Now, to find constant of integration, put x = 0 


> 0=04+C 
> C=0 
x xy x? 
sf J 2? log (1 - x*) dx = + + +... 00 
ro 247 39 
I I 


Applying integration by parts, and taking limits 0 to 1 for LHS 
3 3 
x 2 1 x° 1(-—2x) 
=> [ toe ”)] I, dx 
0 


3 1L=x 


x? 2 ; 2 x? 
> — log (1-—x + 
[= 8 ( )) 2 


Taking log (1 — x”) = log (1 + x) + log (1 — x) 


and log ( x 


= = og (1+ x)= Tog = x) 


=x 
1 DQ. 2 x 1 
> log 2+ — log 2 + i log (1 
a oe £ | to a 
ls lim eA aa! 
[ x71 | 
=> 2 ogo" opus 
3 9 
1 1 1 2 8 
{ + +...=— log (2) -- 
1:5 2:7 3:9 3 6 @) 9 


Chap 01. Indefinite Integral 
a+bsin x 
Ex. 39 Evaluate | “~~ dx 
(b+a sin x) 
2 
a 
: —-b+(b+asin x) 
Sol. Here, I = | clea ES ="{ b 5 
(b + asin x) a (b + asin x) 
a dx =| dx 
a (b+ asin x) a (b + asin x) 
eke cos x _, dA _—bsinx=a 
b+asinx dx (b+asinx) 


2 
a 
inx+b+—-—b 
7 dA» asin x ; 
2 
dx a (b + asin x) 
dA b 1 a’ —b? 
=> — + 
dx a|b+asinx b(b+asin x) 
Integrating both the sides w.r.t. ‘x’, we get 
te Ey dx ey dx 
a’ b+asin x a (b + asin x) 
2_ 72 
5 a’ —b | dx = b | dx Z 
a (b + asin x) a- b+asin x 
From Eqs. (i) and (ii), we get 
l= b | dx Bs b | dx 
a’ (b+asin x) a- (b+asin x) 


cos x 
- +C 
b+asinx 


> I=-A+C > 1=-[ 


dx 
Ex. 40 Evaluate | a ri 
(x -1)°" (x +2) 
dx dx 
Sol. Let I =\5 194 (x +2) =| 3/4 
(x+2y | &=) 
(x + 2) 
Let a 
x+2 
3 
So that, 5 dx = dt 
x +2) 
_p dt 1p sya 
leas aL dt 
Ce 4 x-1)" 
3 1/4 3ix+2 
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dx 


...(i) 


62 


NS 


. Let f(x) = 
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Indefinite Integral Exercise 1: 
Single Option Correct Type Questions 


2 
x 


eNews 


f(1) is equal to 
(a) log, (1 + V2) 


(b) log. (1 + V2) — = 


(c) log, (1 + V2) + . (d) None of these 


If | f(x) dx = f(x), then | {f(x)}? dx is equal to 


(a) ; (fla)? (b) {F00} 
(0) er (4) {F009}? 


a f(x) dx = F(x), then | x? f(x”) dx is equal to 
(a) > Lx°{RGo} — [ (FOO a 
(0) > L°F(x*) ~ J F(x") d (2°)] 


(0) = [°F(x) — 5 f {FOO} a] 
(d) None of the above 


. Ifnis an odd positive integer, then | |x” | dx is 


equal to 
x" +1 x +1 
(a) +C (b) 
n+1 n+1 
(c) Ellie +C (d) None of these 
n+1 
3x +2 
. Let F(x) be the primitive of 7 w.r.t. x. If F(10) = 60, 
x—9 
then the value of F(13) is 
(a) 66 (b) 132 
(c) 248 (d) 264 


f J@ry (2x log, x + x) dx is equal to 


(a) x") +C 
(c) x’ - log, x+C 


(b)(x*)* +.C 
(d) None of these 


. The value of | x log x (log x — 1) dx is equal to 


(a) 2 (x log x — x)? +C 
ORG logx— x)? +C 
(c) (x log x)? + C 

(d) ; (xlogx)? #C 


dx and f(0)=0. Then 


8. 


10. | 


11. 


12. 


13. 


| x" = 1 
x3 [2x4 —2x7 +1 


i) 
8 
i 
iw} 
8 
a 
an 
o) 
Ss 
z 
iw} 
8 
ns 
i) 
8 
LS) 
am 
o) 


=~ 
2 
i) 
SY 
i. 
+ 
i) 
x 
iS 
+ 
= 
t 
i) 
Q 
i) 
x 
ie 
| 
i) 
# 
tS 
= 


xe 


, Let f(x) be a polynomial satisfying f(0) = 2, f’ (0) =3 and 

f (x)= f(x). Then f(4) is equal to 

8 8 
(a) 2 + 1) ay 3 1) 

2e 2e 

2e" 2e4 

d 

Oe Creare 


(x? +4 Inx) 3 x? 
é€ =X. 


dx is equal to 


x-1 

(a) a e +C Ob) (x=1) xe" Be 
2x 2 

(c) a De HE (d) None of these 

| tan*x dx = Atan® x+ Btanx+ f(x), then 

(@)A=7,B=-1, flx)=x+C 

() A==,B=—1, fle)=x+C 

(0) A==,B=1, flx)=x+C 

(2) A=_,B=1, flx)=-x+C 


sin‘ x 


If the anti-derivative of | dx is f(x), then 


x 


dx in terms of f(x) is 


| sin* {(p + q)x} 


x 
(a) F{(p + qx} (b) Het a 
pt+q 
(c) f{(p + q) x} (p+) (d) None of these 
| sin ® 4 sin 30 ,_sin 90 Hisequlto 
cos380 cos98 cos 270 
1 sec 270 1 sec 9 
— log ->—_ + C b)—1 (es 
ye sec 0 * is ne sec 270 | 
27 
(c) log aa +C (d) None of these 
Sec 


14, 


15. 


16. 


17. 


21. 


22, 


23. 
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Let x* #nu—1,né€ N.Then, the value of 18. The primitive of the function f(x) = x|cos x |, when 


jx pee +1)—sin2(x*? +1) 


2sin (x* +1)+sin2(x? +1) 


Tv egos 
—<x< Tis given by 
2 


dx is equal to 


x +1 
sec + 
2 


(c) ; log | see (x? 4 1))4C 4) Nonecof these 


(a) cosx + xsinx + C 


(a) log ; sec (x? + 1)|+C  (b) log C (casa eae eG 


(c) x sinx — cosx +C 
(d) None of the above 


19. The primitive of the function f(x) =(2x + 1)|sin x |, 


dx : 
[a is equal to when 1< x< 2m is 
cos (2x) cos (4x) (a) —(2x + 1) cosx + 2sinx+C 
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(a) : og 1+ V2 sin 2x 1 dog |sec 2x — tan 2x|) + C ese Teese = Sane 
22 1—2sin2x] 2 (c) (x° + x) cosx+C 
i d) None of the abo 
(b) = Ioe 1+ v2 sin 2x “(log |sec 2x — tan 2x/)4C pp nae eee aore 
22 1+ 2sinx | 2 ae 
ie 0 x° —sinx cosx—2 
1 1+-2sin2x| 1 
c lo log |sec 2x — tan2x|)+C 20. Given, f(x) =|sin x — x? 0 1—2x |, then 
(6) og |r| Mog | D f(x) 
= 2x—-1 0 
(d) None of the above — - 
1-7 cos” x x f(x) dx is equal to 
; ; dx = ft E + C, then f(x) is equal to J 
sin’ x cos“ x (sin x) xy 
(a) — — x° sinx + sin2x+C 
(a) sinx (b) cosx (c) tanx (d) cot x 3 
3 3 
awed dx is equal to (b) = x? sinx — cos2x + C 
(cos*x+3cos*x+1)tan ‘(sec x + cos x) 3 
3 
(a) tan! (sec x + cosx) + C (b) log, |tan™' (sec x + cosx)|+C (c) * _ x? cosx—cos2x+C 
3 
1 
(c) z+C (d) None of these (d) None of the above 


(sec x + cosx) 


Indefinite Integral Exercise 2: 
More than One Option Correct Type Questions 


dx x =x 
[ym 7A eee t+ Blog (x -2)+C, where 24, pf 2° °F _ gy = ax + Blog, (9e°* — 4) +C, then 
(x + 1)(x —2) 9e* —4e * 
(a) A+ B=0 (b) AB =0 3 35 
(c) A/B=-1 (d) None of these Qe, Des 
a ad =ktan™x+/tan™ aaa gs then (c) C is indefinite (d) A+ Bole 
(x? +1)(x? +4) 2 36 
5 _ 4 2 
(k=, I=" ()k=—_ ()1=-6 25. If | tan xdx =A tan” x+ Btan® x + g(x)+C, then 
1 1 
If f x log(1 + x*) dx = (x) log(1 + x*) + x(y)+C, then a eer 
14 x2 14+ x2 (b) g(x) = In| sec x| 
(a) 0(x) = 2 (b) y (x) = 2 (c) g(x) =In|cosx | 
2 2 1 a] 
(0) w(x) =- ++ (4) 6(x) =-~** (d) A=--, B=— 


2 2 4 3 


64 


Textbook of Integral Calculus 


Indefinite Integral Exercise 3: 
Statement | and II Type Questions 


= Directions (Q. Nos. 26 to 30) For the following 
questions, choose the correct answers from the codes (a), 
(b), (c) and (d) defined as follows : 
(a) Statement I is true, Statement IJ is also true; Statement II 
is the correct explanation of Statement I. 
(b) Statement I is true, Statement IJ is also true; Statement II 
is not the correct explanation of Statement I. 
(c) Statement I is true, Statement IJ is false. 


(d) Statement I is false, Statement II is true. 


26. StatementI Ifyisa aie of x such that 


y(x- y)’ = x, then { = [log (x y)? 1] 


mer 


= log (x —3y)+C 


30. 


27. Statement I Integral of an even function is not always 
an odd function. 


Statement II Integral of an odd function is an even 
function. 


Indefinite Integral Exercise 4 : 
Passage Based Questions 


Passage I 
(Q. Nos. 31 to 33) 
Let us consider the integral of the following forms 


f(y yalmx? + nx + py 
Case I Ifm> 0, then put | mx” +nx+C=utx/m 
Case II If p> 0, then put mx” +nx+C = uxt fp 


Case IT If quadratic equation mx? +nx+ p = Ohas real roots 


a and B there put {mx* + nx+ p =(x—0)uor (x—B)u 
31. 1f = | e 
x— 9x? +4x+6 


proper substitution could be 


(a) .J9x° + 4x +6 =u+3x 
(b) 9x? + 4x+6 =3utx 
1 
(c)x=— 
t 


1 
(d) 9x? + 4x+6=- 
t 


32. 


to evaluate I, one of the most 


33. 


28. 


29. 


Statement I Ifa> . and b? — 4ac <0, then the value of 


the integral l=} will be of the type 


ax? +bx +c 


1 x+A 


pi tan + C, where A, B, C, u are constants. 


Statement II If a>0,b* — 4ac <0, then ax? +bx+C 


can be written as sum of two squares. 


Statement I | : 7 
1+x 


|er= tan (x7)+C 


Statement II (— dx =tan'x+C 


1+ x? 


ae ; gtan” 
Statement I [2 an *d(cot™ x)= 


d 
Statement II — (a* + C) =a" Ina 
bc 


(x+ gira” ye 


— fl xe? 
(a) (x + vs x? 6 ‘ert 


dx is equal to 


(b) i = +C 
15 (4/1 + x° + x) 
15 


Ja 
: (/1 + x” — x) 
vice a us x” Lc 


dx 
(x-1),/— x? +3x-2 
suitable substitution could be 
(a) [= x? +3x-2 =u 
(b) ./— x? + 3x —2 =(ux 2) 

(c) - x? + 3x -2 =u(1— x) 
(d) J— x? + 3x —2 =u(x +2) 


To evaluate | one of the most 


Passage II 
(Q. Nos. 34 to 36) 
Let ly m = | sin" xcos” x dx. Then, we can relate I,» with 
each of the following : 
(1) In-2,m (li) In+2,m 
(111) Zn, m2 (iv) Ln, m+2 
(Vv) In-2,m+2 (vi) In+2,m—2 


Suppose we want to establish a relation between I, and 
In, m-2> then we get 


P(x)=sin"*! xcos™~! x .. (i) 


In Ij, m And Iy, m—2 the exponent of cos x is mand m— 2 


respectively, the minimum of the two is m— 2, adding | to the 


minimum we get m— 2+ 1=m-—1.Now, choose the exponent 


m— lofcos xin P(x) Similarly, choose the exponent of sin x for 


P(x) =(nH)sin" xcos” x—(m—1)sin"*? xcos™~ x. 


Now, differentiating both the sides of Eq. (i), we get 
=(n+1)sin” xcos” x—(m-—1)sin" x (1—cos? x)cos”™~? x 
=(n+1)sin” xcos” x—(m-—1)sin” xcos™~ 7 x 
+(m-—1)sin" xcos” x 

=(n+m)sin" xcos™ x—(m—1)sin" xcos™~ 7 x 
Now, integrating both the sides, we get 

sin”*! xcos™ | x=(n+ WM) Ly. = m= Ty 8 
Similarly, we can establish the other relations. 


34. The relation between I,» and I, » is 
1 
(a) I4.9 =a sin? xcos’ x +3 Ip.) 
1,333 3 
(b) Iq, =e x cos’ x + 31, 9) 
1.3 3 
(c) Iq. =—(sin” x cos” x —3I, ») 
(— sin? x cos’ x + 21, 9) 


35. The relation between I, , and I, is 


1 

(a) Lao =| (sin’ x cos’ x +8 Ig 9) 
1 5 3 

De oe x cos’ x + 8 Ig 5) 
1.5 

(c) I4 oe x cos” x — 81, 5) 
1,5 3 

ine (on x cos’ x + 816 2) 


36. The relation between I, , and I, 4 is 


(a) I4,9 =; (sin? x cos’ x + 8 I4,4) 
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(b) I4,2 = 


(— sin? x cos? x + 8 I4,4) 
(c) Ig,.2 = (sin? x cos* x — 814.4) 


(d) I4, 2 = (sin? x cos® x + 614.4) 


WlRPWwlRP wolRe 


Passage III 
(Q. Nos. 37 to 38) 
If f:R — (0,0) be a differentiable function f(x) satisfying 
Fat y)— F(X y)= FO) FY) — FY) — YEV 4G VER, 
(f(y)# fC y) for all ye R) and f’ (0)= 2010. 
Now, answer the following questions. 
37. Which of the following is true for f(x) 


(a) f(x) is one-one and into 

(b) {f(x)} is non-periodic, where {-} denotes fractional part 
of x. 

(c) f(x) = 4has only two solutions. 

(d) f(x) = f lx) has only one solution. 


38. let g(x) = log, (sin x), and | f(g(x)) cos x dx =h(x)+c, 


: : ; TT). 
(where c is constant of integration), then (| is equal 
2 


to 1 
(a) 0 (b) aon 
1 
(c) 1 2011 
Passage IV 


(Q. Nos. 39 to 41) 
Let f:R— R be a function as 
(x)= (x- D(x + 2)(x- 3)(x - 6)- 100. g(x) is a 


polynomial of degree < 3 such that | nD dx does not contain 
x 


any logarithm function and g(— 2)= 10. Then 
39. The equation f(x) =0has 


(a) all four distinct roots 

(b) three distinct real roots 

(c) two real and two imaginary 
(d) all four imaginary roots 


40. The minimum value of f(x) is 


(a) — 136 (b) — 100 
(c) — 84 (d) — 68 
41 | a dx, equals 
x 
wen (=) 7 (b) tan”! (=) ie 
2 1 
(c) tan! (x) +c (d) None of these 
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| Indefinite Integral Exercise 5: 
Matching Type Questions 


42. Match the following : 


Column I Column II 
(A) ifs —eE_ dx, where x <xK< 20. then J is equal to (p) sinx 
| sinx — cosx | 4 8 
2 cae C 
(B) if iw dx = : a} + C,then f(x) is equal to @) = 
Lee cere F(x)i8 eq 
(C) If | sin"! x-cos lx dx = f(x) E x xf 1(x) 2/1 #| + 2x+C,then f(x) is equal to (r) In |x | 
al 
(D) if | oS = f(f(x))+C, then f(x) is equal to (s) sin x 
xf (x 
43. Match the following : 
Column | Column II 
2 2 A=l1 
(A) iff a) cosec’x dx = Acot !x + B haan then (P) 
Lx sec x 


(B) If [yx + x7 +2 dx= : (x + f/x? + 29°? eas then qq) B=-1 


eee ~x—x 4-44.12 -2-3° () B=2 
(C) if | = : dx =A Eg 2 ve| c = sn! (2 *) then 
x x 


(D) iff a dx = Bcot! (tan? x) , then (). Sol 
sin" x + cos’ x 


| Indefinite Integral Exercise 6 : 
Single Integer Answer Type Questions 


44. If | ere SC : , where f(x) is of the form of ax* + bx +c, then (a+b +c) equals to ...... : 

x(x +1)(x+2)(x+3)4+1 f(x) 
45. Let F(x) be the primitive of ete w.r.t. x. If F(10) = 60, then the sum of digits of the value of F(13), is ......... ; 

x9 
46. Let u(x) and v(x)are differentiable function such that Ue) 7.164 A) p and ws q, then ll has the value 
v(x v’(x) v(x) p-4q 
equal to ......... : 
1 1 ° 

47. ¢ { —*—1n|*—*]de=6a|m|—|] +, then find 24 A. 

(x? —1) x+1 x41 

(2- x?) tex |" 

48. rf | 7 = dx =[1e~ [ <| +C, then (A + 1) is equal to ......... . 

(1—x)4,/1- x? 1—x 


49, 7 dx = In {f(x)} + s(x) +C, where 
e~ +sinx+x 


C is the constant of integrating and f(x) is positive, then 


F(x) + g(x) 


is equal to ......... : 
e* +sinx 
50. Suppose A = | = and B= | bas . 
x? 46x +25 x” —6x—27 
wi +3 -9 
If12,A+B)=A-tan (2) yn - +C, then 
4 x+3 
the value of (A +L) is .... 
cos 6x + cos9x sin 4x : 
51. If | dx = sin x + C, then the 
1—2cos5x k 


value of kis ......... ; 


Indefinite Integral Exercise 7 : 


Subjective Type Questions 


x—xsin x+cos x 


2 2 
x COS XxX 


4 3 
x* cos 
56. Evaluate e (8 * + 6S *) yy 


57. Evaluate | ixtaix? +2 dx. 


dx 


J ( (x — 0)? —B*) (ax +b) 
3: 
59. Evaluate | i dx. 
x 


58. Evaluate 


sin? (0/2) d0 
cos @/24/cos? 0+ cos? 0+ cos@ 
(2 sin 8 + sin 20) dO 


(cos 0-1) cos @ + cos’ 8+ cos* @ 


60. Evaluate 


61. Evaluate 


62. Connect | x™~! (a+ bx")? dx with 


8 dx 


| x™"""1 (a4 bx")? dx and evaluate | j 
— 3 )8 


63. Evaluate | cosec” x In(cos x + ,/cos 2x) dx. 


52. 


53. 


54. 


99. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
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tan x 1 Es 
dx=x- tan! 
1+tanx+tan’ x 


The value of | 


ore 


VA 


. : TI Doe 4 
| sin?” x cos? x dx=2sin“”” x [5 — Zin’ x]ec. 


+C, then the value of A is......... . 


then the value of (A + B)— C is equal to ......... . 
iff (9¢2010 4 4804 4. 402 yy 4-1608 4 54-402 4 4 Qyt/402 yy 


1 
= — (2x 7910 4.584 4 10x 407 9/40? | Then (a — 400) is 


10a 
equal to 


Iffer ** “(3x4 +2x3 + 2x) dx = h(x) +c Then the 
value of h(1)-h (—1), is ......... 


dx 


Evaluate Jae N. 

(sin x +a sec x)” 

d 

Evaluate | : s : 

x- ax? +2x+4 
Evaluate | Se 

ifalx? $2042 

4 
+1 

Evaluate | = dx. 

x +1 

d 
Evaluate | “ 7 dx. 
— x3) 

x+4/1+ x?) 

Evaluate | es dx. 
14x? 
2 2 oi 
Ify° =ax* +2bx+c,andu, = | — dx, prove that 
y 


(n+1)aUy4,+(2n+1) bu, + "cy,-1 =x" yand deduce 


that au, =y—buy; 2au, = y(ax —3b)—(ac — 3b") uy. 
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Indefinite Integrals Exercise 8 : 
Questions Asked in Previous 10 Years' Exams 


(i) JEE Advanced & IIT-JEE 


sec’ x . 
71. iF a dx equals to (for some arbitrary 
(sec x + tan x) 
constant K) [Only One Correct Option 2012] 
-1 1 1 
(a) We (sec x + tan wf +K 
(sec x + tan x) 11 7 
1 1 1 
IE (sec x 4 tan x)" +K 
(sec x + tan x) 11 7 
=a 1 1 
(c) a (sec x + tan af +K 
(sec x+tanx)'”* (11 7 
1 1 1 
(d) TE: (sec x + tan x) | +K 
(sec x + tan x) dt. “27 


(ii) JEE Main & AIEEE 


2x!? 45x? 


73. The integral | aso dx is equal to 
(> ee eT) [2016 JEE Main] 
5 10 
aie”, x 
a) —>—.——5 + C b) ———— + C 
Oct Coe rer 
3 _ x10 
c) —~—.— + C (d) ———.—_,, + C 
Ax? + x3 +1) 2x° + x3 +1) 


where, C is an arbitrary constant. 


74, The integral | a equals 


x"(x* +1)4 [2015 JEE Main] 
1 

444) 1 
(2 4} +C (b) (x 41)4 + 

x 

1 
(c) 4x4 +1)4 + (d) {* 4} +C 
ae. 


xt 
75. The integral | 1tx—le *dxis equal to 
x [2014 JEE Main] 


iieeijie =i idee Fat 


72. 


76. 


77. 


78. 


e * 


dx, F= | dx. Then, 


e7* 1 e+e 7% 44 


If T= | 
é 


for an arbitrary constant c, the value of J—I equals 
[Only One Correct Option 2008] 


eer 


(a) Aloe per 4)1 
2 e 


—e~ +1 


+C (b) jloe|* 


ex 


t+e* +1 


eX +e* 41 


ieee +C 
ev =e +1 


a f(x) dx = w(x), then | x f(x? ) dx is equal to 
[2013 JEE Main] 
(2) | LP w(x?) - | x'y?)de] + 
(b) : xy(x°) —3 [ xby(x°) de + C 
3 


@ a w(x?) — f x*y(x*) dx + C 


(2) <b y(x") = f xP w(2?) de] +c 


If the integral fe a dx =x+alog 
nx-2 
|sin x —2cos x|+ = then ais equal to [2012 AIEEE] 
(a) -1 (b) -2 
(c) 1 (d) 2 
The value of V2] sce is 
sin (x oa *) 

4 [2012 AIEEE] 
(a) x + log cos(x—] +C (b) x + log sin{x-2] +C 
(c) x — log sin [x2 +C (d)x-—log cos(x—] +C 


Answers 


sa a for og ie x | oP ee = 2 tones oo lad 
1. £@4 0197 4+ 2x77 4 ¢ 2,- 54-2 Bian x4 ¢ 7 4/2 : 7 
3 ? eae 13. fa—x(x—b) - (a—b)tan! [2-* 40 
3. logx+ 2tan'x+c 4. —geian eee aoe 
‘ 3 14. sin"'x+ 1-27 +C 
1 |x =i -l 
5. a(S +m ‘re 6. tan x-—tan x+c 15. a 5) P+ x41 + Slog [x+3}+ re (Oo: 
1 2 
7. bx — 2alog |bx + a|— e +c 16. log tan +1/4+C 17. Log tan | ~+ ™||+¢ 
b a+ bx 2 2 2 6 
ve 4x 1 : 1 1. ' 
ode 9.° +e 18. —log |sin x — cos x| + —cos 2x + —sin 2x+ C 
: 4 8 8 
1+ log, 2 4 
a+1 x as e+2 | 3/2 
10. 2 a ae fa ote 19. sin [P22}+c a tt (cos ~x)+C 
a+1  loga 8 ie P 
12. 5h [see 3x |— In | sec 2 x|—In |secx|+ e 21. roo ane FOR, Oe enka + 2 sin x) + C 
13 2 aa 3x+ 2sinx+C 14 2 gaged an Gee @ = [ 7 
"3 “4 12 : =(44 3x— x73? : (x >| 4+ 3x-x° 4 a so) tC 


15. AS eaety ar ee 


64 192 23. 2x? + x+14 2 log (r+ 3) + ieee 


Exercise for Session 2 ioe Tet AX FFA 1a 
1. tan x- secx+C 2. sin 2x+ C 2+) 
cos 3x 180 24. (c) 
3. - eC 4, —sinx° + C ‘ . 
T Exercise for Session 4 
ase Be Re ORT 1. Pe — 2(xe"- ee") + C 2. — x* cos x + 2(xsin x+ cos x) + C 
7. sec x — cosecx+ C 8. tan x— cotx+C 4 
9. (sin x + cos x)sin (cosx — sin x) + C 3. x(log x) -—x+C 4. x(log x)" — 2(xlog x— x) + C 
= 1 E 
10. tan x— cot x- 3x+C 11.- 2eos(=) +c 5. xtan 1x Slog [+ x] +C 6. x(sec”' x) — log |x + yx -1]+C 
— cos 4x 1 : x - 1 -1 1 
12. +C 13.—(x- sin x)+C 7, —tan™ ——(x-tanx)+C 8.--(+ logx)+C 
8 2 2 2 x 
14. —2cosx+C 1. +C 9. = xeot 5 + C 10. x log (x? + I)-2x+ 2tan!x+C 
2 
11. e*- log (sec x) + C 12. e*tanx+C 
Exercise for Session 3 13. xlog (log x) - a +C 14. se ines 
4 3 og x 
1. J tan! el +C 2. | tan"! as +C &  fT4x 
48 4 36 3 15. +C 16.é- +C 
4 ae x +1 l-x 
1 4x" -— 5 D>, -1| x ax 
3.. —l +C 4.—sin |] —— ]+C e : 
160 44 45 3 (32) 17. 2a {acos (bx + c) + bsin (bx + c)} + C 
5. = log xo + fa® + 9°} 4+C 6. = log 2 + 3e cn 18. >see xtan x+ Slog Jsecx + tan x}+ C 
2-3e 
19. — 2(— Vxcos Vx + sin Vx) + C 
1 xe x 
a log 58 pra = Zaye 20. x(sin7! x)? — 2(- sin x-/l-2»? + + C 
= 1 4 1 
_g/| ~ 2 —3sin{*z! 21. xtan7! x — —log (1+ x*)-(1—x)tan 1(1—x) + —log{l+ (1+ °)} +C 
8. — 8/5 + 2x-—x° — 3sin (Se)+¢ 5 g 3 ge 
Kec i 1 x -1 [x 
9. igs |x? + 2x+ 2/4 tan (xt D+C 22. a {Zen ——,/— + tan “ee 
2 a a a a 
x-1 1 1? I 2 12 
10, ~ 3—2e— x ~ asin“[ Jee 23. -3{1+ 5] ‘og (1+ 3) + 3(1+ 3} +C€ 
V6 3 x x 9 x 
= cos x 2 : 
11. 3 {oe 4x — 4x + 17| +4 ant “)+¢| 24. - log | 2cosx— sinx|+C 
8 6 4 2cosx—sinx 5 


25. el *(x— secx) + C 
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Exercise for Session 5 


1. 5 log [x1] 4 log jx ~ 2+ 2 log Ix - 3]/+C 


2. 5 bee + x —_ tog —x+ x2]4+—L tan! (27)+e 


6 3 B 
n 2 
3 | hog £ +C 4.4 tog aie +C 
n x" +1 2 +3 
5. log Reis Cc 
2+ sin x 


6. — log |l— cos x|—— log |1+ cosa +2 log |3 + 2 cosx|+ C 


1 


1+ sin x 4: 
2(1 + sin x) 


nig 
4 


1— sin x 
8. - = log jl+ tan x|+ © log |tan?x— tan x+]| 


i) fon! Ge ‘)+ C 


+ 
V3 V3 
0; tog ER ae 
3 logx+ 2 
tan”! x 1 2 
10. — OE ln eis eda 


Exercise for Session 6 


1, Heetlig 2: L tan”! ui +C. 
x We" (WB Jeri 
3. 26 — 347 + 6¢ — 6log |1 + ¢|+ C, where, t = (x + 1)”. 
V7 
42! (= .) +C. 
(a+ b)\x+a 

5. V2 sec A (,/tan xsin A + cosd4)+C 6. (a) 7. (d) 

8. (c) 9. (d) 10. (c) 
Chapter Exercises 

1. (b) 2. (a) 3. (b) 4. (c) 5. (b) 6. (b) 

7. (b) 8. (d) 9. (b) 10. (d) 11.(a) 12. (a) 
13. (c) 14. (b) 15. (a) 16. (c) 17.(b) 18. (b) 
19. (b) 20. (d) 21. (a,c) 22.(a,d) 23. (a,c) 24. (b,c,d) 
25. (a, b) 26. (c) 27. (c) 28. (a) 29.(d) 30. (d) 


63. 


64. 


66. 


67. 


68. 


69. 


74. 


. 204 xe P? Le 


ly a-xy3- 3 
8 20 


- (a) 32. (d) 33. (c) 34. (a) 35.(a) 36. (b) 
. (b) 38. (d) 39. (c) 40. (c) 41. (a) 
ASG BorCcop Dor 
-A>p,g Bop, rCor Dog 44.(5) 45. (6) 
~ (1) 47.) 48. (3) 49. (1) 50.(4) 51. (4) 
. (3) 53. (3) 54. (3) 55. (1) 
7 ef sin xt aa | x- 1 re 
X COS x 
1 [2 3/2 1 () 
aoe ax + 2° = 2— 58. tan — =t¢ 
3 VxtVx4+2 2 


60. tan”! (cos @ + sec 9 + nic 
,(cos® + sec@+ 1 - V3 

+C 
cos8 + secO+ 1+ V3 
3 


ar 
3 


9 


3 3\2/3 32/3 
x (Law) SW yr ae. 
40 


— cot x log (cosx + ,/cos 2x) — cot x-—x+ cot7x-1+C 
1 ee 2a sin 2x + | ah 2a sin 2x + | 

(4a? - 1°”? 2a + sin 2x 2a + sin 2x 
—— 
(2a + sin 2x) 


. 2In |x? + 2x+ 4-2 | slag 


2Wafx° + 2x + 4 -(x+ D) 
— Sin? + 2x 4-x-14+C 


log (x + 14x? + 2x+ 2)+ 2 +C 
(x+ 2)+./(Q° + 2x + 2) 
1) 2 


tan“'{x- ‘) - tan! (x7) +C 


x 


1 d-x)’e4x} 1 d-xvy3-xa-xr)G4x7 
l a 
he x é x 
3 1/3 
: tan”! 2(1—x) x +C 
V3 3x 
2\15 
epee ae #£e T1.(c) 72.(c) 73. (b) 
(d) 75. (b) 76.(c) 77.(d) 78. (b) 


Solutions 


2 
x 


1. LetI= dx 
(1+ x?)l+(1+ x’) 


Put x =tan® => dx =sec’ dO 


tan?0 
1+ sec 0 


= [ (sec @ - 1) do 


Putting, x = tan@, J = | 


= log (sec 9 + tan@) -8+C 


f(x) = log.(x + x? +1) —tan'x+C 
f(0)=0 > C=0 
> f(1) = log.(1 + V2)—tan? 1 


= log, (1 + V2) -— 
J ra ) dx = f(x) 


1 
= —— d{f(x)} =dx 
(fle x)} = f(x) = FO) {fo} 
> i {f(x)}=xt+logC = f(x)= 
= {f(x)}’ =C’e™ 


= — [ifooy de= [cte* x= — 


1 ‘ 
= {f(x)} 


. We have, | fl) dx = F(x) 


[2° 2) dx == [x2 fix’) d(x’) 
a 


II 
Lane 2 2 
= 5 Le’) - | Fee) a(e’)] 
. We have the following cases : 
CaseI When x 20 


In this case, we have 


[lx" | dea fla!” de = fx" dx [ee |x 


rt |x|" x 
= +C= EC 
n+1 n+1 


Case II When x <0 


In this case, we have |x| =— x 


J)" [de = fx" dx 


|= x] 


[x 205 |x|= x] 


= | (— x)" dx =— | x" dx [- nin odd] 
n+1 _ 4) n 

28 gee pp ag 
n+1 n+1 n+1 


Hence, {i# ies! ae 
n 


3x42 


5. F(x) =| = dx Let x - 9=¢° 


alx 
> dx = 2t dt 
2 
Poo)= [[ 2? ay dt 
t 
- (29 + 3t”) dt =2 [29 + 1°] 

F(x) =2 [29 ./x —9 + (x -9)*77]+C 
Given, F(10) =60 =2 [29 4 sys => C=0 

F(x) =2 [29 ./x —9 + (x —9)*7] 


F(13) =2 [292+ 4x2] =132 


6. We have, Jory (2x log. x + x) dx 


ala “(2 xlog, x + x) dx 

= [id (x* *yax® 4$CH(x*74C 
7. We have, iE log x (log x —1) dx 

= [ log x (xlog x — x) dx 

= | (x log x — x) d (x log x — x) 


_ yy2 
_ (x log x x) 8 


1 1 2 1 
> -Vz+C = ~,2-++—7+C 
2 2 x x 


2x4 -2x7 +1 
or ———— +C 
2 
2x 


9. We have, f(x) = f(x) 


> af(x) fe) =2f (wo) fo) 
= “tf Go} = feo 
= Uf (O} = (FoF + C 


Now, f(0) =2 and f’(0) 
{f’(0)}? = {F(0)} + C 

=> 9=4+C => C=5 
{FCF = {fo}? + 


= f(x) = 5 + {f(x} 


1 
= {f(x)} = | dx 
V(V5)? + (f(x)? 
F(x) + 5 + {F(x} 


on 


=> log =x+C, 


= 3. Therefore, from Eq. (i), we get 


(i) 
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i 0)=2 => log |2+3/=C & ie 2 
f(0) g | | 1 ={x 1 cos a= fx tan x +1 ae 
= C, = logs 1+ cos (x* + 1) 2 
“log | f(x) + \5+ {f(x)}’| = x + logs x? 41 x41 x +1 
= [tan d = log | sec +C 
5 oe - nae 2 2 ; 
5 sin (4x — 2x) dx _ sin (4x) dx 
7 %¢ sg le (2x) cos (2x) cos (4x) Fr (2x) cos (4x) Joee a 
=> flx)+ yo + {fF =5e ow 
cos 2x dx _ 
=> 5+ {f(x}? + f(x) =5e* and 5+ {f(x)}° — f(x) =5e™* =2[——— sae 5 (og | see 2x — tan 2x) 
> 2 f(x) =5(e* —e~*) ema: ‘ 
or =2 | dx (log | sec 2x — tan 2x |) 
> a -e*) (1 —2 sin? 2x) 2 
=> (4 9-4 s(e* = 1) ae [1 lo 1+ v2 sin 2x] ie sec 2x — tan2x|+C 
=> pO a (a ie ae | x av [2x1 8 1— v2 sin 2x | 5 log | sec 2x — tan 2x| 
x? 4+4Inx 3 x? x? 4 3x7 [ : | 
10. We have, Ta eg [FEA Te ae _! 1+ V2 sin 2x 1 _ 
| a | 7 2p |'°8 1 — V2 sin 2x | 5 Dene ex tan 2x|+C 
3 x 1p 2 2 2 
=| x° e* dx=-— | te'dt, [where t = x’] 1—7cos’x , — f{ sec” x 7 
a ao ba co. J sin’x sin’ x a 


1 I y 
=e += (8-1) +C 


2 
7 
-|—-« | dx =I, + I, 
sin’ x 
11. | tan* x dx = | (tan” x sec’x — sec*x + 1) dx 


2 
t t 5 
ay Now, = | calle dx = “ + 7 = a dx 
= Etat dae sin’ x sin’ x sin” x 
tanx 
1 = +1, 
> A=-, B=-1 and f(x)=x+C oa 
3 tanx 
; . an I,+1,= +C = f(x)=tanx 
sin’ x sin’ (p + q) x fi{(p + q) x} sin? x 
12. | dx = f(x) => | a dx = ; 
x pt q)x prqd i 
17. We have, | i 5 _— = dx 
sin*(p + q)x (cos’ x + 3 cos°x + 1) tan” (Sec x + cosx) 
|" 8= feton ; 
o sin” x 
i 1 
13. On solving, ode [tan 36 — tan] = | os" ¢ dx 
cos38@ 2 (cos x +3 + sec’x) tan’ | (sec x + tanx) 
sme + fhaw 90’ sand) =| y_ sintx (1 = cos” x) 
cos9@ 2 1+ (sec x+ cosx)’ cos’ x 
ingj6 1 
ai = — [tan 270 — tan90] “a 1 ae 
ennai “2 tan | (sec x + tanx) 
i in 30 in 98 1 
n i[ ee Jao | (tan 270 — tane) do =| u ¥ 1 
cos38 cos98_— cos 270 2 tan”' (sec x+cosx) 1+(sec x + cosx)* 
1yj1 —si 
=5 \e log (sec 1270) — log (sec 0} +C (tan x sec x — sin x) dx 
= d|tan ‘(sec x + cos x) 
1 1 27sec 270 C J tan ‘(sec x + cos x) | | 
=— log 
: sec 8 = log, | tan”! (sec x + cos x)| + C 
sofas : 2 
14. We have, | x = a —— dx 18. We have, f(x) =x|cosx|, <x<m 
2 sin (x° + 1) + sin2 (x* + 1) 2 


f(x) =- x cosx [. cosx < 0 for x €(2 /2, T)] 


‘ 9 : 2 2 = 
2 sin (x° + 1) —2 sin(x* + 1) cos (x* + 1) 
= | pase 72 2 dx Hence, required primitive is given by 
2 sin (x° + 1) +2 sin(x* + 1) cos(x* + 1) 
| fle) dx =— | x cosx dx + C=—xsinx—cosx+C 


19. Wehave, f(x) =(2x+1)|sinx|,a<x<2m 
> f(x) =-(2x + 1) sinx 
Hence, required primitive is given by 


—[ex+ 1) sin x dx =—[-(2x + 1) cosx + 2sinx]+C 


I II 
=(2x+ 1) cosx —2sinx+C 
0 x’ —sinx cosx—2 
20. We have, f(x) =|sinx — x’ 0 1-2x 
2—cosx 2x-1 0 
0 sinx—x"’ 2-—cosx 
> f(x)= x” —sinx 0 2x-1 
cosx —2 1—-2x 0 
[Interchanging rows and columns] 
0 x’ —sinx cosx—2 
> f(x) =(- 1)°|sinx — x” 0 1-2x 
2—cosx 2x-1 0 
[Taking (— 1) common from each column] 
= f(x) =— f(x) 
= f(x) =0 
=> | f(x) dx =0 


(= {i ie 
(x + 1) (x -2) 3(x +1) 3(x —2) 


=~ 5 log (x + 1) += log(x 2) + C 


1 1 1 
22. d. 
alter a4] . 


1 


23. =| x log (1+ x’) dx=log (14 re 
oo 2 


I Il x 3 
= log (1 + x? dx 
2 g ( ) lone 


2 =x, 
24. r=[4** 


9e* —4e* 


4e** + 6 
I =| dx, put 9e"* —4=z => 18e"dx = dz 
9e°* — 4 
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=") 2z +35 dz = 1 [2?E* 9477 g 
9/ z(z+4) 9 z(z+ 4) 


2-dz.3;(1 1 
gle 2i(2 ae 


2 35 3 
=|—+—| logz —— log (z+ 4)+C 
(2 >] ar g ( ) 


35 2x 3 2x 
= — log (9e* — 4) =— log (e*)+C 
a6 g ( ) ; g (e*) 
3 35 ; 3 
=——x+— log (9e* — 4) —-= log3 +C 
rae es Pe 
3 2 _ 3 2 3 
25. | tan x (sec x—1)dx={ tan x sec x dx — | tan x dx 


4 
tan” x 
i= | tan® x sec’x dx = 


+¢ 
I, = | tanx (sec” x —1) dx 


2 
ta 
= : * — In| sec x|+ Cy 


26. The Statement II is false since while writing 
| dx 
x —3y 


we are assuming that y is a constant. We will know prove the 


= log (x —3y)+C, 


Statement I. From the given relation (x — y)? = * and 


2 log (x — y) = log x — logy. 


Also, es ( a anu - To prove the integral relation it is 
dx x) x—3y 


sufficient to show that # RHS = es 
dx x —3y 
[ 


Now, RHS = ; log i = J 


Die 2_ x! 
pee y) 7 | 


=| log( - y) — logy] 


_1[logx —logy 


logy |= ; [log x —3 logy] 


2 2 
Z mes 3 dy | 
dx Ale y dx 


afi a v) sty), 1 
4 lx y x/ x-3y x—3y 
Thus, Statement I is true. Hence, choice (c) is correct. 
27. Let g(x) = f(x) + f(- x) 
Assuming, | fle) dx = F(x)+C 


74 


28. 


29. 


30. 


37. 


32. 
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[g() ae=[ (fle) + fC x} dx 


=| flx) dx + [ f(x) de 

=F(x)+C+{-F-x)+C} 

= F(x) — F(-x) + C+C’ 
which may be an odd function, if C + C’ = 0. 


Similarly, integral of an odd function is not always an even 
function. 


Hence, Statement I is true and Statement II is false. 
Ifa > 0 and b? — 4ac < 0, then 
b 


ax? + x+ena(x+ 2) 
2a 


dx dx 
peor reer 


2 
a(x+2) +k? 
2a 


> 4ac — b? 
+ a 
4a 


4ac — b* 


where k? = ———— > 0. which will have an answer of the type 


4a 


x+— 
a : tan! 2a 
a k/Va kiJva 


Thus, choice (a) is correct. 


+ C or pW tan 


1 
11 _ x 

=--—— tan? 7 . 
2 V2 2 22 


.. Statement I is false. 


-1 1 1 


Since, cot x=—-—tan x, 
2 


d(cot™' x) =—d (tan x) 


4 7 
Thus, fe" d(cot"' x) =— (= ‘x d(tan™' x) 
-1 
gtan x 
=— +C 
In2 


.. Statement I is false. Statement II is true. 


As m=9 > 0, hence, we can substitute 


9x? + 4x +6 =ut3x 


Here, as per notations given, we can substitute 


1+ x" =(u—x) 


As m=1>0andp=1>0 


15 
1 
> I [- du [udu u? 4 
u 15 
1 
sap et yit ey +c 
1 
33. Here, m=-1<0 
p=-2<0 


Also, — x” + 3x —2 =—(x —1)(x —2) 


We can use case III 


= Putting, J x? +3x—2 =u(x—2) 


or (x-1)u or u(1—x) 
34. Let P =sin>x cos’ x 
dP 


22 4 4 2 
aoe x cos x—3sin x cos’ x 
x 


2 «2 2 4 2 
=3 sin” x (1 —sin“ x) cos“ x—3sin” x cos” x 


=3 sin’ x cos’ x —6sin* xcos’ x 
P =3Io,2 —614,2 


1 
ae AP ata) 


35. Let P =sin® xcos’ x 


dP 4 4 6 2 
—=5sin° x cos x—3sin x cos’ x 
Ix 


4 Fe 2 - 6 2 
=5sin’ x (1 —sin“ x) cos“ x —3sin’ x cos” x 


A 2 6 2 
=5sin’ x cos’ x —8sin x cos” x 
P=5I42 — 816.2 


Iy,.9 ==(P + 816, 2) 


1 
5 
36. Let P =sin® xcos’x 


d 
mm 4 6 2 
a =5sin° xcos x —3sin xcos° x 
Ix 


Ae | 4 +4 2 2 
=5sin” xcos x —3sin’ x (1 —cos* x) cos’ x 


4 4 . 4 2 
=8sin’ x cos x —3sin’ x cos’ x 
P=8I4 4 —314,9 


1 
I4,2 are a 


Cc 


37. Here,2,” (x) = lim (Z (x + o F(x), fe x—h)- fe) 
a (a +h) - flx- ») 
h>0 h 
2f"0) lim (fe : FO), fc : fo) 
= lim Fh) = ICH) | Gi 
h>0 h 


Now by given relation, we have 


th) = ft) = SAD LEAD and flo) =1 


-h 


(i) 


From Eqs. (i) and (ii), we have f S = 2010 


> races 
*. {f(x)} is non-periodic. 
38. Here, J f(g) cos x dx= | Fog (sin x)).cos x dx 


yae™™, f(0) =1 


a ae log (sin x) cos x dx 
=| (sin x)?" . cos x dx 
a (sin x)" cos x dx 
a (sinx)7"" age 
2011 
h(x) = (sin x)" 
2011 
> h (=) = = 
2 2011 
Sol. (Q.Nos. 39 to 41) 
Here, f(x) =(x — 1) (x + 2) (x —3) (x —6) —100 
=(x? — 4x + 3) (x* — 4x — 12) — 100 
=(x* — 4x)? —9(x? — 4x) — 136 
=(x? — 4x + 8) (x? — 4x — 17) 
39. -. f (x) =0 > (x’ — 4x 4 8) (x? —4x4+17=0 
D>0 D<0 
.. Equation has two distinct and two imaginary roots. 
40. f(x)= 4x —17) (x? — 4x + 8) 


= {((x — 2)’ — 21} {(x —2)° + 4} 


(F (2))min = (21) (4) = —84 
which occurs at x =2 
41. (22 _ a(x) 
f(x) (x? — 4x —17) (x? — 4x + 8) 
Ax + B Cx + D 
x? -4x-17 x°-4x+8 
Clearly, A, B and C must be zero. 
g(x) __D 
(x? — 4x -17)(x°-—4x +8) x°-4x+8 
g(x) = D(x” — 4x -17) 
g(-2) = D(4+ 8-17) =—-10 [given] 
B(x) _ (x? — 4x —17) = 2 
f(x) (x? — 4x -17)(x* —4x4+8) x? -4x+8 
R(x), 2 jee dx 
ee Poserear: * heer ceres 


1 = —2 2 —2 
ee (22) 4 c= tan Gar 
2 2 2 
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42. (ay t<x< 


then sin x > cosx 


| elie e0s% dx = [idx=x+C 


| sinx — cos x| 


2 
(B) | : = =* [3x? = - ae 
(x° +1) (x7 +2) 3 x +1 x +2 


(C) | sin” xcos | xdx = ie sin’ x —(sin™ | dx 


T = = 
= ean Tx + 4/1 — x7) — {x (sin x)? 


+ sin’! x \/1 — x? — x} + C (by parts) 


-1 


ee: 
=> sin Le xsin 


f(x) = sin x, f(x) =sinx 


D =In|In|x|/+C 
©) [aaa eel 
f(x) =In|x| 
x? + cos’ x 
43. (Ayr =] —— -cosec” x dx 
Lex 
pS 
= xi +1-sin’x sin’ x -cosec’x dx 
1+ x? 
1 2 
ee Jax cotx + cot 'x 
l+ x 
=> A=1,B==1 
(B) I = [yxtyx? +2 x? +2 dx 
Put x424x=t > x? 42 
2 2 
2x=t--— => 2dx -(1 + | 
t t 
3 i pa} 
| 
> me : + tk 
2 : Te 
2 
set ye am ers | 
fx + afx? +2 
> A=1 and B=2 
2 
-x 
(Cj)i= dx 
ies = 


tk 


75 


x avi ope ih x? +2x+C 


76 


44, 


45. 
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apo 2°° 5/0 = 


ll 
a 
SS 
~) 
tad 
+ 
a 
Ss 
Nw 
| 
eB) 8 
| 
ry 
te 


as (: ‘| at? -t-1 
err i 4) 
42—x—x? 1 1 (4-x)+.J2-x-x 
= t (0) 
x 2/2 . 4x 
in (22 
— sin 
4 3 
sin2x 


(D) | 


7 dx, dividing N’ and D’ by cos‘ x 
sin’ x+ cos x 


2 tan x-sec” 
r={ —= * dx, put tan? x =t 


tan’ x+1 
2 dt A 
=> 2 tanx-sec x dx =dt= | 7 =-cot (t)+C 
t +1 
=> —cot (tan?x)+C . B=-1 
2X 3 
| 5 . dx 
(x° + 3x)(x° +3x+2)4+1 
Put x°+3x=t = (2x+3)dx=dt 
dt dt 1 1 
} = 2 eer 
t(t+2)+1 (t + 1) EEA x°4+3x4+1 
> a=1,b=3,c=1 Bat+b+c=5 
3x+2 
F(x) = dx. 
(x) =|7— 
Let x-9=t? >dx =2t dt 
3(t? +9) +2 
F(x) = | [eee ay dt 
if 
=2 Jes + 32) dt =2[29t + 2°] 
F(x) = 2[29,/x —9 + (x —9)*?7]+C 
Given, F(10) = 60 = 2[294+1]+C 


> Cc=0 
F(x) = 2[29,/x —9 + (x —9)*/7] 
F(13) = 2[29x2+4x2] 
=4xX33 =132 
Hence, sum of digits =1+3+2=6 


46. 


47. 


48. 


49. 


50. 


51. 


u(x) =7v(x) => u(x) =7V (x) 
> p=7 
Again, a) =7 > (2) =0 


(given) 


r=[© + COS oo — a dx 
=In(e* +sinx+x)-x+C 
f(x) =e" +sin x + x and g(x) =-x 
> f(x) + g(x) =e* + sin x 


F(x) + g(x) 


e~+sin x 


=1 


1 x+3 1 


[4 
ae + 


4 2:6 


> A =3,U= 
> A+H=4 


15 3 5x 
gine Coma 2 (4 cos 


5 
1-2 {2 0s? —1] 3° 4 gos” 
2 2 


5x 3X 
=-—2 cos — cos — 
2 2 


=—(cos 4x + cos x) 


sin 4x 


l= -—sinx+C 


= 
n 


sin x 


tan x cos x 


52. r= dx = | ; dx 


2 
cos x 


d 
dx = fde—2f 


1+ tanx+tan’x sin x 


COs X 


=| sin 2x 
2+ sin 2x 
sec?x 


=x af dx 
2sec’x +2 tan x 


Let t = tan x,dt =sec’ x dx 


=| dx 
Pe +ttl 


1 2°t +1 
p=x——p tan (2BRE* 1) sc 


v3 V3 
53. [sin?? x cos’ x dx = | sin’x sin’? x cos’ x cos x dx 


2s 1/2 ae) 
= [sin x sin”? x (1 — sin® x) cos xdx 


=[?r"a ral t) dt = [(°” _ t \dt 
p72 yl 
= | °7at - [evans = + 
7/2 11/2 
a Fig i SE ee FO a 
7 Fr vi 11 
=2sin *x{E— 1 ints} +c 


=> (A+ B)-—C=(7+7)-11=3 


54. Let I =[(@" $ x80 4 3402) (9.51608 4 54-802 4 19)!/402 gy 
_ | x x200° 4 


= ie + 


402 
Put 2x79 +594 410%  =t 


3208 + x01). (2.0168 45x 402 + 10) 1/40 dx 


03 ae x1). (2700 + 5804 +4 10407 42x. 


=> 4020(x70? + x83 + x4!) dx = dt 
1 pi/420 +1 
Ts — .(¢y a= 
4020 4020. 1/402+1 
1 p103/402 


~ 4020 403/402 


ayer } 5804 } 02) 05/402 


. a— 400 =3 
3 2 
55. Lete™ ** ~'(3x* + 2x? + 2x) dx 
3 2 3 2 
= | x? a “1.x? + 2x) dx + | eX ** “1. (2x) dx 


I II 
Applying by parts in first internal, we get 
T=xe" +? 7} -| axe + —Mgy 4 fe =x “l(2x) dx 
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=xie® ** 14 CHW x) 4C 
h(x) = x2-e% ** 72 


> h(1)-h(-1) =e'-e 1 =1 


x’ cos’ x —xsin x + cos x 
dx 


56. fern] ; 


2 
x cos x 
_ (x sin x + cos x) 
-(x? cos x) dx 


| g(t Sin x + cos x) , 


= g(* sin xt cos x) x— 1 +C 
xX COS X 


57. 1=[ Jx+ x’ +2 dx 


Let xt+4x°+2=p or x 4+2=p’ + x? —2px 
2_ 2 
Pee ya Pte 


ft on ee 
dx \ x cos x 


> x= or 5 
2p 2p 
1/2 7,2 
(p* + 2) 1 - 
r[ m dp=_ |p’ dp+ | p*? dp 


1 
x +x? +2)? -2 tC 


58. 1=| e 
(ax + b) (x — 0)? —B’ 
Put (x — a) =B sec 0 = dx = sec 8 tan 8 dO 


do 
r=] 
a(a cos@ + 8) + b cos® 
=| do 
(aa + b) cos 8 + aB 
= 1 | do 
ere?) coso+( 8 | 
aa +b 


ap ; 
ry <i ..-(i) 


Then, I = 


| 

feel 

ed - cosec a! log = 
| 


1 is) 
=cosa, tan—=t 


1 
1 -1 a 
cot @ tan f tan-— 
b 2 


i) 
=> tan—=t 
2 


ad. + 


ap 


aa+b 


where sec a! = 


s9, 1-( 


d =| x — 2/3 a+ gy dx, 
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mt+1 in 
=1 Ie, integer 
n 
+, Let us make the substitution, 
1 _ 
14X38 =P 3 2x07 dx =2tdt 

Hence, I=6[Pde=2+Ca2i4 x4)" 4c 

sin? (0 /2) 


60. r=[ dé 


cos 0/2 «cos? 6 + cos” 8 + cos 0 


) 


oi 2sin@/2-cos@/2-2sin’ 0/2 

2 2 cos? 8/2 /cos’ 0 + cos” 8 + cos 0 
=! sin 6 (1 — cos 8) do 
(1 + cos 8) cos? @ + cos’ @ + cos 8 


Put cos 8 =t=-sin@ dO = dt 
1 (t -1) 
r= dt 
5 rere eer 
2h 
=<f t 1 dt 
2° (+1) Je+et+e 
=) (1-1/1?) 


1 1 
(t+—+2) Jf+14+—- 
t t 


=v > (1 +) dt =2udu 
t 


dt 


1 2u du du 
a. lean! 


1)? 
=tan! (: 1 tC 


=tan !(cos@ + sec@+1)!7+C 


P =tan™' (u)+C 
uot+1 


61 r={ (2 sin 8 + sin 20) dO 
(cos @ 1) cos ® + cos’ 8 + cos* 0 


Put cos 0 = x” 


> —sin 8 dO =2x dx 
2 
= poe 2x dx 
(1— x") ax? + xt + xo 
=4| (1+1/ x’) dx 


(1/x-x) Ja/x—x)? +3 


Again, put P+3=u 
=> 2t dt =2u du 


1=4/ wp" af au 


2 u—3 

> a +C 

: igi 293 | 6 
Bs! °F fe 43 +8 | 


_ ig, C 
B' | {x +1/ x? +143 | 


{cos 8 + sec 8 + 1 — V3 
= log 4 

{cos 8 + secO+1+4 V3 

62. Let Iya =| x"( (a + bx")? dx 
and re | x™—"—1 (a + bx")? dx 

Let pax * lat bxtyt*} 


where A and pl are the smaller indices of x and (a + bx”). 
Here, A =m-—n-1,h=p 

p=x™-" (a+ bx")P*! 
Differentiating w.r.t. x, we have 


2 (p +1) (a+ bx")? (n bx"~) 


dx 
+ (a+ bx")? *!(m—n)x™-""! 
=nb(p+1) x"! (a+ bx")? 
+(m—n) x™~"~1 (a + bx")? {a + bx"} 
=nb(p+1) x"! (a+ bx")? 
+a(m—n) x™~"~! (a+ bx")? + b(m—n) x"! (a + bx")? 
=b(np + m) x™~! (a + bx")? + a(m—n) x"~""! (a + bx")? Int 


egrating both the sides w.r.t. x, we get 
p=b(np+m)I,_;+a(m 


ox" (at bx")Ptl=b 


—n) Teawed 
(np + m) Lit + a(m—n) Lent 


m—n nyp+1 = 
ae back (a + bx") a(m—n) : 
b (np + m) b (np + m) 
Hence Proved. 
x8 
Again, | Gay dx =| x x Tax 8 de 


Here, m=9, b=-1, n=3, p=-1/3, a=1 
: (x80 — x3)?3) 


I ape i 
' = SIs (i 
3 32/3 
1 
> $a ail +—I, (here m = 6) 
—5 5 
1 — x3)? 
. Pe ec 
2 
1 3 9 
Hence, I= aae x33 tt x3)28 a x3)34.C 


63. Let I= [eosec? x In (cos x + fee 2x) dx 


7 [cosec” x- In {sin x (cot x + ./cot” x —1)} dx 


= [cosec” x In (sin x) dx 


+ | cosec” x- In (cot x + ./cot” x —1) dx 


In second integral put cot x =1 


cosec” x dx = dt 


I = | cosec? x-In(sin x) dx — | In(t + jt? —1) dt 


In first integral (integrating by parts taking cosec” x as second 


integral) and in second integral (integration by parts taking 
unity as second function). 


We have, (In sin x) (— cot x) | cot x (— cot x) dx 


In(t + Je? a 


=-—cot x(Insin x)—cot x-x-tln(t+ Jt? -1)+.,/t?-14+C 


=-—cot x (Insin x)—cot x—x—cot x {In(cot x+ Vcot?x-1)} 
+ V¥cot?x-14+C 


=-—cot x-In(cos x + ,/cos 2x) — cot x -x + /cot? x-1+C 


d cos’ x d. 

64. 1=/ ~__aen={/—~$"" _ 
(sin x + asec x) (a + sin x cos x) 
=| cos’ x dx 

(a? + sin® x- cos” x + 2asin x- cos x) 
4 cos” x dx 1+ cos 2x 
=| Diag acd ; =2 | : as 
4a° + sin® 2x + 4a sin 2x (2a + sin 2x) 
1 os 2 
=2/ 5 ax 4 | vail 5 ax 
(2a + sin 2x) (2a + sin 2x) 
1 
=21,> - (i) 
(2a + sin 2x) 
dx 
I, =| ne 
(2a + sin 2x) 
we know 
I =| du 
1 
(4a? -1) 4a? —-1.J1-u? 
a 


(2a — u) 


1 | (2a — u) a 
(4a° = a yi uw 


sin 2x +1 
=9%a = 


2a + sin 2x 


- du _ (4a? — 1) cos 2x 
dx  (2a+sin 2x)? 


1 _ : 2au—1 
[2a sin”! u+ 4/1 —u*]= I, andsin 2x = is 


= ———— es: 
(4a” —1)*” 2a-—u 


1 . -1{ 2asin2x+1 
[=| 2a sin es 
(4a“ —1) 2a + sin 2x 


2asin2x+1 | 1 
+ /1 +C 
2a + sin 2x (2a + sin 2x) 
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dx 
x—yfx? +2044 


Puty/x?+2x+4=t+x 


=> x? 4+2x4+4=0? + x7 + 2tx 


65. 1={ 


=> ax —2tx=1? —4 
2 2 
s eo 4 10-4) 
2-2t 2 (1-2) 
il? areal 
> = 
2} (@-t) 
Brn 
r=-=f! ae at 
24 —+(1-t) 
[ 
=i [\54 a dt 
2/|t (2) a9? | 
il a.) 
=—|4log|t|-—3log|1-t|+ 
a| a-4| 
=2 log | yx? + 2x4 4—x|—— log 
j1—fx?4+2x4+44+x|4 2 
2(1—/x° +2x+4+4 x) 
=2 log | yx? + 2x4 4—x|—— log 
|fx? +2x+4-1-x| 2 
2(/x? +2x+4—-—x-1) 
66. 1=| a 


1+ fx? +2x42 


x’ +.2x +2 =t-—-x, squaring both the sides, we get 


xe +2x4+2= 4x 2tx 


_ t-2 
2(1+ ft) 
t? + 2t+2 
=> dx = ————_— 
2(1+4+ t) 
7 e-2 ¢4+4t+4 
l+a4jx°+2x4+2=1+t = 
2(1 +f) 2(1 +t) 
2(1+t)(t? + 2t4+2 ?+2t+2 
= r=] a ) 2 ={- dat 
(t° + 4t+ 4)-2-(14+ ft) (1 + t) (f+ 2) 


Using partial fractions, we get 


= dt _ J dt 
t+1 (t +2) 
2 
a ile a he 
t+ 


T=In(xt+14+ 4x? +2x+2)4 : +C 
(x+2)+ {x7 +2x+2 
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2 2 2 
67. ro (a eee 
xo +1 (x? +1) (x? — x? +1) 
=| (1+1/ x’) dx 2 x? dx 
(x? +1/ x? -1) (x*)? +1 


=i (1+1/x*) dx 


x? dx 
2| 63)? 


2 
= tan”! (x°)+C 


(x-1/ x)? +1 +1 
In first integral put x —1/ x =t and in second integral put 
xu 
={ dt | du 
P+1 3% w+] 
a cat 
= tan Co (u)+C 
= tan”! (x-—1/x) 
d 
68. 1=[ ay 
l= 


Put x=1/t,dx=-1/t’ dt 


dt 
l= | 2 33 
t(1-1/t) 
Again, put  —1 =u? => 3t° dt =3u" du 


2 
uo du 


J dt 
t (3 = 1" 


udu 


~ aa 


Pres rrereens 


+1 
du 


du 1 u 
1+u | 


==] 


uw—uti1 


(using partial fractions) 


=1) du {ee 
3? wert oS (ue —u+1) 
1 du 1 2u-1 1 du 
~ } z= } 2 ay } ane 
3% utl1 6° u’-utl (u—1/2)°+3/4 
1 1 
log | u 4 log | u“ —u+1 
8 | [fe | ae 
1 5 | DST 
+ ——— tan C 
V3 /2 v3 
= 5 log|(° -1)!° +1 | = log |" 13 —(@ -1)9 41 
1 | Be Sy aa 
tan tC 
5 B 
1/3 32/3 Bip. 22 
_ tog | x?) +x| a (l-x C x yr +x 
| | 6 x 
_ 3\1/3 
 4giar gee sa Gl 
3 v3x 


Put 


(x+4ltx’)=t 


tdx 


afl + x? 


=dt 


Jana or 


x 


15 4 ole x2) 
.1=fe.@ [eae eC “ wd 
t 15 15 
ttl n+1 
70. tho =| =| ; dx 
y ax +2bx+c 
1 e (2ax + 2b) — 2bx" dx 
2a ax’ + 2bx +c 
1 n (2ax+2b)dx Db x" 
| 
~ 2a ax’ + 2bx +c ax’ + 2bx +c 
i 2ax + 2b an 
w+ = 5 of | ) 
slax? + 2bx +c 
1 n 2 
Un +1 = — [x" + 2,/ax* + 2bx+c 
2a 
- fax". 2 {(ax" + bx + c) dx]- 2 Un 
a 
ce ee 
a a 
ax” + 2bx +c BS 
AUn +1 =X fe — ) ae 


slax? + 2bx + 


AUy 41 = X" Y —N [Uy 4 1 + 2DUy + CU —1]— buy 
=> (n+ 1)auj41+(2n+1) bu, +ne-m_,=x" y 
Now, putting, n = 0 in both the sides, we get 
au, + buy = x°y 
au =y — buy 
Putting n = 1 in Eq. (i), we get 
2au, + 3bu, + cup = xy 


dau, + 36 2A Pip © | cay =ay 


a 


=> 2a°uy + 3by —3b7up) + actly = axy 


=> 2a°u, = y (ax — 3b) + 3b? — ac) up 
71. Plan Integration by Substitution 

ie T=| f {gx} 8 (x)dx 

Put g(x)=t = g’(x)dx =dt 


I= | f(t)dt 


Description of Situation Generally, students gets confused 


after substitution, i.e. sec x+ tanx=t. 
Now, for sec x, we should use 
sec’ x—tan’ x =1 
= (secx—tanx)(secx+tanx) =1 
1 


sec x—tanx =— 
t 


=> 


[from Eq. (ii)] 


Bee le le sec’ dx 

(sec x+tanx)”” 
Put secx+tanx =t 
> (sec x tan x + sec” x)dx = dt 
=> sec x-t dx =dt 


> sec xdx = — 


I 1 1 
secx—tanx=—- => secx= t+ 
t 2 t 


sec x-sec xdx 
I IF 


secx+tanx)”” 


4 pi oe 1 (Sasa 


OD 9 9/2 13/2 
1} 2 2 
zee ae 
_f 1 1 1. ‘ 
| iseeaee tanx)’  11(sec x+tan x? | 


=] 1 1 
| ye {3 + >see x4 tan x)*| 4 K 
sec x + tan x 


e 
72. Since, I = : dx and f= dx 
e** + | 46" e** 
(e* —e*) 
J 1=[ 2x 4x 
1+e"+e 


Put e =u => e“dx=du 


: bo) 
g-1= f=) au =] Us du 


oo, 
-{-—+ 
(w+ 2} -1 


1 1 
Putut tat = (1 > =a 
u 


u 
dt 1 b= 
=(=—= +¢ 
t-1 2 t+1 
2 2x x 
1 -ut1 1 e* —e* 41 
=—log ua f + C =— log |— < +C 
2 uo+util 2 +e 1 
2x!? 4+5x° 2x'? +5x° 
73. Let I = dx 
leaeao laa e? 
2x 3+5x§ 
=| 2 5 3 ax 
+x “+x °) 
Now, put 1+x«?+x°=t 
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= (-2x *-5x°) dx =dt 
> (2x3 4+5x° °) dx =-dt 
dt 25 
I=- aos dt 
= 31. 10 
t 1 
= +C=—+C= = +C 
-34+1 2t 2(x° + x” +1) 
74. | dx = dx 
x(x" + 1)4 (i + =) 
x 
4 4 3 
Put1+—=t ——dx = 4t°dt 
x x 
d. 
=> = tat 
x 
—tdt 1 \4 
I 7 [ae t+C [ + a tC 
t XG 


rete ea beget 
75. {(1+x-2}. “d= |e vax + fx{1-4}e xdx 
x x 
1 


1 1 
x+— x+— 


=e Paige =| ee x dx 


1 
bodes 


=xe *+C 


76. Given, | f(x) dx = y(x) 


Let I =| x° f(x?) dx 
Put x=t 
> x°dx = ” (i) 
2h [ere at 
3 
<4 d | 
=; ki i} f(t) dt _ | |< a| dt | 
[Integration by parts] 
1 
=; lew @-J ve del 
- ; [x*y(x*)—3 [ x2y(x*) dx] + C [from Eq. (i) 
=; al x(x?) dx + C 
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77. Given Integral is | oa dx 


tan x —2 


To find The value of a, if 
J 5 tan x 


dx =x +a log|sin x —2 cos x| + k...(i) 
tan x —2 


5 tan x 
—— dx 


Now, let us assume that J = | 3 
tan x — 


Multiplying by cos x in numerator and denominator, we get 


rz _— 5 sin x r 
x: 
sin x —2 cos x 


This special integration requires special substitution of type 


N’ = A(D’) +B (2) 
dx 


= Let5sin x = A (sin x —2 cos x)+ B(cos x + 2 sin x) 

=> 0cosx+5sin x =(A + 2B) sin x+ (B-—2A) cos x 

Comparing the coefficients of sin x and cos x, we get 
A+2B=5 and B-2A=0 

Solving the above two equations in A and B, we get 


A=1 and B=2 
=> 5sin x =(sin x —2 cos x) + 2(cos x + 2sin x) 


=1={ 5 sin x ie 
sin x —2 cos x 


dx 


={' sin x — eS 


(sin x —2 cos x) 


=>] (ss a 
= et 
sin x —2 cos x (sin x —2 cos x) 


d(sin x —2 cos x) 


= 1=[ide+2{ 


(sin x —2 cos x) 


= Il=x+2 log |(sin x —2 cos x)| +k ...(ii) 
where, k is the constant of integration. 


Now, by comparing the value of J in Eqs. (i) and (ii), we get 
a=2. 


78. Let I= 2 | tn x 
sin(x-) 
4 


1 
Bee => dx=dt 


a a 


sin t 


[1 1 | 
= 22 Jj ap cote ale 


=1+4 log|sint|+C 


aan 
sin | x — — 
4 


=x + log +C 
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of Definite Integral, Evaluation of Definite 
Integrals by Substitution 


4 


Integration Basics UP senate cea 


0 


What is Definite Integral ? 4 we adeencae 
Let f be a function of x defined in the closed interval [a, b] “4 bo 1-2 cos 2x + ——~—— | dx 
and ¢ be another function, such that ’ (x) = f(x) for all x 
3 3 1 pu/2 (3-4 cos 2x + cos 4x 
in the domain of f, then = at ; dx 
b 7 —_ 7 
[, fl) ax =[0(x) +e]; = (6) - (a) oe I" 
=—|3x —-—sin 2x + 
is called the definite integral of the function f(x) over the 81 2 0 
interval [a, b], a and b are called the limits of integration, a 11 (3n 1. 7 
being the lower limit and b be the upper limit. ao (= — 2sin T+ Fae 2n| > “T 
Remark =* 2-0 40|=% 
In definite integrals constant of integration is never present. 82 16 
; 1 | d 1 
Working Rules Example 2 The value of i ; Feta “1 alg is 
To evaluate definite integral [ f(x) dx. a . 
a (a)m/2 (b) 1/4 (c) -m/2 (d) None of these 
1. First evaluate the indefinite integral | f(x) dx and ra i 
aft -1 
suppose the result is g(x). Sob het l= pata +) fs 
2. Next find g(b) and g(a). d | d ; -1 
H —— a — = — 7 — 
3. Finally, the value of the definite integral is obtained ai [tan KOE" 2) +x? 
by subtracting g(a) from g(b). 
y mee) g(b) ‘ r=[' 1 ax = i 1 ax 
Thus, [ f(x) dx =[ g(x)It = g(b) — g(a) ba tis 
= -(tan”' x)! , =—[tan“'(1)- tan” '(-1)] 
Example 1 Evaluate = = rm *) ae 
4 4 2 
i) — dx (ii) re sin’ x dx ; 
03+4x ) Hence, (c) is the correct answer. 
1 
Sol. (i) Here, I = [ : dx = | m@+ 4x) | Remark 
0 3+4+4x 4 6 ifd, 41 ea 4 - 
Note that I {5 tan ex =(ter = tan’ (1) —tan™'(-1) 
-idx x xh 
== [In7 ingj=2tn( 2) ee 
4 4 3 SS s/f a= 
4 ( 4 2 


/2 
(ii) Let J = i, sin’ x dx 


1 pr/2 2 42 1 pr/2 2 
7 a i, (2sin® x)" dx = 4 i, (1 — cos 2x)" dx of £ (tan ) on the interval [—1, 1]. 
x x 


is incorrect, because tan”! (2) is not a anti-derivative (primitive) 
x 


Example 3 if!,, = J (og x)" dx, then!,,+-n!,,_, is equal to 


(b) e (c)e-1 (d) None of these 


Sol. We have, I, = [dog x)" dx = f dog x)" -1dx 
1 — FF 


I, =[x-(ogx)"} -fin -(log x)" eae 
i x 


=(e-0)- n| (log, x)" dx =e-n-I,_, 


Hence, (b) is the correct answer. 
Example 4 All the values of ‘d for which 
2 
f fa? + (4—4a)x+4x*}dx <12 are given by 


(b)a<4 
(d) None of these 


(a)a=3 
(c)O<a<3 


Sol. We have, ik fa’ +(4-4a)x+4x°}dx < 12 


> [a’x +(2-2a)x* +x*]?< 12 
= a’(2—1)+(2—2a)(4—1)+(2* -1') < 12 
=> a’ +3(2—2a) +15 < 12 
> a’ —6at+9 <0 
=> (a—3)" <0 

a=3 


Hence, (a) is the correct answer. 


Geometrical Interpretation 
of Definite Integral 


If f(x) >0 for all x €[a, b], then i f(x) dx is numerically 


equal to the area bounded by the curve y = f(x), the 
b 
X-axis and the straight lines x =a and x = bie. [ f(x) dx 


b 
In general, [ f(x) dx represents the algebraic sum of the 


areas of the figures bounded by the curve y= f(x), the 
X-axis and the straight lines x =a and x =b. The areas 
above X-axis are taken with plus sign and the areas below 
X-axis are taken with minus sign, 


xX=a f (x) x=b 
ome 
Li iC 
H I 
—> 
O: 1D 
if 1 
H I 


Figure 2.1 
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Le. [ f(x) dx = Area (OLA) — Area (AQM) — Area (MRB) 
: + Area (BSCD) 


Remark 
[fio dx, represents algebraic sum of areas means that area of 
a 


function y =/(x) is asked between ato b. 
b 
= Area bounded =| | f(x) | dx and not been represented 
a 


b 
by [ f(x) dx.e.g. If someone asks for the area of y = x°* 
between — 1 to 1, then y = x° could be plotted as 
A 
A 


14 jy=xs 


| . 


yr 


+-1 


y 


Figure 2.2 
0 1 1 
Area = [ , =%? dx +f. xe dx=- 
a 2 


1 1 
or using above definition, area = i) F |x? |dx =2 I, x? dx 


1 
4 
1 
4 2 
0 
But, if we integrate x > between — 1 to 1. 


1 
=> J x ° dx =0 which does not represent the area. 
-1 


Thus, students are adviced to make difference between 
area and definite integral. 


Example 5 Evaluate I, | (x — 1) (x —2)| dx. 


Sol. Let T= |(x-1)(x-2)|dx 
We know, 
I(x -1)(x -2)|= (x -1)(x-2), x<lorx>2 
~ | =(x-1)(x-2), 1<x<2 
+ + 
—— a es as 
1 ~ 2 


Using number line rule, 


T= f) |(e-1)(x-2)|dx 
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= [i ( 1)(x —2) de [ Coa mee ee 
+f) (e=1) (0-2) dx 
= [/ (x? 3x +2) de [° (x? -3x +2) dx 


+f (x? —3x +2) dx 


2 3 
x? 3x? x? 3x? 
+2x — 2X 
3 2 3 2 
iT 2 
1 3 


Evaluation of Definite 
Integrals by Substitution 


Sometimes, the indefinite integral may need substitution, 
say x = ¢(t). Then, in that case don’t forget to change the 
limits of integration a and b corresponding to the new 
variable t. The substitution x = @(t) is not valid, if it is not 
continuous in the interval [a, b]. 


Example 6 Show that 
/2 dx Tl 


= -ab>0. 
° d ? 
0 a? cos? x+b" sin? x 206 
= 7/2 dx 
Sol.Let [=[- — — 
x=0  @* cos’ x + b° sin” x 
ope a2 sec? x dx 
x=0 g? +b? tan? x 


(divide numerator and denominator by cos” x) 


tan x =t = sec” x dx =dt 

t=0 dt 

t=0 g? 4 74? 

We find the new limits of integration t = tan x >t =0 
when x =0Oandt = 0 when x = 7/2. 


Put 


I= 


> —— al. ul -4. , jan | 
b* “0 [¢| » %b alb @ \e 
— | +t 
b 
_1)]n a lea 
ab| 2 2ab 


dx 


2 
Example 7 Evaluate [ : 5 directly as well as by 


~ A+x 


the substitution x =1/t. Examine as to why the answer 
don't valid? 


2 dx 


2 44x? 


Sol. Let I= [: 


: ~1 (1) - tan? (- 
= 5 an (1)-t ( »| 


1) 1 T T 
2| 4 4 4 
> = a 
4 
On the other hand; if x =1/t, then 
r=[" dx - ke dt _ ae dt 
-2 44x? ~W2 £2 (441/87) ~V2 4p gy 
1/2 
1 
=-| Fan 20) | 
2 -1/2 
-1 1 1 
=-—-tan ()— [Stan 1 | 
— 1 a -_-__ 
8 8 4 
T 1 
*. [=——, when x =- 
t 
In above two results, J = — 1/ 4 is wrong. Since, the 
integrand 5 > Oand therefore the definite integral of 


4+x 
this function cannot be negative. 


Since, x = 1/t is discontinuous at t = 0, then substitution is 
not valid. (“I=1/4) 


Remark 


It is important that the substitution must be continuous in the 
interval of integration. 


rae 
1/2 sin"! x 
Example 8 Evaluate ii X-————dx. 


V1—x? 


- 1 
v2 sin x 


Sol. Let I = i, oe dx 


1-x? 


Put sin’'x =9, then x = sin = dx = cos@d0 


1 
Also when x = 0, then 0 = 0 and when x = -, 
2 


then 90= sin(5) ane 
2 6 


Tt/6 Tt/6 
=|" 'sind- -cos0d0 ={" 0-sin0d0 
: 1-sin’@ : 
=(-0 -cos6)n"° + [°° cos 6 dd, 
using integeration by parts. 
=(-0 cos0)n’° +(sin®)n’° 
—V3n 1 


+- 
12 2 


T T T 
= ——cos—+0+sin—-0= 
6 6 6 


Example 9 For any n>1, evaluate the integral 
2 1 
——_———— dx. 
I (xt+V¥x?+1)" 
- 1 
Sol. Let I = dx 
I (x+V1+x7)" 
Put xt+vi+x? =t => Vitex =t-x 


i= 4 1 1 
=> x= or x = t 
at 2 


=>1+x? =(t—x)’ 


co J 1 1 lpeo, “au 
I= [14 r= [am eer at 
t=14" 2 t? 241 


it |e saa: a a 1 1 1 
= + =-|6 

2) 1-n (n+1)], 2 1-n n+l 
_1| -2n |_ on 

2|1-n? n?-1 


Example 10 The value of 


x? 42x -1 2 
——°~CO x* -2 


=4 2 pees) 
[ —__dx + [° xlog x-e 2 dx is equal to 
0 (x +1) 1 


(a) (vey! * (by Wey?" (0 (a) (ve)* ~? 


x? + 2x-1 . 
2 x? -2 


dx +f xlogx-e * dx 


Sol. Let I = ae 
0 (x +1) 
Put x +1=t in first integral 


f= 2 : 
xe = 2 


ee 2 e 
r=[ ; dt + xlogx-e ? dx 


€ 
i -2 


2-2 i ) 
=[ve 2 { $+ t-loge | a= logt-e ? 


1 


= (vey -2 
Hence, (d) is the correct answer. 
x dt 
Example 11 Let fix)=f and g be the 
a vi+t" 
inverse of f. Then, the value of g’(0) is 
(a) 1 (b) 17 (c) 17 (d) None of these 
Sol. Here, (x)= : = dy 
l¢x' ax 


f 
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Neri = 1+x* 
dy 


= 0, then x = 2 


When y = 0 ie. i a 
7 vite! 
Therefore, g’(0) = V1+16 = V17 


Hence, (c) is the correct answer. 


Example 12 Leta, =[" (1-sint)” sin 2t, 


n 


a 
then lim }'— is equal to 
n 


Noo 0 
(a) 1/2 (b) 1 
(c) 4/3 (d) 3/2 


T/ 2 
Sol. We have, a, = i, (1-sint)” sin 2t dt 


Let 1-sint = u = -cost dt = du 
=of' yn = tn = tT ontl 
a, = af u (1-ujdu =f u"du i u au | 


1 1 
=2 -— 
a = 


Therefore, Sn 9 f : 
n n(n+1) n(n+2) 


"ft oo "(1 1 
23 (; s+) IE -) 
[ ; ( 7 2 : 3 1 
=2(1)-|} 1 + + +...)=2-—= 
3 2 4 35 2? 2 


Hence, (a) is the correct answer. 


Example 13 The value of x > 1 satisfying the equation 
[tint dt = is 
1 4 


(a) Je 


2 E 4 
Sol. Let 1 =[ ninedt =| ne 
1 


(b) e (c)e? (d) e-1 


lp 1 ‘ ite | 
t t? dt =~—Inx 
2° 2 2| 2 ; 
_ x’ Inx Ei? j=2 
2 4 4 
x*?Inx 1 » 
: x°=0 => [2Inx-1]=0 (asx>1) 
2 
1 
=> hx=]+ => x=ve 
2 


Hence, (a) is the correct answer. 
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Z 
© X*+OX4+1, 4/1),. 
Example 14 If lim + ~ tan (3) dx is 
aoe G 1+ x x 


2 
T 
equal to a where ke N, then k equals to 


(a) 4 (b) 8 (c) 16 


2 

x" +ax+1 apf 1 

——; ‘tan '(L)a 
1+x x 


Put x = 1/t and adding, we get 
x= /2] 


(d) 32 


Sol. Let I = I, 


[using tan” '(1/x)+ cot! 


dx 


2 
r=2{ (x° +1)+ax 


4 +0 1+x' 


als (x? +) ox be ie a, 
4|*0 4x4 
-7 m a nv ma 
a2 8/2 16 
1| nm? wa n° nm) 7? 
i= 1 = Ii = 
asea|ay2" 1 6 | tin | | 16 
> k=16 


Hence, (c) is the correct answer. 


Example 15 If the value of definite integral 
l x-q "8a *1 dy where a>1and [x] denotes the 


e= 
greatest integer, is —— 


(a) ve (b) e 
Sol. Let I = f xq Hea *] gy 


" then the value of ‘d equals to 


(c) Ve+1 (d)e-1 


Putlog,x=t => ad=x 


I= Ina-f (a -a").q') dt = Ina-f (a) a )dt 


= Ina-[ (a -a')dt = Ina-[ a” dt 


-| =e < . La? 1) [as ft}= 4, if te(0.1)] 


2 Ina 
0 


1 =] 
(a’ =. => a=Ve 
2 2 


Aliter x € (1, a) 
> log, x € (0,1) = [log,x]=0 


te ede ota ji. =>az=vVe 
. 2 2 


Hence, (a) is the correct answer. 


Exercise for Session 1 


ie 


m/4 2 
[ cos* x dx 


wo 


/2 
i 1+ cos x dx 


5. | 

re -1 
(igs +cos x) 
0 9+16sin2x 


9. f° |~-Fax 10. 
aVb-x 


11. [; cos 2x.log (sin x )dx 12. 


1 


13. If f(x)is a function satisfying i 
x 


14. The value of |’ | T] iT a rer 
4 kat 


(a)n (b) n! 


o> Ss 


2 cosec 0 
— |+ x*f(x)=0 for all non-zero x, then f i” 
sin 


ce dx 
0 1+cosx 


w/6 

[sin2x “Cos x dx 
' log x dx 

[, eg 


dx,b>a 


b 1 
ic: —a)(b -x) 
fre tan x dx 


3 * 
m4 XCOS~ X —SINX 
I esinx 5 dx 
0 cos* x 


f(x )dx is equal to 


Jo equals to 


(c) (n+ 1)! (d)n-n! 


Cer . . : 0 .-2x x : 4 
15. The true set of values of ‘a’ for which the inequality [ (3° —2-3-" ) dx =Ois true, is 
x 


(a) [0, 1] (b) [-=, - 1] 


(c) [0, =] (d) Fee, - HU [1] 
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Properties of Definite Integral 


Properties of Definite Integrals 
Property I. {. f(x) dx =|’ f(t) dt 


i.e. The integration is independent of the change of 
variable. 


Proof Let 0(x) be a primitive of f(x), then 
7 nis ape 
a [O(x)]= f(x) = es [o(t)]= f(t) 
Therefore, i flx) dx =[(x)]® = 0(b) - O(a) i) 
p b 
and J, FO dt =[o@l: = 00) - o@) 
From Eggs. (i) and (ii), we have 


[ f(x) dx =f? f(t) at 


Property II. [. f(x) dx =- is f(x) dx 


ie. if the limits of definite integral are interchanged, then 


(ii) 


its value changes by minus sign only. 
Proof Let 0(x) be a primitive of f(x), then 


[. Flx) dx = 0(b) - oa) 


and 


— [ f(x) dx =—[0(a) - 6(b)] = 0(b) - 0a) 
b a 
[ f(x) dx =-[" F(x) dx 


Property III. i f(x) dx = its f(a— x) dx (King’s property) 


Proof On RHS put (a — x) =t,so that dx =— dt 


Also, when x =0, then t =a and when x =a, then t =0 


a fa-x)dx=- |" f(t) dt=f" f(t) de={" fla) dx 
“. I; fla-x)dx =|" f(x) dx 


Remark 


This property is useful to evaluate a definite integral without first 
finding the corresponding indefinite integrals which may be 
difficult or sometimes impossible to find. 


Geometrically [ fl) dx = [f (a—x) dx 


This property says that when integrating from 0 to a, we 
will get the same result whether we use the function f(x) 
or f(a — x). The justification for this property will become 
clear from the figures below : 


ya 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
x a-x! 
i 
a 


>Xx 
0) 


As x progresses from 0 to a, the variable a — x progresses 
from a to 0. Thus, whether we use x or a — x, the entire 
interval [0, a]is still covered. 


y 


The function f(a — x) can be obtained from the function 
f(x) by first flipping f(x) along the y-axis and then 
shifting it right by a units. Notice that in the interval [0, a], 
f(x) and f(a — x) describe precisely the same area. 


There are two ways to look at the justification of this 
property, as described in the figures on the left and right 
respectively. 


Example 16 Show that 
(i) ea filsin x)dx = f°” f (cos x) dx 


(ii) ce fitan x) dx = [°/” f (cot x) dx 
(iii) [2° Flsinax)sin x dx = [V2 fi(cos2x)-cos xd 
= (2 Fisin 2x)- cos x dx 


j m i d a ‘. i d 
(iv) iM aw ae Hema [IIT JEE 1982] 
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Sol. (i) We know, 


m2 m2 | | 
i f(sin x) dx={™ ie (=- :]| dx 


using lig f(x) dx = I; f(a-x) ax | 
=f - f(cos x) dx 
zf - “f(sin x) dx = f = f(cos x) dx 
(ii) f * f(tan x) dx = [ - [tan (+ 2 *)] dx 
[using In f(x) dx = J; f(a— x) dx 
=f * ” (cot x) dx 
-f i “F(tan x) dx = f in  F(cot x) dx 


(iii) We know, I = i f (sin 2x) sin x dx (i) 


T/2 [ 7 ™ ; Tl 
=f, s]sin2(Z-)]-sin [= - x) ax 
sing J; f(x) dx = i f(a-x) ax | 


= ing f (sin (m — 2x)) cos x dx 


Tt/ 2 
i= J, f (sin 2x) cos x dx ...(ii) 
Adding Eqs. (i) and (ii), we get 
2I= J, a f(sin 2x) (sin x + cos x) dx 


=ao |. * floin2x)sin (+ 2 *) dx 


[ie x= 2-6) 
4 


* F(cos 20) cos 8 dO 
“am 


7 ava [™" f (cos 20)cos® d@ (since it is even) 


f(cos 20) cos 8 dd 


I= 2)" f(cos 2) cos 6 d0 
(iv) Let = T= i x f(sin x) dx i) 
Replacing x by (1 — x), we get 
I= I, (x — x) f (sin (m — x)) dx 
=> I= i. (x — x) f (sin x) dx _..(ii) 
Adding Eqs. (i) and (ii), we get 
2 =) n f(sin x)dx I= ff f(sin x) dx 


2 i, x f(sin x) dx = a f(sin x) dx 


Example 17 If f and g are continuous functions 
satisfying f(x) a- and g (x)+ g (a— x) =2, then 
show that [, f(x) g (x) dx= I, f(x) dx. 

Sol. Let [= \, f(x) g(x) dx = J" f(a— x) g(a- x) dx 
=|" Flo) 2- g(x) ax 
using ie f(x) dx = i f(a- x) ax | 


 f(x)= f(a—x) and g(a-— x)+ g(x) =2 (given) 
Jo £0): aloo) de = 29" fx) dx — [° f(x) goo) dx 


or a f(x): g(x) dx =2 |" f(x) dx 
=> [oO f(x) g(x)dx =|" f(x) dx 


Example 18 Evaluate 


2 m/2 dx . n/2 
(ii) log (tan x) dx 
J 1+.,/tan x i} 8 
(ii) [""" log(1+tanx)dx (iv) ites Eee 
n/2 n/2 cos x 
Sol. (i) Let I= dx ..(i 
ol. (i) Le I, es Jane ire eae x ..(i) 


cos (1 /2— x) 


d 
cos (1/2 - x) + sin (1 /2- x) . 
a veins ._(ii) 
0 sin x +4/cos x 


Adding Eqs. (i) and (ii), we get 
{COS x 


1/2 
+ 
if sin x +4/cos x : 


/ 
Then, J= [" ‘ 


sin x 


n/2 
[= d 
: i, sin x +,/cos x = 


(ee x +./cos x = ("" a 
Pa 
sin x x +./cos x 
=[x]™=2-9 => a=2 5 = 
[x] 5 5 
(i) Let I= [" ” Jog (tan x) dx (i) 
Tr/2 Tl 
Then, I= I, log {tn (+ - =} dx 
> i= je log (cot x) dx ..-(ii) 


Adding Eqs. (i) and (ii), we get 
2I= I 7 og (tan x) dx + [ og (cot x) dx 
0 0 


T/2 
=f, ( log tan x + log cot x ) dx 
= ie log (tan x - cot x) dx = aa log (1) dx 


=> 21=0 > I=0 


n/ 4 
(iii) Let I = [, log (1 + tan x) dx ...(i) 


= (le log [1 + tan (1/4 — x)] dx 


=( 1+ 
=). og 


m/4 1+tanx+1-tanx 
= [, log dx 


1+ tan x 
T/ 4 2 
=["" log] —— |dx 
0 1+ tan x 


= ie log (2) dx — i log (1 + tan x) dx 


tan 17/4 -— tan x 
1+ tan (m/4)- tan x 


= I =(log 2)(x)%* -1 [using Eq. (i)] 


Tt Tt 
>2Il=—log2 => I=—log2 
4 & 8 6 


(iv) Let =f" SBS yy Ai) 
9 1+sin x cos x 
T Tt 
ate (3 «| cos s| 
Then, J = dx 
Tt 


m2 cos x —sin x 
=> r/ - dx 
0 1+ cos x-sin x 


..-(ii) 
Adding Eqs. (i) and (ii), we get 


sin x — cos x 


a1 = { 


2I1=0 => I=0 


m2 cos x—sin x 
dx + { dx 
0 


1+sin x cos x 1+sin x cos x 


Example 19 The value of li log (cot a+ tan x) dx, 


where ae (0, 2/2) is equal to 
(a) alog (sina) (b) — alog (sina) 
(c) —alog (cos a) (d) None of these 


Sol. Let I = I, log (cot a + tan x) dx 


=f og COS Sule Jas 


sind cosx 
= loa costa) Jas 
0 sin a cos x 
= [ log [cos (a — x)] dx - [, log (sin a) dx 
- [, log (cos x) dx 
7 [ log cos(x)dx — [,log(sin a)dx -[“log (cos x) dx 


[using [Ff dx = [fla — x) dx to first integral 


= — log (sin a) [, dx = — a log (sin a) 


Hence, (b) is the correct answer. 
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b b 
Property IV. [ f(x) dx =[ f(at+b—x) dx 


(King’s property) 
Proof Put x =a+b-t >dx =-dt 


Also, when x =a, then t = b, and when x =b 
a. fix) dx =f" fla+b-t)(-dt)=-[" f(at+b-t) dt 
b b 
=[" flat+b-t)dt=[° fla+b—x) dx 
of? fle)de=[" flatb—x) dx 


b 
Geometrically [, flax =[" f(a+b—x) dx 


YA 


As the variable x varies from a to b, the variable a + b — x 
varies from b to a. Thus, whether we use x ora+b—x, 
the entire interval [a, b]is covered in both the cases and 
the areas will be the same. 
ya 


a+b-x 


x 
> 


OG beesnseohee sao 


The graph of f(a + b — x) can be obtained from the graph 
of f(x) by first flipping the graph of f(x) along the y-axis 
and then shifting it (a + b) units towards the right; the 
areas described by f(x) and f(a+b — x) in the interval 
[a, b] are precisely the same. 


n/3 dx 
Example 20 Evaluate [ eg 
m/6 14 ./tan x 
n/3 dx n/ 3 cos x -dx 
Sol. Let I = = cei 
Cie oe 
then, I= ae y 608 (ot PA se) dx 
n/6 cos (1/2 - x) + sin (1 /2- x) 
(wa+b=7/2) 
ai . a dx sii) 


‘e— 
m6 sin x + ./cos x 
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Adding Eqs. (i) and (ii), we get 
ee mT oT Tl 
6 12 


Integrating both sides, we get 


In f(x) =-f(-x)+C 
In[ f(x) f(-x)] = C 


Example 21 Prove that FT ay 
J a ies 7 oe C=9 
a f(x)+ f(a+b—x) 2 = POC ets 
ae . f(x): flex) =9 
Sol. Let I= [ eee ers ae (i) Aliter fas (x)- f(-x)« f’(x) =0 
ice ea f(at+b-x) = gut ee 
« flat b—x)+ fla+b—(a+b—- y) Integrating both sides, we get f(x)- f(-x) = Constant 
= l= {’ f(a+b-x) ii Hence, (b) is the correct answer. 
a f(at+b—x)+ f(x) 
Addind Rae Gh aud Gi weaet Example 24 (eee a: ae °; has the value equal to 
b flat b—x)+ fix) 
2l= d. 
| flat b—x)+ f(x) (a) 7 (b) 34 
_ (<) 102 (4) 0 
> ar=[” 1dx =(b-a) => I= ; Sol. Let [= f. =[" dx 
oe 5134 f(x) 
Example 22 Solve usin: ° x)dx = ‘ a+b-x)dx 
7 —sint t [f(z) dz | g [ F( ) [Fe F ) 
cos! t yf(cos2t-z)+/f(z) = ie 6+ f(x)+ f(-x) 
i [3+ f(x)] [3+ f(-x)] 
Sol. We have, =f | Th — . To --(i) 51 6+ f(x) + f(-x) 
coeae cos2t—z)+ Zz 
“Ja 9 +31 f(x) + f(—x)]+ fx): f- ial 
- Be, f(cos 2t — z) dz (ii) 7 e 64+ f(x)+ fx) 
NEE) et 118 +3 [f(a) + f= 
b b 
sing f(x) dx = | fla+b- x) dx] aif"! de net 
37-51 3 
Adding Eqs. (i) and (ii), we get ’ 
~ sin‘ t ~ sin‘ t I=—=17 
al . i’ t dz —e at - (z) st t 3 


1 1 
I=-—-(sin‘ t + cos* t)=—=(1—2sin’ t cos’ t) 
2 2 


1 toed 1 1.2 
=-—-|1-—-—-sin“ 2t |=—--—+-—sin° 2t 
2 2 2 4 


Directions (Ex 23-25) Let the function f satisfies 
f(x)-f’(—x) = f(—x)-f’(x) for all x and f(0) = 3. 


Example 23 The value of f(x)- f(-x) for all x is 


(a) 4 (b) 9 
(c) 12 (d) 16 
Sol. Given, f(x)-f’(-x) = f(-x): f’(x) 
am f(x) _ f'Cx) 
fa) fx) 


Hence, (a) is the correct answer. 


Example 25 Number of roots of f(x)=0 in [-2,2] is 
(a) 0 (b) 1 
(c) 2 (d) 4 
Sol. Let x = be the root of f(x) =0. 
fla) =0 
f(x): f(-x) =9 
Put x =, then 0=9 (impossible) 


Therefore, f(x) has no root but f(0) = 3. 
“. f(x) >0,V xe Ras f is continuous possible function 


f(x) =3e™. 


Hence, (a) is the correct answer. 


Exercise for Session 2 


14 
1. The value of f." log (1+ tan 6) d8is equal to 
™ Tl ™ 
a) — log 2 b) — — log 2 c) — log2 
es 9g (b) ris oF 9 


cos? x 


2. For any integer n, the value of I e -cos? (2n + 1) x - dx is equal to 


NI 


(a) 0 (b) 1 (c) -1 
3 
3. The value of | = is equal to 
2 6-x +x 
(a) 1/2 (b) 1/3 (c) 1/4 
2 
4. The value of | as — is equal to 
0 (17+ 8x —4x7)(e%('-*) + 4) 
1 2-21 1 2+ 
a) - —__ lo b) - —— lo 
SH 0 2 0)" 3a o| a 
1 2-21 2+ /21 
c)- lo —lo d) None of these 
er sam \3| $8 of ot a 
5. Iff is an odd function, then the value of [ eg) a dx is equal to 
-a f(cos x)+f(sin* x) 
(a) 0 (b) f (cos x) + f(sin x) (c) 1 
10 7 
. X]stands for the greatest integar function, then is 
6. If[x]stands for the greatest integar function, th oe 
4 [x* -28x + 196]+[x*] 
(a)1 (b) 2 (c) 3 
7. The value of ("_™ _o<a<n)is 
01+cosa-sin a 
z ee je 
sin a sin a sin a 


8. Iff, g,h be continuous functions on [0, a] such that f(a — x) =f(x), g(a -— x) = -g(x) and 3h(x) =5+4h(a—-x), 


then the value of [[f00: g(x)-h(x)dx is 
(a) 0 (b) 1 (c)a 


9. If QF(x)+f(-x) = 1 Sin E *) then the value of { f(x )dx is 
x x ‘le 
(a) 0 (b)e (c) V/e 
10. Prove that [xt(sinx jax = 5 Joflsinx dx. 


x?sin 2x -sin [ Zoos x] dx 


11. Evaluate i Ox-n) 
caaly | 


1 1 1 
12. Number of positive continuous function f(x ) defined on [0, 1] for which ic dx =1, I, xf(x )dx =2 and] x F(x )dx =4. 


1 e* 1 x? I r 
13. Let, =| ——dx and /, =| 3 dx. Then — is equal to 
01+x 04x (2-x°) Ip 
3 3 
(a) = (b) = (c) 3e 
e e 


e* f(x) ( 
14. \ff(x)= ae = I “ay X GE(I~ x} aX and Ip = ly 


(a) 1 (b) -3 (c) -1 


(d) 


(d) 


(d) 


(d) 


(d) 


“GCI X)} dx, then the value of 2 is 
=a 
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None of these 


None of these 


None of these 


None of these 


mS 


3e 


1 


(d) 2 


Session 3 


Applications of Piecewise Function Property 


Applications of Piecewise 
Function Property 


Property V (a). [ f(x) dx =[" f(x) dx +f? f(x) dx, 
wherec© R 
Proof Let (x) be primitive of f(x), then 


Fle) de = 6() - 0(@) Ai) 


and M f(x)dx +f" f(x)dx =[(c) — 0(a)]+[(b) - O(c)] 


= (b) — (a) ..-(ii) 
From Eggs. (i) and (ii), we get 
[’ f(x) dx = [° fx) dx +f’ F(x) dx 


Generalisation Property V(a) can be generalised into the 
following form 


b cy C2 b 
I. fix)dx =f F(x)dx + [ fQdetut| f(x)dx 
where, @<C, <6, <6, <€, <b 
Property V (b). 
[° fey de =f" flea + f°" flax) dx 
0 0 0 
Proof As we know, 


ies F(x) de =f" F(x) dx+f" fle) dx 


Put x =a—t = dx =—dt in the second integral also, 
when x =a/2, then t =a/2 and when x =a, then t = 0. 


f° Fle) de =f" fle) de +f" fla-1)(- dt) 
= [°° fl) de + f°" fla-2) dt 


ii F(x) de = f°" P(x) de + f°" f(a—x) dx 
Property V (c). 
0, if f(a+x)=—- f(b-x) 


a+b 


b 
x)dx = G8 
J, I) Fr 2 f(x) dx, if fla+x) = f(b-x) 


Proof Let us consider the function f(x) on[a, b] when 
f(a+x)= f(b—- x), then f is even symmetric about the 


F 5% at : 
mid-point x = on the interval [a, b] when 


f(at+x)=-— f(b—x), then f is odd symmetric about the 


at+b 


mid-point x = of the interval [a, b]. 


0, if f is an odd function 
2 f(x)dx, if f is an even function 


, ; 0, if f(at+x)=— f(b-x) 
x)dx = a 
= JF af? f(x) dx, if f(at+ x) = f(b-x) 


.. Using C f(x) dx -| 


x? forO<x<1 
Example 26 Given function, f(x) = 


: [ Vx, forl<x<2 
Evaluate I, f(x) dx. 


Sol. Here, I, f(x) dx =|) F(x)dx+ f° f(x) dx 


ba f(x) dx = I x? dx + I; vx dx 


Il 
1 
w |, 
L_—_____f 
S a 
= + 
wes 
se. we 
bo bw 
ss 
iS] 


_ x? [ 2 ie 
: ake ila 
|; 0 |+ 22 1] 


_1,4v2_2_ 42 1 Lab i 


3 3 3 3 3 


2 
Example 27 Evaluate the integral | = , |1— x| dx. 


b-a, if a<b 
a-—b, if a>b 


=_ <x< 
jl-x]= (l1-x),0<x<1 
(x-1),1<x<2 


Sol. By definition, |a—b|= 


Then, 


2 lt Ji-x|dx=f" (1-x)dx+f° (x - 1) dx 


Example 28 Evaluate 


(i) [ |cos x|dx (ii) { | x? +2x -3| dx 


‘ Tt Tt/ 2 Tv 
Sol. (i) J | cos x|dx =f Jcos x|dx +" | cos x| dx 
=f" ( d -f" ( \d 
= cos x) dx in (008 x) dx 
= [sin x] = [sini] Fs 
=(1-0)-(0-1)=2 
si 2 2 
(ii) I; |x° +2x -—3|dx 
1 2 2 2 . 
=f, | x +2x—3|dx +f |x° +2x-3|dx ...(i) 
We have, x? + 2x —3=(x +3)(x —-1) 


x’ +2x-3>0 for x<-3 or x>1 


andx* +2x-3<0 for -3<x<1 


So, | x? +2x -3| 


_ (x? +2x —3), for x<-30rx>1 
—(x? +2x —3), for -3<x<1 


. Eq. (i) becomes 


of) 2s 7 20 4 7 
=f, (x° + 2x 3) dx + [ (x° + 2x — 3) dx 
3 , 3 2 
x 2 x 2 
S| Se Bi be = SH 
3 3 
0 1 
=4 


Example 29 Evaluate iy (x —[x]) dx , where [.] 
denotes the greatest integral part of x. 


Sol. Let I= [, (x —[x]) dx = [, x-dx — [, [x] dx 
7 [=] 2 (" [x] dx + ig [x] ax 
=5a-0-([ 


=0+(x)',-0=1 


1 
dx +f 0 dx) 
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Example 30 Evaluate ik {x} dx, where {x} denotes 
the fractional part of x. 
Sol. [. {x} dx = [. (x -[x]) dx = [. x dx — is [x] dx 


(=) -(f, [x]dx + f° [x] dx] 
=F(4-9)-(f odx +f 1 dx 
=2-(x)?=2-(1)=1 


Remark 


In above example, for greatest integer less than or equal to x, it is 
compulsory to break it at integral limits. 


Example 31 Evaluate f, {./x}dx, where {x} denotes 


the fractional part of x. 


Sol. {° (/x}dx =” [Ve - Wx] dx 
=f” (x!) dx - vx] ae 
27 3/2) 9 ° 
= (0)9 - | [Wx] dx 


2 9 
= keri f, [Vx ] dx 


As ii [vx] dx =>0<x<9 and 0<Vx <3 


Thus, it should be divided into three parts 


o<vVx <11isVx <22<Vx <3 
ie 1=2(9)-[" [Wx] dx 


is-| [vx]dx +[° [vx]dx +.” (Wx ]a | 


is-( J Ode + fo 1dx +f” 2 dx 


-18-(0 + (a) + 2x2} =18-@ + 10)=5 


Example 32 If for a real number y,[y] is the 
greatest integer less than or equal to y, then find the 
value of the integral bi [2 sin x] dx. 


Sol. We know, 


=> —-2<2sinx <2 


-1<sinx<1las x€[m/2,3n/2] 


“. 2sin x must be divided (or broken) at x = 52/6, 1,77 /6. 
As 2sin x = + 1,0, — 1 at these points. 


= eee [2 si ]d =["° [2 si ]d +f" [2 si ]d 
a apg sin x | ax = ae sin x | ax Foe sin x | ax 


77/6 . 37/2 . 
+f [2 sin x] dx+ [or [2 sin x] dx 
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51/6 Tt 77/6 3m/2 
=| tdx + | Odx + | (- 1) dx +f (— 2) dx 


/2 
-(= \+0 (= "| 2% 72) Tt 
6 2 6 2 6 2 
Example 33 The value of {i [tan”' x] dx is equal 


to (where [.] denotes the greatest integer function) 
(a) tan 1-100 (b) w/2-tan1 
(c) 100 —tan1 (d) None of these 


Sol. Let I = i [tan ' x] dx 


where [tan ' x] is shown as 


100 44 ; 
a [ [tan ~ x] dx is shown as 


AY 


= 1x (100 — tan 1) 


Hence, (c) is the correct answer. 


Example 34 The value of 
[ min {x —Lx],— x —[- x]} dx is equal to (where [.] 


denotes the greatest integer function) 
(a) 1/2 (b) 1 
(c) 3/2 (d) 2 
Sol. Let f(x) = min (x — [x], -— x — [- x]) = min ({x}, {-x}) 
Graphically, {x} and {—x} could be plotted as; 


[5 fddx=af? flx)de = 4x2 x1x2=1 
Hence, (b) is the correct answer. 
Example 35 The value of J (x07 +[x?]* ) dx is 
equal to where [.] denotes the greatest integer function 


(a) 24. V3 + (28 —2%7)4_1 9-3) 
4 log 3 


(b) 544348241 (v3 _9v2)4_1 9358) 
4 3 log2 log3 
(544241 3 9%) 1 9-3) 
4 3  log2 log3 


(d) None of the above 


Sol. Let =f" (x) 4 [x2 F*) dx 
= v2 V3 2 + 2 3 x 
=| (x +1) dx +f (x? +2 )dx + J (x? +3*) dx 
=|—-+x] + + + + 
2 ; 3 log2 Fre 4 log 3 | 5 


1 (a3 — pv?) 4.1 
og 2 log 3 


(3? 3v3 ) 


=? 4.53824 
4 3 ] 


Hence, (b) is the correct answer. 


Example 36 The value of i" [| sin x|+|cos x|] dx is 


equal to 
)= (b) C = (d) 2n 


Sol. Let f(x) =[|sin x|+| cos x|] 
As,  |sin x| > sin” x and|cos x |= cos” x 
ae |sin x|+]cos x|21 
and |sin x|+|cos x| <1? +1? 
> 1<|sin x|+|cos x|< V2 
Thus, [|sin x|+]|cos x|]=1 
an Qn 
[, [|sin x| +] cos x|]dx =f 1dx =2n 


Hence, (d) is the correct answer. 


Example 37 The value of the definite integral 
/ 
[ ; sin |2x-o | dx, where a € [0, 71], is 


(b) cose (0) 1+ cosa (d) 1- cosa 


(a) 2 2 


= dt 
Sol. Let I = es ” sin|eldt, where 2x-Q@=t => dx= a 
-o 


= ; [i -sintat +i “sint dt 
Berd -[Beost | 
[2 1, 2 \, 


1 1 
= -|1-cosa cosa -1 
i ] a ] 


1 1 
= —(1-cosa)+—(1+ cosa) =1 
2 2 


1 1 
= —(1-cosa)+—(1+ cosa) =1 
2 2 
Hence, (a) is the correct answer. 


Example 38 Let f be a continuous functions 


satisfying 
“Inx) = 1 tor O<x<1 
1 e~-1 for x>1 
and f(0)=0,then f(x) can be defined as 
1, if x<o a} 7 gi 220 
a) fod=| if x>0  fed={oa if x>0 
x, if x<0 2 Sg Al See0 
(0) foo=| if x>0 0) fod= |e if x>0 


1, for 0<x<1 
x, for x>1 


Sol. f’(Inx) = 


Put Inx=t > x=e' 


Forx>1; f’(t)=e' for t>0 
Integrating f(t)=e'+C; f(0)=e°+C => C=-1 


[given, f(0) = 0] 
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f(t)=e'-1, fort >0 (corresponding to x > 1) 


Therefore, f(x)=e* -1,for x >0 ..(i) 
Again, for0< x <1, 
f’(nx)=1 (x =e’) 
f'()=1, for t <0 


f(t)=t+C 
f(0)=0+C => C=0 = f(t)=t, for t<0 
=> f(x) =x, for x <0 


Hence, (d) is the correct answer. 


Example 39 The integral 
Sr /4 . : 
ie (|cost |sint+ |sint | cost) dt has the value 


equal to 
(a) 0 
(c) 1/2 
Sol. Let . . . 
i ee 2sint cost dt + [ ; [(-sint cost) +(sint cost)]dt 


(b) 1/2 
(d)1 


Zero 


51/4 
+ [ (-2 sin t cos t) dt 
TT 


sin 2t dt 


57/4 
T 


T/2 | 
= i sin 2t dt - 
m/4 
These two integrals cancels 


=> Zero. 


Hence, (a) is the correct answer. 


Example 40 The value of Lf (x) dx, where 


0, when x =—_, n=1,2,3.._. 

f(x)= n+1 3 is equal to 
1, elsewhere 

(a) 1 (b) 2 

(c)3 (d) None of these 


1/2 
0 


Sol. Here, I f (x) dx = 1dx + li ldx + les. ldx+... 


+ fears as +f dx 


n 


n n-l 
a = +...4+1 
n+1 n 


1 2 1 3 =| 
= + + + 
;] ( 4 G 3 

n 
= +..4+1, asn oo 
n+1 


We take, limit n > 0 
2 
We have, if f(x)dx =14+1=2 


Hence, (b) is the correct answer. 
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Exercise for Session 3 


1. The value of iB {| x —2| + [x]} dx, where [.] denotes the greatest integer function, is equal to 
(a) 5 (b) 6 (c) 7 (d) None of these 
2. The value of |” (|x |+ | x —1]|) dx is equal to 
(a) 9 (b) 6 (c) 3 (d) None of these 
3. Letf(x)= x —[x], for every real number x (where, [x ]is integral part of x). Then, the value of {' f(x) dx is equal 


to 
(a) 0 (b) 1 (c) 2 (d) None of these 


2 
4. The value of I, [x + [x + [x]]] dx (where, [.] denotes the greatest integer function) is equal to 


(a) 2 (b) 3 (c) -3 (d) None of these 
x 
5. The value of ih = dx is equal to (where, [.] denotes the greatest integer function) 
a bd (b) x] (c) ix] (d) None of these 
log 2 2 log 2 4 log 2 


4 
6. The value of i {x} dx (where, {.} denotes fractional part of x) is equal to 


(a) 3 (b) 3 (c) 4 (d) None of these 


7. The value of f° {x} ax (where, [.] and {.} denote the greatest integer and fractional part of x) is equal to 


11 13 
OF (b) 5 
7 19 
5 (0) 5 


8. The value of I, [t + q° dt (where, [.] denotes the greatest integer function of x) is equal to 


2 3 
()( [x] el 1) } + (x1 + 1° 03 ()( nee + (x]+ 1° {x} 
(c) (meds ay + (x]+ 9? £4 (d) None of these 


10 
9. The value of I, “ttan™' x Jdx (where, [-] denotes the greatest integer function of x ) is equal to 


(a) tan (b) 107 
(c) 10m — tan1 (d) None of these 


1 
10. \f f(x) =min{|x —1|,|x|,|x + 1], then the value of | f(x)ax is equal to 


11. The value of J, ae" Jax (where, [:] denotes the greatest integer function of x) is equal to 


(a) 1 (b) log, 2 
(c) 0 (a) 4 
e 


12. 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 
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10 
The value of “(sect x]+ [cot x])dx (where, [-] denotes the greatest integer function) is equal to 


(a) (sec 1)- 102 (b) 102 — sec 1 
(c) t—-sec 1 (d) None of these 


/2 
The value of [ s [cot x dx (where, [:] denotes greatest integer function) is equal to 
Tl 


(a) 7 + cot1 (b) m+ cot2 
(c) t+ cot1+ cot2 (d) cot1+ cot2 


The value of fr ttan(x —[x])+ tan” ?(x —[x]))dx (where, [:] denotes greatest integer function) is equal to 


(a) — op — (c) 


n n-1 n(n- 1) n(n+ 1) 
2 
The value of I; [x? —x + Tldx (where, [-] denotes the greatest integer function) is equal to 


5+ 5 b) 14/5 (c) 1-J5 (a) 5-35 
2 2 2 2 


(a) 
Evaluate [ibe lax, (where, [-] denotes the greatest integer function). 


Prove that J betx = xbx]- 5x1 + 1), where [.] denotes the greatest integer function. 


99 


[x Jax 
If f(n) = {ex (where, [-] and {} denotes greatest integer and fractional part of x andn EN). Then, the value 


(. {x}dx 
of f(4)is ... 


lf f(n) = [jIcostiat, where x € (2m, 2nn + =} n EN and[-] denotes the greatest integer function. Then, the value 


If [[baax = [ lax, xX ginteger (where, [-] and {} denotes the greatest integer and fractional parts respectively, 


then the value of 4{x} is equal to ... 


Session 4 


Applications of Even-Odd Property and 
Half the Integral Limit Property 


Applications of Even-Odd 

Property and Half the Integral 

Limit Property 

Property VI. 

2 [, f(x) dx, if f(x) is an even function 
0, if f(x) is an odd function 


[i fl) ax = 
Proof We know, 
[ f(x) dx = f° f(x) dx +f fQydetaccet 
[5 fe) dx =|" fx) de +f" fe) dx Ai) 


Now, [C f(x) dx =f. f(—t)(-dt), where t=- x 


=-f’ f(-t)dt=[" f-tyat 


= I f(—x) dx (using properties I and II) 


I; f(x) dx, if f(x) is even - 
= (ii) 


=i f(x) dx, if f(x) is odd 
From Eqs. (i) and (ii), we get 
f° ore 2 f° f(x) dx, f(x) is even 
- 0, if f(x) is odd 
Example 41 Evaluate [i (x> + 5x+sinx)dx. 


Sol. Let, f(x)=x° +5x 4+ sinx 


jwise 
So, f(x) is an odd function). 


5x —sinx = 


f(x) 
1 3 : 
Hence, [, (x° +5x +sinx)dx =0 


Eos f f(x) dx = Peek is area 
- 0, f(x) is odd 


Example 42 Evaluate on x* sin” x dx. 
—T 


Sol. Let = f(x) = x’ sin’ x, then 
f(— x) =(— x) sin* (- x) = — x* [sin (— x)]" 
=- x? (-sin x)* =—- x? sin* x =— f(x) 
So, f(x) is an odd function. 
m1/4 
Hence, f 4 f(x) dx =0 
: Tt/4 4 2.4 
Le. J x” sin” x dx =0 
— 7/4 


Example 43 Evaluate im sin? x dx. 


Sol. Let f(x) =sin’ x, then 
f(— x) =sin? (— x) = [sin (— x)’ =(—sin x)’ 
= sin’ x = f(x) 
So, f(x) is an even function, hence 


1/2 a) _ We). 9 
ee (sin x) dx =2), (sin“ x) dx 


m/2 1— cos 2x 
af dx 


sin 2x y T 
= ee = 
2 7 2 


. ae 2 Tl 
ae sin” x dx = — 
— 1/2 2 


2—xX 
Example 44 The val " top| -—* | avi It 
p e value of | oe 5 | x is equal to 
1 


(a) 5 (b) 1 (c) -1 (d) 0 
Sol.Let f(x) = oe ad 
2+x 
2+x 2-Xx 
Now, f(- x) lg 5 | tog 5 | 


i.e. f(x) is an odd function. 


So, [ f(x) dx = [, log [= 


|: (es f(x) dx -| 


Hence, (d) is the correct answer. 


= | a 0 
x 


. if f(x) is odd 
af f(x)dx, if f(x) is even 


Example 45 The value of 


x sin @x)-sin{ F 00s x 
T 2 


I dx is equal to 
0 (2x — 11) 

8 T 8 1 

©. a ae d) 
a (b) ; 5 (d) ‘ 

x sin (2x) -sin Hee 
T 2 

Sol. Let I= j, dx ...(i) 


(2x — 1) 


(n-- x)-sin 2(n— x) sn [ cos (x -x)] 


ea dx 
0 2(n-x)-T 


. ; ™ 
(m — x)-sin (2x)-sin ( a cos x] 


I= [, on dx __...(ii) 


Adding Eqs. (i) and (ii), we get 


T 
(2x — 1) sin 2x -sin ( 5 cos *] 


ar =|" dx 
0 (2x — 1) 


1 ; . Tl 
By 1=—[" 2sin x cos x-sin — cos Xx dx 
270 2 


(put cos x = t, then — sin x dx = dt) 


(using by parts) 


i) 


Hence, (c) is the correct answer. 
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|cosx e%? 2xcos? x/2| 
Example 46 If flx)=| 2 secx  sinx+x° 
um 1 2 x + tan x 
then value of [ee Oe (x*+ IL f(x)+ f”(x)] dx is equal 
to 
(a) 1 (b) -1 (c) 2 (d) None of these 
| cos x ae 2x cos” x /2| 
Sol. As, f(x) -| x*  secx sinx+x? 
| 1 2 x + tan x | 
= f(-— x)=— f(x) 


=> f(x)isodd. = f’(x) is even. 
= f"(x)/is odd. 
Thus, f(x) + f(x)is odd function, let 
(x) = (x° +1)-{f(x) + f’(x)} 
= o(— x) = — o(x) 
i.e. (x) is odd. 
[“" oe) ax =0 


Hence, (d) is the correct answer. 
oe 47 bg value of 


ie 7 (2x .{1— x*) dx is equal to 


ae (b) 4(/2-1 4(/2+1) (d) None of these 
Sol. Let I = i <2 -sin7! (2x {1 — x?) dx 
1-x? 


=2[- rear a a 


| wsing ‘- f(x) dx = ai f(x) dx, if f(- x) = £(x)| 


Put x =sin®0 => dx = cos 0 dd 


m/2 sin 0 | . 
IT=2 ‘sin (2 sin 8 cos 8)- cos 8 dO 
I 1—sin? 0 


=2/™" sin @ -20 dO +2af 
0 Tt/4 


sing sin’ | (sin 20) = \n 


(a — 20) sin 8 dO 


20, 0<0<7/4 
—20,17/4<0<7/2 


=4[™ ‘9-sind do +2n f™ sing af @-sin®@ do 


T/2 


= 4{0(—cos @)}7/4— 4 (he 1-(— cos 0)d0 + 27 (—cos®)7/4 
-—4 {0 . cos 0)}n +4 L HO ee cos 0) dO 


=~ e+ ave + Von 5 7 eee 
= 4 (V2 -1) 


Hence, (b) is the correct answer. 
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Example 48 Suppose the function 


g,(x)=x°"*!+a,x+b,(néN) satisfies the equation 
ie (px+ q)g,(x)dx =0 for all linear functions (px+q), 


then 


3 
(a)a, =b, =0 (b) b, ete are 
3 3 3 
=0;b, =- d)a, = ‘b, =- 
(4, nS D3 (2) dy 43°" 2ne3 


Sol. We have, i. (px+q)(x*"*!+a,x+b, dx =0 


Equating the odd component to be zero and integrating, 


we get 
oY gl eo or all 
2n+3 3 a = 
Therefore, b, =0 and a, =- i 
2n+3 


Hence, (b) is the correct answer. 


Property VII (a). 


°° fle) de =]2 f° 0) dx, if fOa-x) = fle) 
0 0, if f(2a-x)=— f(x) 


Proof We know, 


i F(x) de = [" P(x) de + [ f(x)dx —...() 


Consider the integral [- f(x) dx; putting x =2a-t, so 
that dx =— dt 


Also, when x = a,then t = a and when x = 2a, thent =0. 


2" Foddx=[" fea-1(-di)=-f" feat at 
2 [" f(2a-t) dt = ce f(2a— x) dx 


| fle) dx, if fl@a- x) = f(x) ti) 
= f(x) dx, if f(2a—x)=- f(x) 


From Eqs. (i) and (ii), we have 
ii {idee af" f(x) dx, if f(2a- x)= f(x) 
? 0 ,if f(2a—x)=—- f(x) 


Example 49 Evaluate [, —~__ a. 


i#c0s” x 


Sol. Let 


x dx 


14+ cos? x 


(m-—x)dx fa 
1+ cos” (1m — x) J, 
au er ' 
dx _ n/2 dx 
1+ cos’ x a, 1+cos’ x 
0, fee) 
2). fx) dx, f@a-x)= f(x) | 


2 
m/2 sec’ x 
Tt f, dx 


sec? x +1 


Tt dx {" 


1+ cos? x 


= [" 


=> =n |" 


Con f(x) dx = | 


> = 


(dividing numerator and denominator by cos” x) 
2 
m2 sec” x 
0 2+ tan“ x 
Put tan x=t > sec’ x dx =dt 


Also, when x = 0,then t = 0 and when x = 7/2,then t = co 


2 dt 1 4t)\" 
Hence, I= — tan ~—= 
I ot" al a 
T (z o)- m0 
V2 \2 2/2 


Example 50 Prove that 
ia log (sin x) dx = (ia log (cos x) dx =— © log 2 
em: =|, log =— Flog2 
Sol. Let le [ log (sin x) dx ..-(i) 
1/2 
Then, l= j, log sin (1/2 — x) dx 
7/2 
= [, log (cos x) dx ...(ii) 
Adding eqs. (i) and (ii), we get 
T/ 2 ‘ T/2 
2I = i log sin x dx + J log cos x dx 


T/2 
= i (log sin x + log cos x) dx 


= [771 (si \d =f" 1 
= hi og (sin x cos x) ax = ; og 5 


m/2 sin 2x 
= i log (=) dx 


Tt/ 2 . 11/2 
= [, log (sin 2x) dx — i (log 2) dx 


2sin x cos x 
—————_ |dx 


= a log sin 2x dx — (log 2) (nr? 
> 2I= (ig log (sin 2x) dx — ° log 2 ...(iii) 


Let I[,= i" log (sin 2x) dx 


™ _ ,dt _1 2 
= [ log sin t = = - [, log sint dt (putting 2x = ft) 


1 1/2 . 
=o, log (sin t) dt 


pa i 0, f(2a— x)= — f(x) 
| using | f(x) dx = 2f- f(x) dx, f(2a- x)= f(x), 


T/2 
7 I, log (sin x) dx 
wid Tl 
.. Eq. (iii) becomes 2] = I — S log 2 
T/ 2 . Tl 
Hence, [, log sin x dx =— > log 2. 


Remark 
Students are advised to learn 


m/2 . m/2 Tl 
lp log (sinx) dx =, log (cos x) dx mode 


Example 51 If fod=-[ log (cos t) dt, then the 
™ =X ™ xX 

| f —2f)—+—]|+2f|—-=] 1 It 

value of f(x) f(Z+%) s(F *) is equal to 


(a) — xlog 2 (b) 5082 


(c) = log 2 (d) None of these 


Tl x T/4 4+ x/2 
Sol. Here, —+— |=- log (cos t) dt 
sl ree J g (cos t) 


T/4 + x/2 


= LE log (cos t) dt — log (cos t) dt ...(i) 


Tr/ 4 
m x 
Ca 
=-f™ log (cos t) dt ~ | 
of ( 242) af ( 5 = | 


T/4—x/2 T/4+ x/2 
=2 is log (cos t) dt — 2 be log (cos t) dt 


T/4 — x/2 
\, log (cos t) dt 


T/4—x/2 
vd log (cos t) dt ...(ii) 


Tt : . T : 
Put t = — — z in first integral and t = — + z in second 
4 4 


integral, we get 


x/2 1 x/2 T 
=-2 ip log cos (= - :| dz — ai log cos c + *) dz 
==2 i log * (cos" z—sin? z) dz 

x/2 x/2 
=2 [ (log 2) dx — 2 [ log (cos 2z) dz 


=x log2-2 i log (cos 2z) dz 
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. 2f(2+2 | af ( = |= x (og) 
-2 ,° log (cos 2z) dz 


= af( 2+) a( =) = x (og.2)+ f(x 


or f(x)-2p( B42 Jaap ( B= \=— x loge 


Hence, (a) is the correct answer. 
2 
T x 
Example 52 if | ———| dx=A then the value 
9 \1+sinx 


2x?-cos* x /2 
for Ie a as is equal to 


0 1+ sin x)? 


(a) A+ 20-107 (b) A—2n +17 
(c) 2n-A-1? (d) None of these 
nm 2x cos” x /2 
Sol. Let B=] ETE dx 
2 2 _ 
B-A=(" x° (2cos® x/2 1) x 
o (1+sin x)’ 
=(" x? cos x 
° (1+sin x) 
Using by parts, 
x? ™ x 
B-A= +2[" —-~— dx 
1+sin x |. ® (1+sin x) 
B-Az=-1' +2K ...(i) 
oe k=" x dx ={" (m — x) dx 
; 9 1+sinx °° 1+sin x 
Kea)” OF nas 


9 1+sin x 


[pa jo 0, f(2a— x)= — f(x) 
(asin (i f(x) dx = a f(x) dx, f(2a- x)= f(x), 
35 ese i dx mifjre (i dx 


1+sin x 1+ cos x 


T/ 2 
m/2 1 
=am| = sec? ~ dx =2n tan ~ = 27 
. 2° 43 rae 
K=T 
Thus, B-Az=-1°+2K 
=> B=A-n’ +20 


Hence, (a) is the correct answer. 
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Example 53 The value of 
C (cos ' x=sin™' 1- x*) dx (a> 0) (where, 
iis cos | x dx = A) is 


(a) ta—A (b) ta+2A 
(c) ma—2A (d) ta+A 


Sol. Let I= [ (cos”' x —sin™* .J1— x”) dx 
=i (cos ' x —sin™' {1 — x”) dx 

4 -1 ani =e 
+f, (cos “x —sin © 1—x°) dx 


0 
=] cos! xdx+A-2)" sin! J1— x? dx 
—a 


(as a> 0) 


=-[" (w-—cos 'x)dx+A-2A 
=na-[" cos |xdx-A 
0 
=Tta-A-—A=Ta-2A 
Hence, (c) is the correct answer. 
Property VII (b) 
b 
[Pfs dx =(b-a){ fl(b —) x +a] dx 


Sometimes, it is convenient to change the limits of 
integration into some other limits. For example, suppose 
we have to add two definite integrals I, and [,; the limits 
of integration of these integrals are different. if we could 
somehow change the limits of J, into those of I, or 
vice-versa, or infact change the limits of both J, and I, 
into a third (common) set of limits, the addition could be 
accomplished easily. 


y 
Suppose that I =| f(x) dx. We need to change the limits 


(a to b) to (a’ to b’). As x varies from a to b, we need a new 
variable t (in terms of x) which varies from a’ to b’. 


At 


> xX 


Of-e eee eee eee 


1 
1 
1 
1 

a 


As x varies from a to b, t varies from a to b, t varies from a’ 
to b’. 

t=¢ bea 

b-a 


Thus, 


x—-a 


As described in the figure above, the new variable t is 


given by, 
teats 222) (x —a). 
b-a 
Thus, dt = —_ a dx 
b-a 
b 
=> T={ f(x) dx 


GG) 


The modified integral has the limits (a’ to b’). A particular 
case of this property is modifying the arbitrary integration 
limits (a to b) to (0 to 1) i.e. a’ =0 and b’ = 1. For this case, 


I= f(x) dx =(b-a) { fla+(b-a)t) dt 
Example 54 Evaluate 


2 
{. el +5)" dy 4 sh e — dx. 


Sol. Here, we know few dx cannot be evaluated by indefinite 


integral. 


-5 2 1 A 
Let I, = f ‘ ef +5) dx =(-5+4)[ el 54 4)x— 445] de 


I=- [. el) dy ..-(i) 


2/3 ee 
Again, let 1,=[, o9 (2/3) a 


1 fl (x —1)° 1 
== e dx =—(-I 
=f, “(- 1) 


i 
where, I= 1, +31, =1,+3{ -2|=h-1,=0 


-5 2 2/3 pane 
i) eX +9) dx +3 [ e) 2/3)" dy =O 
4 /3 


Property VII (c) If f(t) is an odd function, then 
W(x) = [ ‘“ f(t) dt is an even function. 


Proof We have, o(-x)=[° f(t) dt 
= o(-x)=[" fl at+f” flat 
= o(-x)=04+f * f(t) at 


E f(t) is an odd function, then ig f@dt= 0| 


> o(-x)=-[° f(-y) dy, wheret=-y 


=> — o-x)=[" fo) dy 

[-.. f is an odd function, then f(- y) =— f(y)] 
= o(-x)=[" feat 
5  o(-x)=0(x) 


Hence, (x) = [ f(t) dt is an even function, if f(t) is odd. 


Example 55 If f(x)= E log (=) dt, then discuss 


whether even or odd? 
Sol.Let ot) = og | = 
1+t 


o(-1)= log +4 | lg = |- o(t) 


> o(— t) = — O(f), ie. O(t) is odd function 


d(x) = | . log eas dt is an even function. 
0 1+t 


Property VII (d) If f(t) is an even function, then 
O(x) = ig f(t) dt is an odd function. 


Proof We have, 0(- x) = [ f(t) dt=- [ f(-y) dy, 


where t=—y 
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= o(-x)=- f° fly) dy 

['. f is even function > f(- y)= f(y)] 
= o(-x)=-[" fae 
=> o(— x) =- O(x) 


Hence, (x) is an odd function. 


Remark 
If f(t) is an even function, then for non-zero ‘asf f(t) dt is not 
a 


necessarily an odd function. It will be an odd function, if 
I, f(t) dt =0, because, if o(x) =|" f(t) dt, itis an odd function. 


> o(-x) =- (x) 

= [- fit) dt =- f(t) at 

- { f(t) dt + flt)dt=-[" f(t) dt - f* fe) at 

= [, fot-f" f(-yay=-f" foat-[" Meat 

[where, y=—tin second integral of LHS >/(- y) =f(y)] 

0 x x 

> 2f féat=fo foy-f, fe)at 
0 

=> 2f f(t) dt =0 

= ={- f(t)dt=0 => [ f(t) dt =0 

or (Xx) =|, f(t) dt is an odd function, [when f(t) is even.] 


Only, if ik f(t) dt =0 
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Exercise for Session 4 


12 
1. Letf:R—Rand g:R—R be continous functions, then the value of i i [f(x) + F(- x [g(x ) - g(-x)] dx is 
—T 


equal to 
(a) -1 (b) 0 (c) 1 (d) None of these 


1 : 
2. The value of | ; (x|x|) dx is equal to 


1 


(a) 1 (b) . (c) 0 (d) None of these 
2 ri 
3. The value of | ; 4 dx is equal to 
7 +X 
(a) 2-17 (b)m-2 (c)2- 5 (d) None of these 
4. If f(x) is an odd function, then the value of | “ Ee: 7 ax is equal to 
-a f(cos x) + f(sin* x) 
(a) 0 (b) f (cos x) + f(sinx) (c) 1 (d) None of these 
-1 2x = 2x 
— | sae OS fe + tan =e ae 
: e value o ie te is equal to 
™ TT ™ ™ 
a) — b) — i dy 
(a) 5 (b) ac (c) 375 (d) 3/5 
2 
6. The value of [" = . dx, where a >0,is 
a [IITJEE 2001] 
(a) x (b) an (c) 2n (d) . 


1/2 
7. The integral ee [es + log, 2%] jo is equal to (where, [:] denotes greatest integer function) 


1 1 
a) -— b)O c)1 d) 2 log} — 
@)-2 (b) (0) (d) a(5| 
8. The value of (7? —" — ax i It 
s e value o _ om 4 Ix is equal to 
a) 0 b) 1 c) = a) -= 
(a) (b) ( I (d) 5 
2 
9. If [-]denotes greatest integer function, then the value of | i H + 05) dx is 
—T 
a)m b) = c)0 q)-= 
(a) ( Ms (c) (d) 5 
10. The equation J a| sinx |+ ee + c; dx =0, where a, b, c are constants gives a relation between 
~n/4 1+ cos“ x 
(a) a, bandc (b) aandc (c) aand b (d) b and c 
+2 
11. The value off, rq dx, where [-] denotes greatest integer function, is 
— + eae 
B 2 
(a) 1 (b) 0 (c)4- sin4 (d) None of these 


: . n+1 3 3 : 
. Han ned. ’ 
12. Let f(x) be a continuous function such that | f(x )dx =n~,n € Z. Then, the value of | ‘ F(x )dx is 
m = 


(a) 9 (b) — 27 (c)-9 (d) 27 
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e* +1 


ex + 1 43 
x ax = a. Then, i t° f(t) dt is equal to 
ead 1 


, 
: "and | x?. 
e* -1 0 


13. Letf(x)= 
(a) 0 (b) a (c) 2a (d) None of these 

14. Letf:R —R be a continuous function given by f(x + y)=f(x) + f(y) for all x, y ER. iff. f(x) dx =a, then 
ie f(x) dx is equal to 
(a) 2a (b) (c) 0 (d) None of these 

15. The value of ie [x ]| dx is equal to 
(a) 1 (b) 2 (c) 3 (d)4 

= Directions (Q. Nos. 16 to 17) 


1=|e wis 
Let f(x) = 
f 3 x|>1 


and g(x) =f(x+1)+ f(x -1)foralleeR. 


16. The graph for g(x) is given by 


17. The value of [ g(x)dx is 
(a) 2 (b) 3 (c)4 (a)5 
= Direction (Q. Nos. 18 to 20) 
T sinx 


Let I, =f ——{—— dx;n =0, 1,2... 
-n (1+ 7”)sinx 


18. The value of /,,, 5 —/,, is equal to 


(a) nn (b) x ()—n (a) 0 
10 
19. The value of S\ lym, 1is equal to 
m=1 
(a) 0 (b) 52 
(c) 107 (d) None of these 


10 
20. The value of ¥ Iz, is equal to 
m=1 
(a) 0 (b) 5x 
(c) 107 (d) None of these 


Session 5 


Applications of Periodic Functions and 
Newton- Leibnitz's Formula 


Applications of Periodic Functions 
and Newton-Leibnitz's Formula 


If f(x) is a periodic function with period T, then the area 
under f(x) for n periods would be n times the area under 
f(x) for one period, i.e. 


{" f(x)dx=n [ f(x) dx 


Now, consider the periodic function f(x) =sin x as an 
example. The period of sin x is 27. 


ya 


ee 22. ———> | 


(0) 1 
Al >X 
a Tv 2m at+2n 


<< 29. ———> | 


Figure 2.6 


+21 
Suppose we intend to calculate [ sin x dx as depicted 
a 


above. Notice that the darkly shaded area in the interval 
[27, a + 27] can precisely cover the area marked as 


at2n au 
Thus, i) sin x dx = I, sin x dx 
a 


This will hold true for every periodic function, ice. 
at+T T 
J. flx)dx = fle) dx 


(where T is the period of f(x)) 
This also implies that 


J" Pen ae = J fide = mf) fle) a 
and [Fe dx =f f(x) dx 


a+nT 


and er" f(x) dx = (i f(x)dx + nf f(x) dx 


An 
Example 56 Evaluate J, |cos x| dx. 
Sol. Note that | cos x | is a periodic with period 7. 


TT 
Let I=4] | cos x | dx 
0 
nT T 
using property, J, f(x) dx = nf f(x) ax | 


/2 
=4 ie cos x dx - f" cos x dx 
0 T/ 2 


1/2 Tl 
=« {sn -[sn jas neni 
0 11/2 


Example 57 Prove that he eX !*] dy = 25 (e-1). 


Sol. Since, x — [x] is a periodic function with period one. 


x—[x 


Therefore, e 1 has period one 


Bet petal ao ais 
=f e dx = 25 |, e dx 
nT T 
[sing property, J, f(x) dx = nf f(x) ax | 


1 
= 25 |, e*~° dx =25(e*)} =25(e!-e°) 


=25(e —1) 


Example 58 The value of {" [sin x+ cos x] dx is 


equal to 
(a) — nt (b) ni (c) — 2nt (d) None of these 
(where [.] denotes the greatest integer function) 
Sol. Let I = i [sin x + cos x] dx 


Tl 
We know, sin x + cos x= visin( x+0) ..-(i) 
4 


iG O<x<m/2 
0, mw/2<x<3n/4 
; -1, 3m/4<x<T 
sin x + cos xX = 
-2 N<x<3n/2 
-1, 3m/2<x<77/4 


0, 7t/4Sx<20 


2m... Tt/ 2 3/4 
z i, [sin x+cos x]dx=| (1) dx + :; (0) dx 


Tt a 3m/2 d 71/4 F 2m a 
= ee 1) aan (-2) ase i 1) oe le (0) = 


-(F]+0 (x =n) 2% x) (7 “+0 
2 4 2 4 2 


=-1 


Since, sin x + cos x has the period 217. 
2nt , 2m . 
So, I= [, [sin x + cos x]dx =n [, [sin x + cos x] dx 


=— nt 


Hence, (a) is the correct answer. 


Example 59 The value of ie f(x) dx; where 


f(x) = minimum ({x + Tf, {x — Tt), V x ER and {.} denotes 
fractional part of x, is equal to 
(a) 3 (b) 4 (c) 5 
Sol. We know, {x + 1} = {x - 1} = {x} 
Thus, f(x) = minimum ({x + 1}, {x — 1}) = {x} 


2s ke f(x) dx = ie {x} de = (5 —(—5)) i {x} dic 


(d) 6 


[as {x} is periodic with period ‘1’] 
= 10 [, (x —[x]) dx = 10 , x dx 


1 
re: 
=10} — =5 
2 
0 
Hence, (c) is the correct answer. 


Example 60 show ["*” |sinx dx = (2n+1)-cosV, 
P 0 


where nis a positive integer and O<V <7. 
[IIT JEE 1994, 2004] 


n+ V . 4 . m+ V 
Sol. |, |sin x| dx = |sin x| dx + [ |sin x | dx 


vs mT, 
=f, sin x dx + nf |sin x | dx 


a+nT T 
using property, i} f(x)dx = nf f(x)dx ie. 


nmV . Mts 2 
(i |sin x|dx = nf inal 


Vv 
Tt . 
-(- cos | +nf sin x dx 
0 


T 
=(- cos V+) + n(- cos | 
0 


=-—(cos V)+1+n(1+1)=(2n +1)-— cos V 
m+ V 
ae [, | sin x | dx =(2n + 1) — cos V, where n is a positive 


integer and0<V <7. 
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Example 61 The value of {* cot”! (tan x) dx is 


equal to 
71 7n? 
(a) 3 (b) “7 
oF (d) x? 


Sol. Let I = . cot | (tan x) dx 
—-2u 


=> ca) cat""( cot( 7x ) |e <c(i) 


E ie f(x) dx =(m=n) |" lx) ax | 


nT 


_ x ,0<x<7/2 
As we know, cot’ ' (cot x) = 
Tx, T/2<x<T 


nm 3m? ? 3m?” 71° 
=7 + + = 
4 8 2 2 4 8 2 
Hence, (b) is the correct answer. 


Example 62 Let g(x) be a continuous and 
differentiable function such that 


i pa [2x* — 3] dx |: goax- 0, then g(x) =0 


when x € (0,2) has (where, [.] denotes the greatest inte- 
ger function) 

(a) exactly one real root (b) atleast one real root 

(c) no real root (d) None of these 

Sol. As, 1<2x?-3<2, V xE(v2, 5/2) 


[= [2x —3] dx >0,V x € (0,2) 


=> g(x) =0 should have atleast one root in (0, 2). 
[. g"(x) #0] 
Hence, (b) is the correct answer. 


Example 63 The value of x satisfying 
x 


2[x +14] {x} : 
i i | = I [x +14] dx is equal to 
(where, [.] and {.} denotes the greatest integer and 
fractional part of x) 
(a) [- 14, — 13) 
(c) (- 15, - 14] 


(b) (0, 1) 
(d) None of these 
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Sol. Given, eae . dx = { [x +14] dx 


0 


= i | | ax =|" (14 + [x]) dx 


0 


= | Ea i 


= Oe a tas a lca 


using ie f(x)dx =n [ f(x)dx and 
[re dx = [Fe dx; where T is period of f(x) 


14 + [x] =(14 + [x]) {x} 
(14 + [x])(1—{x}) =0 
[x]=-14 
x €[- 14, -13) 


Hence, (a) is the correct answer. 


=> 
=> 
=> 
=> 


Property IX. Leibnitz’s Rule for the Differentiation 
under the Integral Sign 
(i) If the functions (x) and w(x) are defined on [a, b] 
and are differentiable at a point x € (a, b) and f(x, t) 
is continuous, then 


ef At senna | 


dx o(x) 
e w(x) 
=i 1 8 Headed d fer 
(x) Ox dx a(x) 
_jd ffl 
dx 


(ii) If the functions (x) and w(x) are defined on [a, b] 
and differentiable at a point x € (a, b) and f(t) is 
continuous on[0(a), 0(b)], then 

d W(x) d 
(fn eat = two} soul 
x 


dx (x) 
-< f(x} f(O(x)) 


Example 64 Find the derivative of the following with 
respect to x. 


x x? 
(i) [ cost dt (ii) [ cost*dt 
Sol. (i) Let f(x) = (? cos t dt 
Lo = a eer ae ee 
(f(x)) = cos (| ae (x) | cos 0 | te @| cos x 
using Leibnitiz’s rule, a 
dx. 


w (x) d d 
Jeo, FD AE = AWOLF(W(2)) ~ 1000} + Feats) 


> main cos t dt} = cos x 
dx |r 


(ii) Let f(x) = [, cos t? dt 
2 = cos PAF (x? — cos ze 
a N= (x") a , (0) |20| 
=2x-cos x* 
d 


2 
* 2 = 4 
> 4(f (os?) at] =24 cos» 


d x 
Example 65 Evaluate — 
p valuate [| 


cos t? a . 
1/x 


Sol. Let f(x) = {" cos t” dt 
ee = cos Pee flee x cos (1) (4 (2 
“3 (f(e)) = (Vx) ton] (=) tz(2) 
= cos x + cos) 
av x x? x? 
d (tvs nr 1 1 
= 2(f- cos t at |= cos x + 5, cos (5) 


d (py _2 x? 
Example 66 #5 (he ' dt +] sin? tat) =0 


find o. 


x? 
Sol. We know, ED t aa e dt + i) sin’ t | =0 
dx \ 40 0 


_ 2 d -0 d eee d 2 
il i Ca a 
_ 2, | a 2 
— sin 0{ <@]=0 


_,2 d . d 2. 
YY soxsin? x? =0 = Da -2xe” sin? x? 


dx dx 


=> e 


Example 67 Find the points of maxima/minima of 
isd t* — 5t+4 

o 2+e' 
2p 5b +4 


Sol. Let f(x)= J," at 


dt. 


4 2 
—5x"° +4 
2. f(x) = 2x =0 


2+e* 
_ (x -1)(x +1)(x — 2)(x + 2)-2x 


2 
2+e* 
= + = + = + 
a a ee 
-2 -1 0 1 2 


From the wavy curve, it is clear that f’(x) changes its 
sign at x = + 2,+1,0 and hence the points of maxima are 
— 1,1 (as sign changes from + ve to — ve) and of the 
minima are —2, 0, 2 (as sign changes from — ve to + ve). 


. ,d a 
Example 68 Find—| {, ——dt]. 
dx\ °x" logt 
d x] 1 d 1 d 
Sol. — dt |= . ; : 
dx [ J log t log x* dx ed log x’ dx ed 
= 3x? 2x. 
3logx 2logx 


x3 
a [i ‘ ! dt |= : (x? — x) 
dx \ °*" logt log x 


Example 69 If y= |" fit)sin{K(x —t)}dt, then 


d2 
prove that at K*y =Kf(x) 


Sol. We have, y = [, f(t) sin {K(x — t)} dt 
Differentiating w.r.t. x, we get 
ay ‘ oa sin K(x - ca x 
Fede jy Wh l)sin K(x - Dh at + (a) 
“{f (x) sin K (x — x)}- +0) {f(0) sin K(x — 0)} 
=K|* f(t) cos K(x -— t) dt +0-0 


ae KI f(t) cos K(x — t) dt 


dx 
Again, differentiating both the sides w.r.t. x, we get 
d ay x 0 
=K — {f(t) cos K(x — t)} dt 
7 1h =~ LF (t) cos K(x ~ 1)} 


+ F(x) cos K(x-x)- e(0)}- (fleas K(x -0)-(O}} 
=K |- K [, f(t)sin K(x — t) dt + f(x)-0 
=~ K? J, f(t) sin K(x — t) dt + K f(x) 

d’y 


Example 70 If I \3-sin? tdt+ |” cos t dt = 0, 


then evaluate ay ; 
dx 


2 
+ K*y = Kf(x) 


Sol. Differentiating w.r.t. x, we have 


d x = d ty _ 
“(ke 4/3 — sin“ t ar +f (cos t) dt =0 
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d 
— cos (0) ae =0 


d 
=> y3—sin? x + cos y = =0 


dy _ 3-sin” x 


dx cos y 


sin x 


X>0. If 


d 
Example 71 Let 7 (F(x)) = 
i Je sin x? 
1 X 
K is 
(a) 10 


dx = F(K) — F(1), then the possible value of 


(b) 14 
ae (F(x) = 2 


sin x 
é 
= J 


sin x? 


ein x 


Sol. We have, 


dx = F(x) (i) 


sin (x? ) sin t 


_ft é 2,_ le e 
dx = | 7 d(x?) =| — at 


4 2e 


Now, J = 


= [F(t)]j° = F(16) - 
=> K=16 


F(1) 


Hence, (c) is the correct answer. 
Example 72 The function 


f{x)= i lOg | sine | [sine 3 sat where x € (0,270), then 


strictly increases in the interval 


f(x 
a) ea 
(ER) (82) 


Sol. Here, f (x) = log sin x | [sin — | a 


x) 
T 
Clee 
ig 
6 


: 1 . 1 
> sinx+—<1 and |sinx+—|>0 
2 2 


1 
=> 0<sinx+—<1 
2 
=> -—1/2<sinx <1/2 
5m 71 
> ; as x € (0, 271) 
6 66 


Hence, (d) is the correct answer. 
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Example 73 Let f :(0,00) > R and F(x) = I, t f(t) dt. 


If F(x?)=x4+x°, then > f(r?) is equal to 
r= 
(a) 216 (b) 219 () 221 (d) 223 
Sol. Here, F(x”) =x'+x° = foe f(t) dt 


Differentiating w.r.t. x, we get 
x? f(x*)-2x = 4x7 +5x4 


x > fory=24er 


2) _ 5 
> f(x") ae 


y for?) =2n + n(n +1) = 


n (5n + 13) 
4 


= 5 f(r) = 12 (0015) — 


r=1 


Hence, (b) is the correct answer. 


Example 74 A function f(x) satisfies 


f(x)=sinx+ | f’ (t)(2sint-sin? t) dt, then f(x) is 


xX 7 sinx tanx 


1- cOSX 
€ 


1-sinx 1-sinx cos X 1-sinx 
Sol. Differentiating both the sides w.r.t. x, we get 
f(x) = cos x + f’(x)(2sin x - sin” x) 


= (1+sin? x -2sin x) f’(x) = cos x 


; cos x cos x 
= PQs 5 
1+sin°x-2sinx (1-sinx) 
Integrating, we get f(x) = [——] 
(1-sin x) 
: dt 1 1 
Put 1-sinx =t, f(x)= i =-= +C 
tr? ft 1-sinx 
Also, f(0)=0,hence C=-1 
1 1-1+sinx sin x 
e)=—_—=1= =. 
1-sin x 1-sin x 1-sin x 
Hence, (b) is the correct answer. 
Example 75 If F(x )=[" f(t)dt, where 


em aig 


fit) =| du, then the value of F”(2) equals to 
U 
7 15 1517 
= be 257 qo 
( ia ( laa (c) (d) ie 
Sol. Here, f’(e) = N1tE tL NIAE (i) 
Now, F(x) = | eas => F’(x) = f(x) 


F'(x)= f(x) = F’(2)= f’(2) 
From Eq. (i), f’(2) = ¥256 + 1 = 257 


Hence, (c) is the correct answer. 


Property X. Let a function f(x,a) be continuous for 
a<x<bandc<a<d, then for any a€[c,d], 


if (a) =[" f(x.) de, then a -[° Mee a 


om 
Example 76 Evaluate /(b) =| 


dx:b=0. 
0 Inx 


b 
1 -1 
. dx 


Sol. We have, I(b) = [, 


In x 


1 0 x? 1 
0 Ob In x 


d 
= 5H) ih J +0-0 


1 [1-0]= 1 
bt+1 b+1 
ma I(b)) = ay 
Integrating both the sides w.r.t. b, we get 
I(b) = log (b+1)+C 
Given I(b) = [’ x! =] dx 
° Inx 
1(0) =0 (when b = 0) ... 
Also, from Eq. (i), (0) = i (4)+C 
: 1(0) = 
From Eqs. (ii) and (iii),C = 0 
=> I(b) = log (b + 1) 
Example 77 Prove that 
("° dx m(a* +b?) 
o ‘(a sin? x¢h? cos? x)? ha? b? 
Sol.Let 1=["" = — 
a’ sin” x + b® cos” x 
n/2 sec” x 
Then, J = — 
I a’ tan® a aa ie Pe = 


(where, ¢ = tan x) 


1 


T/2 
Thus, ; , 
0 a’ sin’ x + b* cos“ x 


1 
x? In x b+1 
dx = dx = 
In x i (2°) . Gal 


T 
; F a gd ae) “a 


i) 


(ii) 


...(iii) 


Differentiating both the sides w.r.t. ‘a’, we get 


i —2asin® x _ tt 
0 (a sin? x + Bb’ cos? x)? 2a"b 
i sin? x _ ii) 
® (a? sin® x +b? cos” x)? 4a°b 
Similarly, by differentiating Eq. (i) w.r.t. ‘b’, we get 
i suai -— iii) 
® (a? sin® x +b? cos” x)? 4ab° 
Adding Eqs. (ii) and (iii), we get 
ic (sin? x + cos* x) dx _ on Tl 
9 (a sin® x +b? cos* x)? 4a°b 4ab? 
n/2 dx 
= J (a’ sin® x +b” cos* xe ee eer) 


Example 78 The value of 
n/2 log (1+ xsin* 0) 

I sin* 0 

(a) (/1+ x - 9) 

(c) Vn (1+ x -9 


Sol. Given, f(x) = [, 


dO ; x > O is equal to 


(b)  (./1+ x — 2) 


(d) None of these 


n/2 patie 9) a: a 
sin? 0 


As above integral is function of x. Thus, differentiating both 
the sides w.r.t. ‘x’, we get 


fea) 


1+xsin’@ 


. 2 
ant? oao<0 


sin“ 0 
(using Newton-Leibnitz’s formula) 
= { n/2 cosec’ @ dO 

° cot? @+(1+ x) 


=(™ do 
0 1+xsin’ 6 


_ 1 saart cot 8 a T 
Jit x jltx), 2 j1+x 
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POO=s 


1+x 


=> f(x)=mJl+x4+C 
where, f(0)=0 => C=-T7 
=> f(xy)HnaJl+x-m=n(/14+ x -1) 


Hence, (a) is the correct answer. 


Example 79 Let hi be a continuous functions for 


Isac"'t 


eo hei f(t) dt and 


“A+ tant tant 


all x, such that ( 


f(0)=0, then 


(a) (7) = log ; 


(d) None of these 


Sol. Here, (f(x)? =f" f(t) 2secit 
4+tant 
On differentiating both the sides w.r.t. x, we get 
2 sec” x 
2f(x). f(x) = f(x): 
4+ tan x 
sec” x 
=> (x) = ———— 
Pe) 4+ tan x 
Integrating both the sides, we get 
f(x)= i sec’ x dx = log (4+ tan x)+C 
4+tan x 
Since, f(0)=0 
=> 0=log(4)+C 
> C=- log 4 


f(x) = log (4 + tan x) — log (4) 
= (2) lox (4 4.4)= Top (4) = log > 


Hence, (a) is the correct answer. 
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Exercise for Session 5 


10. 


11. 


12. 


The value of i sgn(x —[x])dx is equal to (where, [-] denotes the greatest integer function) 

(a) 9 (b) 10 (c) 11 (d) 12 

The value of lig lx —[x])dx (where, [-] denotes the greatest integer function) 

(a) [x] (b) a (c) x[x] (d) None of these 


nu-ml4. | . 
The value of | 1 |sin x + cos x|dx is equal to 
1. 


(a) 2/2n (b) 2n (c) ——n (d) None of these 


(a) 1 (b) 2 (c) 0 (d) 
If I f(t)dt =x +f i tf(t) dt, then the value of f(1)is 
(a) (b) 0 (c) 1 (d) -~ 


The least value of the function (x) = I. a sint +4 cos t)dt on the interval [=< is 
TC 


3 3. 4 
a) V3+~ b) -2/3+ ~+— 
(a) 5 (b) 3° 5 
3. 1 
c)—+ d) None of these 
(c) 3° TB (d) 
The points of extremum of (x) = i, et” /2(4_#2)at are 
(a)x =1,-1 (b) x =-1,2 (c)x =2,1 (d)x =-2,1 
If f(x) is periodic function, with period 7, then 
(a) [. food = [2 "rooax (b) f. F(x)dx = le. F (x)dx 
b b b b+2T 
(c) f F(x)dx = fF (x)dx (d) f F(xjdx =f F(x)dx 
‘ oi! 
sinx sinx 
Let © F(x) = ala x >0. in [72 dx =F(k)-—F(1), then one of the possible value of k is 
dx x 1 x 
(a) 4 (b) 8 (c) 16 (d) 32 


Let f:(0,0c) + R and F(x) = i, f(t)dt. If F(x?) = x?(1+ x), then f(4) is equal to 


(a) r (b) 7 (c) 4 (d) 2 


Let T >0 be a fixed real number. Suppose f is continuous function such that f(x + T) =f(x) for all x ER. If 
T 3437 
[= I f(x)dx, then the value of a f(2x) dx is 
3 


(a) 51 (b) 2/ (c) 3/ (d) 6! 


Let f(x) = i 2 -t?dt, then the real roots of the equation x? —f’(x) =O are 
(a) +1 (b) + (c) + 


(d) +2 


Nh| oa 


13. 


14. 


15. 


16. 


17. 


18. 
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Let f(x) be an odd continuous function which is periodic with period 2. If g(x) = I f(t) dt, then 


(a) g(x) is an odd function (b) g(n) = Ofor alln EN 
(c) g(2n) = Ofor alln EN (d) g(x) is non-periodic 


Let f(x) be a function defined by f(x) = I t(t? —3t+2)dt, 1< x <3. Then, the range of f(x) is 


(a) [0, 2] (b) 4 4) (c) \-7. 2) (d) None of these 
2f- aan os~'(t) 
The value of lim —=—____—dtt is 
x30 2x -—sin2x 
1 1 2 
0 b) — -— d+ 
(a) (b) : (c) 5 (d) 5 
If ( PECOS ae dt = eel for all x #0, then a and b are given by 
x 
(a)a= 1b =1 (b)a=2b =2 
(c)a=-1b =4 (d)a=2b=4 
If f(x) = I {f(t)}"‘dt and f, {f(t)}"' = V2, then 
(a) F(x) = V2x (b) f (x) = ,/2log, x 
(c) f(x) = V3x -1 (d) None of these 


Letf be a real valued function defined on the interval (-1,1) such that e“f(x) =2+ ii vt* + 1dt, for all x € (-1,1) 


and let f~' be the inverse of f. Then, (f~')’(2) is equal to [IIT JEE 2010] 
(a) 1 (b) 1/3 
(c) 1/2 (d) 1/e 


= Directions (Q. Nos. 19 to 20) Consider the function defined on [0,1] > R 


SES OS® if x #0.and f(0)=0. 


f@)= 
[IIT JEE 2012] 


19. f, f(x) dx is equal to 


20. 


(a ee. (b) sin(1) — 1 (c) sin (1) (d) - sin (1) 
lim Z =| f(x) dx is equal to 


(a) 1/3 (b) 1/6 (c) 12 (d) 1/24 


Session 6 


Integration as Limit of a Sum, Applications of Inequality 
Gamma Function, Beta Function, Walli's Formula 


Integration as Limit of a Sum 


Applications of Inequality 

and Gamma Integrals 

An alternative way of describing [ ° f(x) dx is that the 
definite integral [ ° f(x) dx is a limiting case of 
summation of an infinite series, provided f (x) i is | 


continuous on [a, b], ie. [ f(x) dx = Jim h > 


f(a+rh), where h= pee, The converse is also true, ie, if 


n 
we have an infinite series of the above form, it can be 
expressed as definite integral. 


Method to Express the Infinite 
Series as Definite Integral 
(i) Express the given series in the form yes oi a | 
n 


(ii) Then, the limit is its sum when n > ~, 


ie. lim } — rG) 


n—co 


(iii) Replace — " by x and— By (dx) and lim >)by the sign of ls 
n n n—e0 


(iv) The lower and the upper limit of integration are 
limiting values of " for the first and the last term of r 
respectively. " 


Some particular cases of the above are 


noo =1 nh nh 
n-1 r 1 
or lim —f\i—-|= x) dx 
a f "| [ fle) 
by. ties 3 + 6{Z =f" fx) ax 
noe a] n ” 
where, & = lim Y =0(asr=1) 
noo 


and B= lim ” = p(asr = pn) 


n>o A 


Some Important Results 
to Remember 


(i) ya 2n+t) 
r=1 
n(n+1)(2n +1) 
(ii) 7? ees 
> 
2 (n +1)? 
(iii) pial ere 
p : (r” =1) 
aD isi 
G1) 
(iv) In GP, sum of n terms, S,, = an, r=1 
GUST D4 
=r) 
(v) sina +sin(a +B) +sin(a+2f)+...+sin[a +(n—-1)B] 
i 2 
Ca ee ee 
sin B /2 
(vi) cosa +cos(& +B) +cos(a +28) +...+cos[a+(n—- 1B] 
i 2 
2H DEe eter t Bie 
sin B / 2 
2 
(vii) 1 Bee se gee 
92 32 gz 2g? 12 
2 
iy Ace a ee 
(viii) 
i a ae ae a 6 
2 
ite ae ee 
(ix) 
. | 8 
i. a8 m0 
(x) —+—+—+4.,, c= — 
2 4g 24 
ec 42-8 ei _ 8 
(xi) cos §@ = —___—, and sin 9 = —__——_ 
21 
8 -6 ) -0 
(xii) cos hO = e Fe  andsinho =" —° — 


Remark 


The method of evaluate the integral, as limit of the sum of an 
infinite series is known as integration by first principles. 
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Exampl Evaluate the following : 1 
ample 30 6 Example 81 Evaluate s = ————_ aS N-> ~», 
it (22. 3 n-1 S din? pe 
(i) lim StS tet r=0 nr 
A= n n n n n-1 1 n-1 1 
Sol. Let 5,= ¥) => 
(ii) lim 1 + 1 rae. r=0 4n?—r? 20 ny4—(r/n)y* 
n>e2 | n+1 nt+2 2n , om 1 
ea n n n n 2 4 - 
(iii) lim ee Le a 
nave | A +] n° +2 2n ; ' 1 F 1 
Hence, S= lim S, = lim 
(P42? +...4n° ne net fy ea te par 
(iv) iim { ) pso ‘ oy 
nN co nPt 1 dx ; 1x] 
= = sin 
Sol. Let 0 [4 x? Zl. 
‘ uk 3 n-1 
(i) ae a aT Ble an => S=sin™' == s=2 
n n n n 2 6 6 
< dae ey (4) 
2 we fe WOH Example 82 Evaluate 
. . 1 1 1 
=> S= lim > +(5) [ssn re -0) lim + eae : 
noe“) n\n n noe | 2n+1 2n+2 6n 
1 1 
=|, xdx=- Sol. Let 5, =| Pee toed) 
2 ant+1 2n+2 6n 
ea 1 i 1 < il 4n 4n 
(ii) Let 5, = + +...4+ a _ 1 A 1 
n+1 n+2 2n ey os py on +tr 2 2+(r/n) 
a 1 
=) a a = S=lim S,=[" Oatley 
r=] n(r+"] noo 9 2+x 
n 
12 1 = log 6 — log 2= log 3 
Hence, S= lim S,= lim y . eu 
n— co nao nN = ibe a =In3 
r=1 [4+ — 
n 4 
2 
_ _ =[log (1+ x)ft = log 2 Example 83 Evaluate | (ax“+ bx +c) dx from the 
+x ; a 
7 m m 4 first principle. 
(iil): Let 5, == oh ee 4-1 3 
n° +1 n° +2 2n Sol. Let x =1+ rh, where h = = 
n n 
=>) noo 1 Asx —>1,r30 andx>4,r3n 
2 2 2 2 n 
gan ORE po A | “ [° x? + bx + 0) de = lim hf (1+rh) 
no 
. ; 1 a 1 n r=0 
Hence, 3'= lim $, = lim mn » 2 = lim ¥ h[a(1+rh)’ +b(1+rh) +c] 
r=1 ee 1 —> 00 r=0 
n? i [ 2 | 
1 dx 1.) an = lim Y 2lelie $bli4+ |e 
= re tan x —— ia sio8 me n n m 
o 1+x 5 4 ‘ [ 
ey 4 or* 6r 3r 
|e ie ee oe Oo Rafry =3 lim a|1+—+ +6(14 2) 46 
(iv) Let S, = Pt+i => paz ( poe » n| n’ ' e 
n r=1 r=1 7 n 
sk foe aa ien 1] aofne RED Gr td , sored 
S= lim S, = lim aa en 6n 2n 
noo noo n fry n ( ee 
+b | n+————— |+cn 
eer 1 2n 


Se = 15 
=f, dx |P+i|, oe =3[a(14+343)+b(143/2)+c]=21a+ — b +3¢ 
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ee ce 
Example 84 The value of in Example 86 The value of lim —- }) —— is 
mt . nN . 30 _ (n-iIn)". noon At fol 4 2 
lim | sin —- sin —-sin —... sin is equal to 
nN 0o 2n 2n 2n n equal to 
fa) 5 (b) = (OF (d) None of these (a) 14-V5 (b)-14V5 (c)-14-V2.— (d) 14-V72 
/n 1 ae r 
_ Tm ., 2n . 30 . 2(n-1)0 Sol. We have, lim —- a 
Sol. Let A =; li . . ite oo she ape 
e f one sin 7 sin os sin rm sin on no = Vn +r 
- 
. 1 _ Tm . 2 . 2(n-1)1 20 
“. log A= lim * tog[sin sin ... sin a n 2 x mem ae 2 fe 
n>o 7 2n 2n 2n ater py 2 Tae (vx +12 =5 1 
ic. 8 1D _ ~~ fl+> 
= et . by og sin — n 


Hence, (b) is the correct answer. 


: : 1 r b ° ° ° 
‘using in == 7(")=['r004°) Applications of Inequality 
Sometimes you are asked to prove inequalities involving 
definite integrals or to estimate the upper and lower 
2-2 pn/2 ; boundary values of definite integral, where the exact value 
—s beet of the definite integral is difficult to find. Under these 
circumstances, we use the following types 


Type I. If f(x) is defined on [a, b], then 


= log (sin ‘oer potting * = t 
7 T 2 


sin i" f(x) dx =2 [, f(x) dx, if f(2a - x) = F(x) | 


4 T op n/2 ; nT 7 | b b 
=-—1-“log2 l dx = —~ log 2 f(x) dx |<] | f(x)|dx. 
= 5 og || usin og (sin x )dx 5 og | [ [ 
=—2log2 Equality sign holds, where f(x) is entirely of the same 
: log A=log(1/4) => A=1/4 sign on[a, b]. 
Hence, (c) is the correct answer. 
Example 85 The interval [0, 4] is divided into n Example 2 se the absolute value of the 
equal sub-intervals by the points x ,, X,,X>,.-.;Xpn4)Xp integral [. 7 OX. 
where 0 =X) < xX, <X2<X3z <..<x, =4. ' | | | 
19 sin x 19 | sin x 
Sol. To find, I = dx |< dx mas 
If 5x = x;- x; fori =1,2,3,...,n, then lim Dvdr if 1+x> | Io | 1+ x° | ¥ 
5x30 3 
equal to (using type I) 
< > 
(a) 4 (b) 8 (0) : (d) 16 Since, | |sin x | <1 for x = 10 
sin x 1 
The i lit < (ii 
Sol. Jim 8x(x, +X + Xg4...4+%,) enn ee | 1+ x | 1+ x* | "7 
x0 
4f4 8 12 a r Also, 10<Sx<19 => 1+x* >10° 
= lim tat—ti. ay [8-4] i i { 
noen|n non n n => < or Zo" * .. (iii) 
1+x* 108 j1+ x8 | 
From Eqs. (ii * | <10 ° is fulfilled. 
| 1” aka saa 10° 8 dx 
O| X1 Xp Xg Xt Xn=4 0 14x" " 
I 
dx Ox 
16. n(n+1) ie ues cw 10° <10°-? 
= lim *2(1 4243+. n)= lim =8 [> tea | 


n> 72 n—20 7) 2 


(-: the true value of integral ~ 10° °) 
Hence, (b) is the correct answer. 


Example 88 The minimum odd value of ‘a’ (a>1) for 


: 19 Sin x 1 
which | dx <—, is equal to 
1 44x70 9” 
(a) 1 (b) 3 (c) 5 (d) 9 
19 d. 9 6d 
Sok te (ee 
1+ x" 0 14+x" 
: sin x 1 
gine <1 <> < 
1+ x* | 
9 «6 9 
al ~.<f ws 
WP ye? 10 110" 
(2 10<x<19 = 10°+1<14+ x7 <19% +1) 
9 
=> I< 
1+ 10° 
9 1 a : 
ae <—>1+410 >81 orl10° >801e. a=2,3,4,5,... 
1+10° 9 


.. Minimum odd value of ‘a’ is 3. 


Hence, (b) is the correct answer. 


<{( { F%(x)dx){ f° g(x) de J, 


where f *(x) and g?(x) are integrable on[a, b]. 


Example 89 Prove that I, a{(1+ X) (1+ x°) dx cannot 
exceed ,/15/8. 


Sol. I (1+ x)(1+ x3)dx < Als — . (1+ x? ) ax) 


Type II. 
f° #0) a(x) ax 


Type III. If f(x) | g(x) on[a, b], then 
[) face? 


then ie f(x) dx lo. 


g(x) dx. In particular, if f(x) 20 


Example 90 If f(x 
that fox)| 0,V x €[2,10] and f. f(x) dx =0, then find 
f(6). 


Sol. f(x) is above the X-axis or on the X-axis for all x € [2, 10]. 


) is a continuous function such 


If f(x) is greater than zero at any sub-interval of [4, 8], 
8 
then I, f(x)dx must be greater than zero. But 
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fe f(x) dx =0, which shows f(x) can’t have any value 


greater than zero in the sub-interval [4, 8]. 


= f(x) is constant in the sub-interval [4, 8] and has to be 
zero at all points, x € [4, 8]. 


=> f(x)=0, V xe [4,8] 
=> f(6)=0 


Type IV. Fora given function f(x) continuous on[a, b], if 
youare able to find two continuous functions f; (x) and f, (x) 
on[a, b]such that f, (x) < f(x) $ fo(x), V x €[a, b],then 


{ filx) dx sf ieee fylx) dx. 


Tl 


< ‘ 
4/2 


2x* >1,V x€ [0,1] 


Example 91 Prove that 


ah ia x? x 


x? | 4 x? x3]4 


Sol. Since, 4 


4-2? [4 — x? — x3 | [4-227 > xe [01] 

1 2 1 . 1 

aa ee a oe 

= is i = i rire 

<[) s 

_ 1 , 1 -_ 1 

=> [int] sf pose lS), 
Es[- x < Tl 
oe jae ox 42 


Type V. Ifmand M be global minimum and global 
maximum of f(x) respectively in[a, b], then 


m(b-a)<[" f(x) dx < M(b =a). 


V xe [0,1] 


dx, x € [0,1] 


=> 


Proof We have,m< f(x) <M for all x €[a, b] 
> [max sf’ f(x) dx s[" Max 


= m(b-a)<[" i= M ee 


Example 92 Prove that 4 < I * [34 x3 dx <2V30. 


Sol. Since, the function f(x) = (3+ x° increases 


monotonically on the interval [1, 3]. 


M = Maximum value of \/3 + x? =./3+3° = 30 
m = Minimum value of ./3 + x? =./3+1° = 


and 
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m=2,M = -30,b-a=2 


Hence, 2-2<J° y3+x° dx < 2V30 
=> a<[° 3+ x? dx <2v30 


1 
Example 93 Prove that 1< i e* dx<e, 


2 
Sol. For 0< x <1, we have e° <e* <e! 


e° (1-o)<f e* dx <e(1—0) 


1 2 
> 2) e* dx <e 


Gamma Function 


If nis a positive number, then the improper integral 


[- e ~*~ x"~! dx is defined as Gamma function and is 
denoted by In. 


co 


ie. Tn=[ e ~ x"~! dx,wherex€Q*. 
0 


Example 94 Evaluate 
(i) 11 (ii) 2 
Sol. (i) ge x’! dx = lim [eX ax 
; ~ Jo ‘ ~ bao 40 


=0+1=1 
_ oo oo 2-1 _ tk b —-x 
(ii) ra ee de = jim [, e x dx 
b 

= lim [- vent -e-* | 
pe | |, 

=lim [(-—be ’-e °)-(0-1)] 

boo 

= lim Be aa lim ED 9 
poe | ee | b>.e e 

-( lim -% J (using L’Hospital’s rule) 
b> 0 e 

=1 


Properties of Gamma Function 
Gamma function has following properties : 
(Gi) T1=1, T0=c0 and ['(n+1)=nIn 
eg. [5=404=4x3T3=4x3x212 
=4x3x2x1T1=4x3x2x1 


(ii) Ifne N, thenI(n+ 1) =(n)! 
(iii) F./2)=V0 


. Tia 
(iv) [ sin” x-cos” x dx = 
0 


ar(Bene 
2 
(v) PnT(1—n) =— ,0<n<1 
sin nt 
() Pmt (m+) vn 2m 
3 2m—-1 
uD 
ever) 2 ),.0| 22 |e 
ip a x nil 


Example 95 Evaluate [, ox ay 
Sol. By definition of Gamma function, 
i ere dx =[~ ex desT4 
0 0 


[, e * x dx =6 


n-1 
Example 96 Evaluate i log ul dx. 
x 


1 
Sol. Let 1= .'{ tog | dx 
0 x 
Butlos—=2 = dx=-e' dt 
x 


f=[° i (-e "dt =[~ eee ta 


1 1 mod 
| [105 + | dx =Tn 
9 x 


Beta Function 


The beta function is 
= 1 m-1 n-1 
B(m, n) =[ x (1-x) dx, 


where m,n >0 


Properties of Beta Function 


(i) B(m,n) = B(n,m), where m, n> 0 


[mI n 


(ii) B(m, n) = , where m,n>0 
T (m+n 


m-1 
x 


(iii) B(m,n) =| ° 


SS OE 
0 (l+x)™*" 


Example 97 Evaluate f, CF xd 
i [ x° (1 — x*) dx 


Put let x? =t 


Sol. Let, 


= 2x dx=dt 


I =|, r/? (1 -t) dt 


roia( 23-3. ee 
2 2°2 2 r(2+2] 
2 2 

531 an 

er eer 7 — TU 
_12 22 2 _ on 
2 4-3-2-1 256 


Walli's Formula 


nie , 
An easy way to evaluate [ sin” x-cos” x dx, where 
0 
mnel,. 
+ n/a 


: m n mt /2 - on m 
We have, F sin" x-cos' x dx= » sin’ x-cos x dx 


_(m—1)(m—3)...(1or2).(n-1)(n-3)...(lor2) 1 
(m+n)(m+n-—2)...(1 or 2) 2 


> 


when both m and n € even integer. 
_ (m—1)(m—3)... (1 or 2)-(m — 1)(n — 3)... (1 or 2) 
(m+n)(m+n-—2)...(1 or 2) , 


when either of m or n € odd integer. 


Remark 
lf n be a positive integer, then 
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/2 /2 
i. sin” x dx = cos” x dx 
n-1 n-3 n-5 31a : 
_ : : w+ —, nis even. 
no n-2 n-4 4 2 2 
ofS t NEe Ee 2 eae. 
n n-2 n-4 53 


2 
Example 98 Evaluate ie sin" x-cos® x dx. 


Sol. Using Gamma function, we have 


T(5/2)0(7/2)_1(5/2)1(7/2) 
4+64+2 216 
aa 


T/4 
i sin* x-cos® x dx = 
0 


ee | D2) il 
(Fxprrava | Fd xr) | 


2x5! 512 


Example 99 The value of ie. en? dy is equal to 


Jt T 
ps by 
(a) " ( ire 

T 

(c) —= (d) None of these 

2a 
Sol. Let I =[~ eos dx 

0 


ete M2 dt 


r=[" et. i dt = : 


2avt ~ 2a 40 


(put a’x” = t = 2a’x dx = dt) 


_ 1 44/2-1 -t . eo -x Jn-1 = 

=. [, t e -dt (using [, e* x “dx =In) 
Ty aaa 1 1 

-—pi-— Jn (using P= = V2) 
2a 2 2a 2 


Hence, (a) is the correct answer. 
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Exercise for Session 6 


10. 


/2 in? 
The value of f(x) = I, legtts ssi’) dé; x =0 is equal to 


sin? 0 
(a) 1 (tx - 1) (b) Jn (,{14 x - 1) (c) m (./1+ x — 1) (d) None of these 
™ 
4 n 
The value of lim — > ) is equal to 
noeonts \n+r 
(a) 1- log 2 (b) log 4 - 1 (c) log 2 (d) None of these 


The value of lim J iin 4 Nn +2)(n +3)...(n +n) }"" is equal to 
noo ff 


(a) 4e (b) (c) 


e (d) None of these 
e 


£ 
4 

If m,n €N, then the value of | ° (x —a)” (b — x)” dx is equal to 
a 


(b -a)"*"-min! (o-ay™*"*".mIn} 


a b 
(m+n)! 0) (m+n+ 1)! 
m 
(c) sayin! (d) None of these 
m! 
2nt +4 
] 
The value of lim ee a *T is equal to 
noe n 
a 
(a)e (b) - (c) (=) (d) None of these 
e e 
The value of lim n a : pa ? +...4+ ton terms; is equal to 
noe |3n*+8n+4 3n°+16n+ 16 
1 9 1 9 
a)—log| — b) — log} = 
(2) 3 toa 2 | (6) Soa 2 | 
1 9 
c)— log} = d) None of these 
(0) 4 t0a( 2 | (2) 
The value of lim u {sin pie” eo. ysine is equal to 
n>o0n 4n 4n 4n 
V2 2 
a) —— (52 - 15n b) —— (52 - 15n 
( 2 ( ) ( 52 ( ) 
(c) 4 (18 - 15) (d) None of these 
On 


ml 2 . 2 2 2 : 
The value of f(k) =, log (sin 8+ k* cos“ 0) d8is equal to 
(a) t log (1+ K)-mlog2 (b) 7 log 2 - log (1+ kK) (c) log (1+ K) — 2 log 2 (d) None of these 


= 1 m n . 
lfm,n EN, then Im n =f, x (1- x)" dx is equal to 


(a) _ mint (b) _ amin (c) mint (d) None of these 
(m+n+ 2)! (m+n+ 1)! (m+n+ 1! 
ae 
The value of (n)=[" = 8 avis (vn €N) 
0 sin* 8 
(a) nt (b) ue (c) ld (d) None of these 


2 4 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


© Ex. 1 ff eon Dd Fix) neler finciion. a 3 The true set of values of ‘a’ for which the inequal- 
° 2 ity [ (3°? -2-3™) dx = 0 is true, is 
then |” f ee dx is equal to : 
0 x q (a) [0,1] (b)(-e,-1] (c)[8,2°) — (d) (-e, - 1] U [0,2°) 
0 
Sol. We have, 3°*(3 *-2)dx=0 
(@* 0)" (cn (d) None of these a Water: | Se aae 


Put 3 * =t>3 * In3 dx =-dt 
34 


Sol. Here, | feddx =" 4ra 2 
0 2 = In3f (¢-2)dt>0 =|—-2t] 20 


Put ae oe : 
t 3% a) (1 
1 => —-2-3™ |-| --2]20 
> ax=(1 + = au 2 2 
f <—____ ——— 
a [peadx=["s +4): 1+ =a 3 
‘ oa => 37% 4x3%4+3>0 = (3%-3)(3%-1)>0 
(fe ; avs [re 1). at => 3%>3!>a4<1 or 3% <3°>a>0 
~ 1 1 Thus, a €(-,— 1] U[0,°°) 
=f it 3 dt + I {2 -»| -(-dy) [pe i=4) Hence, (d) is the correct answer. 
acer at-['y hy een: “ exe 4 The value of the definite integral 
' y | max(sin x, sin” '(sinx))dx equals to (where, n€ !) 
0 1 1 1 ba 1 
ieee eel yatta) yt 
ee 1 e Tt 2 4 
- J, ita dx=[) flx)dx=> (o) =) ME =2) 


Ex. 2 The value of 


2n 
Sol. Let I =f, “max (sin x, sin” ‘(sin x)) dx 


[ [T+ | » oy dx equals to | an 
r=1 k x : 


=1 
(a) n (b) n! (c)(n+1)! (d)n-n! 


Sol. The given integrand is perfect coefficient of Il (x+r) 


r=1 


TI (x+ o| =(n+1)!-n!=n-n! 
r=1 


1 
0 


Aliter (x +1)(x+2)(x+3)...(x+n)=e' 
So that, when x = 0, then t = Inn! when x =1, thent =In (n+ 1)! 


[In(x + 1) + In(x + 2) +....... + In(x+n)]=t 
1 1 1 L 
j + 5 tot )ax=ar ae ‘ : 
+ + + T mt 1 Tl 
(e+) (e+2) (een) ales ifn -2] J 
In(n+1)! 
Therefore, I=]. : edt =[e' nar)! L 
i 2 mm 3m : n(m” —8) 
= eit)! _ gion! 4.4)! —nlen-n! =n oS ; 3 


Hence, (d) is the correct answer. Hence, (c) is the correct answer. 
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Aft - 
Ex. 5 limn Al 5 dita ae aye is equal to 
1 1 
(a) Ve O7- Og (d) Ve 


1 ‘| 
wel qa 
Sol. Let L=limn * ".(1'-2?-3°..n")" 


n-eo 


=lim-+ mms |S) (kink—kinn + kinn) 
noo 2\ n rn kal 
1f(n+1 1< 
=lim- Inn+ al 
ae Al n } ‘ > 2 


ne 2\ n Nya n non 2 
1 +1 1 1 +1] 
--i(2 i nt fxtnxar + 2(" )in 
2 n n 


1 1 - 
=| x Inxdx=-— = L=e 4 
ow we 4 
I 7 


Hence, (c) is the correct answer. 


[ ‘ais f(t)dt 


is equal to 


16 [HT JEE 2007] 


(a) 2 (2) (b) = F(2) ©@2s(3) ware) 
™ ™ T 2 


sec” x 
J f(t)dt f(sec’x)-2sec” x tan x—0 
Sol. lim 2 pT = lim. 
x 2 Tt x 2x 
4 x —-— 
16 (applying L’Hospital rule) 

_ fl2)-4_8f@) 

1/2 T 


Hence, (a) is the correct answer. 


Ex. 7 Let f be a non-negative function defined on the 


interval [0,1]. If if V1-(f’(t))2dx = [ f(t)dt,0 <x <1and 


Ff (0) =0, then [IIT JEE 2009] 
1\ 1 1\_ 1 1). 1 1\_ 1 
@) #{ 3} < Zand ¢(2]> (4(3}> Zana s(2]> 2 
1\ 1 1 1\_ 1 1 
(© s{ 3) <fand 42) © (3]> zane e(3]< 


Sol. Given, fv ~(f'(t))?dt = [Feat 0<x<1 


Applying Leibnitz theorem, we get 


V1-(f'(x))" = fx) 


=> 1-(f(x))’ = f(x) 

> (f(x) =1- f(x) = f(x) = =i°@) 
= asfi-y, where y = f(x) 

iS io 

Integrating both the sides, we get sin ‘(y)=+x+C 


f(0)=0 =C=0 
y=tsinx 
— y =sinx= given f(x)20 for x €[0,1] 


F(x), 


Its known that, sinx <x,V xe R* 


Pe oe! 1 1 1 {4 a 
sin <- =f <= and sin| —|<- 
2) 2 0 3) 3 


> t)<3 


Hence, (c) is the correct answer. 


Ex. 8 The value of lim a [ END ae 


x30 x3 0 e444 [HIT JEE 2010] 
1 1 1 
a) 0 b) — c)— d) — 
(a) ( ees (c) 7 ( My 
Sof ta ES af tlog(1+ ii, 
x0 x” 0 4+t' 
Using L’Hospital’s rule, 
xlog(1+ x) 
lim 4+x! = lim log(i+x) 1 =i 
x0 3x x0 3x 4+ x4 12 
using lim a AC 
x30 x 


Hence, (b) is the correct answer. 


Ex. 9 The value(s) of [ OD" i is (are) 
1+x? 


[IIT JEE 2010] 
22 2 3m 
=. b) — 0 d) —-— 
ie ™ ee (c) (7 5 
(1-x)* 
Sol. Let I= (ae 
1+x° 
7 pe a re 
o (1+ x*) 


fp (1+ x? -2x)* 
= Keg -1)(1- x)4dx + laa, 


aft Atay — a4 2) _ 4x” 
-{ fc 1)(1- x)" +(1+ x*) ave AE 


4 
dx 
3] 


=f {o?-n0-» + (14 x°)- 4x4 4- 


1 4 
= [x6 4x0 5x! +4- + a 
0 1+x 
145 4 Tl 22 
= + +4-4 0|= T 
7 6 5 3 4 7 


Hence, (a) is the correct answer. 
cos 8 
© Ex. 10 If [ , Ff (xtan®)dx [0 em ne | is equal to 
sin 2 


(a) —cos® [OP Fx sin® )dx 


sin® 
(b) —tand ie f (x)dx 
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(c) sin® [°° #(<cos® jax 


oe 


Ff (x)dx 


sin® 


1 
;) 
5G 


cos 0 
Sol. Let, r=[ . f(xtan @)dx. Put xtanO0=zsinO 
sin 


1 . 
I =|. f(zsin®) cos @dz 
> dx = cos0dz 


tan0 tan0 
=- cos Of f(zsin®) dz =- cos Of f(xsin ®) dx 


Hence, (a) is correct option. 


More than One Correct Option Type Questions 


Ex. 11 Let f(x) be an even function which is mapped 
from(-t, 1). Then, the value of J (f F(t) dt +1001) dx 


can be (where, [-] denotes greatest integer function) 
(a) 0 (b) x 
(c) 2n (d) 47 


Sol. As, f(x) is an even function, then (ie f(x) dx is an odd function. 
Also, [f(x)]=1,2 [as 1< f(x) <3] 
e)=[" (fi peae a+ J Lferlde 


=0+ [ [ f(x)] dx, [- since [ f(x)]=1or 2] 


4 
or i) 2dx =2nm or 4 
—i 


Hence, options (c) and (d) are correct. 
© Ex. 12 Let, Ay=["(min{|x—n), |x —(n+1))}) dx, 
A, =[* (x=n]-[x-(0 +0) dx, 
As =["" > (x-(n-+4)|-|x-(0+3))) dx 


and g(x)=A, +A, +Az, then 


(a) A, +A, + Ay =9 (0) A, + Ay + As == 


© Y sxy== Ya) =300 


Sol. Here, min {| x —n|,|x —(n+1)|} can be shown as 


AY 
VYot 
O x x+1 ~ 
n+l 
A,=[ 0 (min{{x-n),|x—-(n+1)|}) dx 
1 1 1 
=—x1x-=— 
2 4 
nt+2 
Now, A, =[ _ (ix-nl-|x—(n + 1))) dx 
nt 
=f (ie|-|e-1)ae [put x=n+t = dx=di] 
=f (@t-(@-1)at="1dt=(? =1 
1 1 L 
nt+3 
and A=] x(n 4)|-|x—(n + 3)) dx, 
nt+ 
=f (t= 4|-|1-3))ae [put x=n+t—>dx=di] 


=f, (4-1) -@—a)dt =f 1dt=1 


1 9 
Also, a a a ra ca 


100 


SY g(x)=g(1) + g2) + g3)+...+ g(100) 


n=1 
9 9 9 900 
ti... = 
4 4 4 4 
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JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Directions (Q. Nos. 13 to 15) For the following questions, 
choose the correct answers from the codes (a), (b), (c) and 
(d) defined as follows. 
(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I. 


(b) Statement I is true, Statement II is also true; Statement IT 
is not the correct explanation of Statement I. 


(c) Statement I is true, Statement II is false. 
(d) Statement I is false, Statement II is true. 


© Ex. 13 Statement I /f f(x) = [ (x f(t) +1)dt, then 
[ f(x)dx =12 


Statement II f(x) =3x+1 
Sol. Let f. f@)dt=k so f(x)=xk+1 
1 k 
Now, [ (kt+1)de=k => ~+1=ksok=2 
0 2 
f(x)=2x4+1 
[. 'f(x)de =12 


Hence, (c) is the correct answer. 


Also 


© Ex. 14 Statement! The function f(x) =['vite°de is 


an odd function and g(x) = f’(x) is an even function. 

Statement II For a differentiable function f(x) if f’(x) is 

an even function, then f(x) is an odd function. 

Sol. If f(x 
e.g. If f(x) =xsinx, then f(x) 


) is of odd, then f’(x) is even but converse is not true. 


=sinx- xcosx+C 


JEE Type Solved Examples : 
Passage Based Questions 


f(-x)=-sinx + xcosx+C 
On adding, f(x) + f(-x)=constant which need not to be zero. 


For Statement I f(x)= [va + t'dt; g(x)=V1+ x? 


=x) =| 14+ ¢dtt=-y 


eon ylty? dy 


f(x) + fx 
=> fis odd and gis pee even. 


Hence, (c) is the correct answer. 


© Ex. 15 Given, f(x) = sin? x and P(x) is a quadratic 
polynomial with leading coefficient unity. 
Statement | ‘ia P(x)+ f(x) dx vanishes. 


Statement II ie Ff (x)dx vanishes. 


Sol. P(x) =ax’ + bx + ¢; f(x) =sin® x 


oa 


Using LB.P. P(x)- f’(x)|2" -{" P'(x)- f’(x)dx 


zero I Il 


=| [P')- OOR- [2"P'- floes 


ae i) “(x)dx 
Tr 


an, m5 
=|, P (x): flx)dx =2) sin? xdx =0 


Hence, (a) is the correct answer. 


Passage I 
(Q. Nos. 16 to 18) 


b 
Suppose we define the definite integral using the following formula 


forc € (a,b), F(c) = —*(F(a)+ flO -—(f(b)+ Fle) 


+b b 
When c = a then 
2 al 


[IIT JEE 2007] 


Ex. 16 f° sin xdx is equal to 


(a) (1+ V2) (b) (14 V2) 


c d 
OF oe 


Tl 
229 


T 
7/2 2 0+— 
Sol. I, sinxdx = 


T T 
sin(0) + sin } +2sin 2 \\= 
2 2 8 


(1+ V2) 


Hence, (a) is the correct answer. 

Ex. 17 If f(x) is a polynomial and if 
t- 

{, foodx- =F) + flay 


lim 


=0 for alla, then the 


ta (t- a)° 
degree of f(x) can atmost be 
(a) 1 (b) 2 
(c) 3 (d) 4 
Sol. Applying L’ Hospital’s rule, 
; fo-2f+ fa) -—® Fr 
ia 3(t- a)” =" 
; £2 f0)+ fay-=9 fro 
“= os 3(t- a)? - 
— £O-200+ flay) -=" pro 
aa 12(t-a) _ 
yt ng 
toa 12 
£O-2(F0)+ flay-—=9 pe 
=> lim Z =0 


tra 12(t- a) 


=> lim I) 0 F%ah=oifer any a. 
toa 12 


> f(a) is atmost of degree 1. 


Hence, (a) is the correct answer. 


Ex. 18 If f(x) <0,V x € (a,b) and c is a point such 
thata<c<band(c, f(c)) is the point on the curve for which 
F(c) is maximum, then f’(c) is equal to 

Gi a (b) oe A 


2b) a) 


i (d) 0 
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Sol. F’(c) =(b—a)‘(c) + f(a) — f(b) 
F%c)=f"(c)(b—a) <0 
=> F’(c)=0 
fb) = f(@ 
= f©= a 
Hence, (a) is the correct answer. 
Passage II 
(Q. Nos. 19 to 20) 
cos(a +f) -sin(a+f) cos2B 
Let f(a,B) =| sina cosa sinB |. 
—cosa sina cosB 


Ex. 19 The value of 


=f" F[ foo # =.0) + {2.3 = -B)| dB is 


(a) e™? 
(c) 2(2e"* — 1) 
Sol. Here, f(0,8) 


=f" e(A 0, n+ AZ n+ = =-5)) dp 


=| e (2 + 2cosB + 2sinB)dB 


(b) 0 
(d) None of these 


=2cosf ie. independent of a 


Hence, =[e’ (2 + 2sinB) |?” 
= 4e"? —2 =2(2e"”” -1) 


Hence, (c) is the correct answer. 
Ex. 20 Ifl= f ‘ costo F(0,B) + r(o%-6) a then 
[/] is 
(a) em/2 
(c) 2(2e™? — 1) 


Sol. Again, I =, cost (08) r{az-B)| dB 


(b) 2 
(d) None of these 


= fc - cos’ (cos + sinB) dB 
T/2 
1/2 3 Tt/2 
a ee aos Bet i 


= 1/2 3 
=2] cos’ B dB +0 


cos’*Psinf dB 


=> I=2 = [1]=2 


Hence, (b) is the correct answer. 
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JEE Type Solved Examples : 
Matching Type Questions 


® Ex. 21 Match the following. 


Column | Column II 
XCosx 7 -] 
(A) The function f(x)= = is not defined at () 
sin x 
x =0. The value of (0), so that f is continuous at 


x=0, is 
oe 1 ods (q) 0 
The value of the definite integral | —~—= is 4. 
(B) J OVx + Vx 


equal to a+ bln 2, where aand bare integers, then 
(a+ b) is equal to 
ngec’O — tan 0 (r) 1/2 


(C) Given, al 7 d0=1, then the value of 
e 


tan nis equal to 
1 
a (s) 1 
(D) Leta, =f", tan”'(nx)dx and 


nt+1 
1 


ae a 
b,= fr sin” '(nx) dx, then lim — has the value 
= now 
nt+1 n 


equal to 


Sol. (A) > (1), (B) > ©), (C) > (s), D) > @) 


© Ex. 22. Match the following 


x xX COS X 
.. @ cosx—l=—x_.. € =x 
(A) lim - = lim r 
x70 2 sinx x30 oa 
ss 
(applying L’Hospital’s twice) 
eX °S*.(-xsin x + cos x)-1 
= lim 
x30 2x 
i e* °°S* (x cos x —sin x —sin x) + e* °° *(—xsin x + cos x) 
= lim 
x30 2 
_il 
2 


(B) Put x =u° > dx =6u° du 


1 6u° du 1ut+1—- 
i= =6 


1 
5 du=5-6In2 
ou+u 0 


ut+1 
>a+b=5-6=-1 
(C) e” [; e° (sec? 0— tan 0) dO=1 
Put -0=t > d0=-dt 
—e" ie (sec? t+ tant) dt=1 
[use f e* (f(x) + f(x) =e*F (WI 
=> -e" fe’ tant])” =1 > -e" [-e™ tann]=1> tann=+1 


/n 
f a tan! (nx) dx 
(D) lim 


co pl/n es 
oe J sin” (nx) dx 
1/n+1 


1 fl =1 

= tan (t) dt 

lim nen/nt+1 
co 1 fl re 

aa sin | (t) dt 

nen/n+1 


tan7'| — as 
F ee . nt+1} 41 
Use L’Hospital’s rule, lim == 
z 


neo -1 n 
sin 
n+1 


[IIT JEE 2006] 
Column | Column II 
1 dx 1 2 
A [ito (p) $log( 2) 
ois w tal! 
(B) Vix q 3 0g 3 
3 dx Tt 
© Js ome 
2 dx Tt 
(D) J oa () 5 
Sol. (A) >(s), (B) > (s), (C) > (q), (DB) > @) 
1 dx 
4) ig 1+x? 
Has : 5 is an reven function. 
+x 
opt dx _ 4.431 0 
L=2 aes =[2(tan hes 


2 dx 
=| ——— [put x=sec 0 => dx =sec Otan6d6] 
Y xqfx?-1 


={"" sec 0 tan 0d0 
0 sec 0 tan 0 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


» Ex. 23 Let f:R > R be a continuous function which 
satisfies f(x) =| Ff (t)dt. Then, the value of f(In5) is 
[IIT JEE 2009] 
Sol. (0) From given integral equation, f(0)=0 
Also, differentiating the given integral equation w.r.t. x, we get 
f(x) = F() 
If f(x) 40, then 


f(x) 
i 


we = f(x)=ee* 


= e° =0,a contradiction 


f(0)=0 
f(x)=0,VxER = f(Ins)=0 


© Ex. 24 For any real number x, let[ x] denotes the largest 


integer less than or equal to x. Let f be a real valued func- 
tion defined on the interval[-10,10] by 


_| x-[x], — if[x]is odd 
fos if [x] is even’ 
T” 10 
Then, the value of — | f (x)cost x dx is. 
10 °-10 [HIT JEE 2010] 
=| #=[x), if [x] is odd 
Bol WERE Te) at +[x]-x, if [x]is even 


f(x) and cos 1x are both periodic with period 2 and are both 
even. 


10 10 
% i) f(x) cos mx dx =2 [ f(x) cos 1x dx 
-10 0 
2 
=10 { f(x) cos 1x dx 


1 1 1 
J, f(x) cos mx dx = | (1-x) cos mx dx =— [| ucos tu du 


-10-9 —2 -1 0 1 2 9 10 
1 
[ir x) cos 1x dx = f° (x-1) cos mx dx =— J ucos Tudu 


40 
ii f(x) cos mx dx =—20 f ucos tudu=—, 
-10 0 Tl 


2 
Tt? plo 
> mae f(x) cos tx dx =4 
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® Ex. 25 Let f(x) be a differentiable function satisfying 
fox) {x43 


then the value of ¥ : is. 


7S (ge +k?) — g(x +k) 


k=1 


Sol. (6) Here, f(x)+ sfx *] =1 


Replace xby[x+ ;| , we get l= 1) + f(x+1)=1 
On subtracting, f(x) = f(x +1) 

x+1? x x+1? 
Also, g(x +12) =f, f(t) dt=f f(t)dt+ I f(t) dt 
Since, f(x +1) = f(x) 
=f, f(t) dt + ata f(t)dt 
g(x + 2”) =" f(t)dt +2 f f(tdt 


x 1 
a(xtk =f f@dr+k-[ fle 


e(xt1’) 


and g(x +k) =|. f(t)dt +k: f. f(t)dt 


Thus, > (g(x +k’) — g(x +k))= > (k? —k)- f. f(t) dt 


=1 


=, (-b)- g(t), given g(x) =f" float 
k=1 


_{ n(nt+ 1)(2n + 1) 
a y 

_ nn—1)(n+1) 
—— 


me) 1 
2 


8 x3 
>» (n—1)n(n+ 1) 


’ i: 8 


(g(x+k?)—g(x+k)) ” 


n+1)- 


(n-1) 1 1 
-25 slosh 1) Ll ~(n—1)n — 


-n((2 1x2 | 


1 1 
+ 
fe a 


[ 1 1 
ia = 
-n(2- i (n-1)n n(n+1) 


a 
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=1,Vx € Rand g(x) = [, * £(t)dt. If g(1) =1, 


...(i) 


] 
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Subjective Type Questions 


Ex. 26 Find the error in steps to evaluate the following 
integral. 


{" dx =|" sec” x dx =|" sec” x dx 
0 14+2sin?x 20 sec?x+2tan*?x °9 143tan’x 
(V3 tan x)]7 


“= [tan 


Sol. Here, the Newton-Leibnitz’s formula for evaluating the defi- 
nite integrals is not applicable because the anti-derivative, 


f(x) = [tan™! (v3 tan x)] 


V3 
has a discontinuity at the point x => which lies in the interval 
[0, 7]. 
LHL = lim ae os 5] tn{ =n) at x=— 
ho>0 V3 2 2 
= lim — tan! ee cot h) 
h>0 VJ/3 
T 
= lim — tan! (ce) =——= ..-(i) 
lim () 2/3 ( 
Also, RHL = lim eae V3 tan{ 2 n| atx mel 
h>0 - 2 2 
li tan | (— v3 cot h 
= = an! (- 3 co ) 
. 1 = T 45 
= lim tan (—°°)= ...{ii) 
Pare a 


From Eqs. (i) and (ii), LHL #RHL at x= /2 
= Anti-derivative f(x) is discontinuous at x=7 / 2. 


So, the correct solution for above integral; 


2 
=|" sec’ x dx 
0 


r=f" ; ...(iii) 
1+2sin’ x 1+3tan“ x 
— 0, fa-x)=- fix) 
Using, j, f (x) dx= 2" f (x)dx, f (2a—x)= f(x) 
2 
We know, if fle) = f(m —x)= f(x) 


n/2 2d 
*. Eq. (iii) reduces to I =2/ sec’ x dx 


0 1+3tan’ x 


1 ¢o dt 
=2-—— | 


i (put V3 tanx=t => 3sec"x dx =dt) 
Lee 


= [tan (le 


(tan7' co—tan™! 0) = =_[4-0]- a 
“aD v3 v3 
T dx _ 1 
err 


1+2sin?x 3 


Remark 


Students are advised to check continuity of anti-derivatives 
before substitution of integral limits. 


Ex. 27 iff” | sin x|dx =8 and {**° 


|cos x|dx =9, 
b 
then find the value of [ x sin x dx. 


b 
Sol. We know, i |sin x|dx represents the area under the curve 
a 


from x=a to x=b. 


We also know, area from x =a to x=a+ Tis 2. 


b 
[ |sinx|dx=8 
a 


> b-a=— wall 
5 (i) 
a+b 
Similarly, I, | cos x| dx =9 
> a+b-0=—™ ...(ii) 


From Eqs. (i) and (ii), a= / 4,b=177 / 4 


b 7 1771/4 " 
Hence, I xsin x dx =[ : xsin x dx 
a m/4 


17/4 
Lanes cos x dx 
7/4 


=[-x cos x]q/4 


«17/4 
= cos +—cos— + [sin x] 
4 4 T/4 
_ An 
V2 


b 
xsin x dx =—22n 
a 


Ex. 28 Evaluate [*"' evi) | cee 2) | he 


cos (cos a) | sin(sin” | x) | 


Sol. We know, cos(cos ' x) and sin(sin' x) could be plotted as 


sin(sin™ x) and cos(cos~’ x) are identical functions. 


sin(sin?B) cos(cos! x sin (sin™ ia 
J - eostcon 2 =Jo 1dx=(B-«a) 
cos(cos ~ a) sin(sin ' x) cos(cos~ a) 
) 4 y=sin(sin-x) 


y=cos(cos~!x) 


Ex. 29 Evaluate [ aa dx. 
(of 6 -x 
Sol. Let [= {. = de (i) 
Put x=acos’t+Bsin’ t 


x-a@=acos’ t+ sin? t—a=f [sin*(t) + a(cos*t—1)] 


=Bsin? t-asin®t > (x-a)=(8-«a)sin?t 
Similarly, B — x =(8 — &) cos’ t 
dx =2(B-—«)sint cost dt 
x=a>sin’>t=0 > t=0 


(<8) 


where, 
and x=B=>cos’t=0 = t=n/2 


*. Eq. (i) reduces to 


/2 —a)sin? t 

i" G-a)sin't »G—a)sint costdt 
0 (B — &) cos“ t 
m2 sint 


-2(B-@)sint cost dt 
0 cost 


sin’ t sin t 
cr zs =t asteé[0, 1/2] 
cos t cost 


-(6-a) ("2 sin? tdt =(8- a) [a anoeoiide 


sin2t\” 
-6-a(t- 
0 
=(6 a|(= isin (0 ‘sina)]=@-a9] * 
2 2 2 2 | 
T 
I=—(b-a@ 
ma ) 
put B-x=t 
Aliter Let r=" ae ay or B-x=?? 
« YB-x = —dx=2tdt 
When x=0,thenB-a=t? > JB-a=t 
When x=, then0=?? > 0=¢ 
0 (B-t?)-o 
I= 11 (-2t) dt 
Bra ; (-2t) 
aan" aye 
2| ams (B-a)-# dt 
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V (a2 +b?)/2 ¥ 


(3a? +b2)/4 Vee — a?) (b? — x?) 
y (a? +b7)/2 7 


Sol. Let I= d. ii 
ol. Le lan Gee x (i) 


Ex. 30 Evaluate dx. 


Put x* =a" cos’t +b’ sin’ t 
> 2x dx =[2a” cost (—sin t) + 2b’ sin t (cos t)] dt 
1 
=> xdx=—(b' —a")sin2 tdt 
2_ a’ +b? 
2 
a’ +b? =2(1—sin’ t) a? + 2b’ sin’ t 


2.2 2022 
For x =a’ cos’ t+)‘ sin‘ t, 


or (a° +b’) =2a? +2(b? —a’)sin’ t 
Gee Tl 
=> sin i => cos2t=0 > =, 


>» 3a°+b* 
= 
4 
3a’ + b? =4a" + 4(b® —a’) sin’ t 


For =a’ cos’ t +b’ sin’ t, 


+B 1 1 TT 
=> sin°-t=— => cos2t=- => t=— 
4 2 6 


*. Eq. (i) reduces to 
(b° —a’)sin2t 
m6 2b? -a”)sin? t(b? —a”) cos’ t 


n/4 TA Cn mn) 
=[ ar=(¢) (4-2 a 
16 ne Ae 6) 2 


en sin c + | 
Ex. 31 Evaluate re dx. 


cos x (1—sin x) 


1 
eet sin (« + *)| 
m/4 4 


m/4 J 


dt 


Sol. Let I =| - dx 
0 cos x(1—sin x) 
1 { m4 e°°* (sin x + cos x)(1+sin x) d 
= x 
V2 40 cos x(1 —sin” x) 
1 { m4 e®°°* (sin x + cos x)(1+sin x) d 
= x 
V2 70 cos” x- cos x 
1 m4 secx 
= i J, e -(sec x tan x + sec x) (sec x + tan x) dx 
2 
1 x4 
= a i) e8°¢* .Tsec x tan x(sec x + tan x) + sec’x 
5 Jo 


+sec x tan x] dx 


1 7/4 
=—- | e°* .Tsec x tan x(sec x + tan x+1)+ sec” x] dx 
0 


1 T/4 
= i e°°°*. sec x tan x(sec x + tan x +1) 
0 


4 secx 


2 
-sec’x dx 
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Applying integration by parts, 


T/2 2 
=") (@ a oywal Tae coe” ~" 9-9} 
1 1/4 
1 =p (sec x+ tan x4 1)e}, 8 274 : 
2 2 2 
il ir t ns 25). Sex I 8% sac? xd. -2| n+ dog : aie +7 log — 
a 5 sec x tan x+ sec“x)-e Ix si sec” x dx 8 V2 8 8 V2 8 
2 2 
nm 1 nm 
=AWRar4 ne? a4 ne} le] Sg ge ae ge 
1 2 1). 1 v2 
=—(V2 +2)e /2e (e e)=—=(1+ V2) e"? -— nm x cosx 
V2 V2 v2 v2 Ex. 33 Evaluate | ————— dx. 
(1+ sin x) 
2 yo 
m/4 x* (sin 2x —cos 2x) dx 2 
Ex. 32 Evaluate | ; 7 ; Sol. Let eG eS dk =| x’ {(1+sin x) * cos x}dx 
(1+ sin 2x) cos” x (1+ sin x) 0 
er tey he " m4 x” (sin 2x —cos2x) dx Applying integration by parts, 
(1 + sin2x) cos” x = »(1+sin x) . Tt (1+sin x) 
; I=|x J 2x: dx 
_lpr t’ (sint — cost) de (out2x=i) -1 0 -1 


89 (1 +sin t)(cos’ t / 2) 


‘ =(-n?+0)4 af dx (i) 
r= m2 t°(sint—cost) r (i) 1+sin x 
40 (1+sint)(1+ cost) = 


sing, I, f(x) dx= I, fla—x) ax| 


an I; f(x) dx= { fla-x) ax | 


(m™ — x) 


g I=-n 242" dx ...(ii) 
Tl i 1+sinx 
[Z-r] -(cost—sin ft) 
r=if EEE dt ii) Adding Eaqg. (i) and (ii), we get 
0 1+ cost)(1+sint 
al=-2n+2[" —™ dx 
Adding Eqs. (i) and (ii), we get 1+sin x 
: mn 1—sinx 
Ria (sin t — cos t) =-2n? +2n J 7 ax 
1 pe 4 cos’ x 
2l= dt (iL 
ma (1+ cost) (1+ sin t) an =—2n’ +2n [tan x —sec x]-" 
Pe eee (i sint—cost = =—2n? + 2n[0-(-1-1)]=—2n7 + 40 


0 (1+ cost)(1+sint) 


asf" f(x)dx=0,if f(2a-x) = ftx)] 


T=-n’ +20 


» Ex. 34 Compute the following integrals. 
*. Eq. (iii) becomes dx 
r=2f™" mt(sint—cost)dt | | (i) [- ie’ +X7 ")Inx*=0 


8 (1+ cos t)(1+ sin t) ‘ 
_m nz t{(1+sint)—(1+ cost)} dt (ii) in f(x" +x7")Inx ox =0 
ara (1 + cost)(1 +sint) 14x 
mp2 tdt T pre tdt Sol. (i) Let t=Inx => x=e' 
=i 1+ cost ahs 1+sint Pee ae dx _ iy 
T pz tdt T pr2 (w/2-t)dt x 
are! 1+ cost al 1+ cost Also, x=0 > t=-00 
2m pr2 tdt me pr2 dt and oe 
a J 1+cost 16 I 1+ cost Bs [, fle? +x) In Saf" fle" +e™)-tdt=0 
=e t(sec’ t / 2) yar 2" (sec’ t / 2) dt ( integrand is an odd function of t) 


dx co = e 
s=f fle" +e") -t- dt 
x ia Le 


7 tyr? ama t m2 t\ 7? (ii) J, f(r +x” eS 
=—4| 2t-tan— -f 1-2 tan — dt+ ——_| 2 tan— 
8 2 0 2 16 2 


0 0 


te’ 


1+e” 


HE 7" é _ 1 
ete! 1+e" et+el 


Now, if h(t)= fle" +e"): 


Then, h(—t)= f(e"™ +e")-(-t)- 


h(—t) =— h(t) 
Thus, integrand is an odd function and hence 
oo dx 
x"+x")Inx- =0 
[Prete arynn 8 


> Ex. 35 Show that 


(a) J, sin x dx =1 


Sol. Let us first evaluate; 
I=] e “sinxdx and j=] e * cos xdx 
Using integer by parts, we get 
I=-e ™ cosx—sJ (i) 
and J=e “sinx+sI (ii) 


Subtracting Eqs. (i) and (ii), we get 


[=-e™ cosx+ssinx 
~ 2 
1+s 
3? s 
> jJ=e “| sin x-——sin x 5 COS X 
sotl 1+s 


sin x—s cos x 


=e * 


1+s? 
Thus, I e “sinxdx= 5 
0 s° +1 
and J e “ cosxdx= 5 
0 s°+1 


Now, fe sinxdx= lim [ e“sinxdx =lim sl 
0 s>0 20 so0s* +1 
and I~ cosxdx= lim [ e™ cosxdx=lim 5 =0 
0 so “0 s>0 5°41] 
Ex. 36 Find a function g : R > R, continuous in[0, ) 
and positive in(0, °°) satisfying g(0) =1 and 
2 
1 x 2 = 1 x 
=r g war="l f a(t) at | 
Sol. Let fix)=]° (dt 
= f(x) = a(x) 
1 t* pista, lf * 2 : 
= 5), ro@raasly ewae mt) 


= $f" «| “=h (fn) 
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=> 
2 x 2 x 
11 x _1(f(x))* 
= 2 s| fos (9 |ar=s x 
2 
a A Fe)? ar [using Eq. (i)] 


Differentiating both the sides w.r.t. x, we get 
Te x2 f(x) f(x) -(f(x))” 


x 


= slats)! x? =2x f(x)(g(x)) —(f(o0) 


e [<#00) 24 *#0))_2 
FO) fo) 
x g(x) 
Fx) 
= es ee or * I) 54 So 
2 f(x) 


= Inf(x)=2+ /2 In x + constant 


> t? —4t+2=0, where t= 


> F(x) =ex2* 2 or ex? V2 
> a(x) = f’(x) =e, 1°? or c, xt? 


where, c, and c, are constants of integration. 


But g is continuous on [0, °), then c, x'-¥? is ruled out. 
Hence, B(x) =c, ait v2 
Also, g(0)=c=1 > g(x)axtt? 


Ex. 37 Let!, = (i tan” x dx (n>1and is an integer). 
Show that 
1 ¥ 1 1 


(i) In + In -2 = ) Jn4) ~" <29=9 


3 : T/4 2 1/4 ro 2 
Sol. (i) Given, I, ={ tan" x dx ={ tan” “ x- tan” x dx 
0 0 
m/4 = m/4 _ 
={ sec” x- tan”  xdx—[ tan"~* x dx 
0 0 


1 
=| t"~? dt—I,_», where t=tan x 
0 


1 
n-1 
t 1 
Ita | | fe Dot d= j 
i= n—- 
0 


(ii) For 0<x<m/ 4, we have 0<tan” x<tan"~* x 


So that; 0<I, <I,_, 
Loto <2l lt Le 
> <2l,< 
n+1 n-1 
1 1 
> <I,< 
2(n+1) 2(n—-1) 
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Ex. 38 ifU, = c pSswens 


dx, where n is positive 
1—cos x 


integer or zero, then show that U,,,, +U, =2U,, 44. 
n/2 sin? nO 1 


Hence, deduce that | 


sin? @ 2 
i“ t2 1 +1 
Sol. Une2— Uni =f, cos(n Seen )x] 4, 
‘i +1)x- +2 
=| cos(n cos(n )x a 
1=—cos x 
Gaba 
2sin} n+— | x-sin— 
T 2: 2 
=f, > Ix 
2sin? — 
‘ 3 
sin(n +2] 
ig d. (i) 
sin — 
nar 
sin| n+— 
Uns Un=J, 21 dx ii) 


. x 
sin — 
2 


From Eqs. (i) and (ii), we get 


(Un42-Une1)-Una1 a 
sin — 


u T 2cos(n+1)x-sinx/2 


n 


+U,—-2U,.,= 
+2 n n+1 ie sin x /2 


sin(n+1)x 


TT 
=2| cos(n+1)xdx =2 
) n+1 


18 

} =< 
0 
=> U,42+ U, =2U,,; 

=> U,,U,41,U,4 2 are in AP. 


a a 
U=[, TENORS : 


nm 1—cosx 


Now, 


9 1-cosx 


(common difference) 


n/2 sin *n0 o=[~" 1-—cos2n0 
0 1-—cos20 


dO 


Now, = 
0 sin? 9” 


m 1-—cosnx 1 
— i dx= ni 
0 1-cosx 2 


Ex. 39 Prove that for any positive integer K, 


sin2Kx 
——— =2[cos x +c0s3x +...+c05 (2 K —-1) x] 


sin xX 


2 
Hence, prove that lig sin2Kx -cot x d =s 


Sol. To prove; sin2Kx =2sin x [cos x + cos3x + cos5x + 
..+ cos(2K -1) x] 


Taking RHS, [2 sin x cos x + 2sin x cos3x + 2sin x cos5x + 
..+2sin x cos(2K —1) x] 


(sin 4x —sin 2x) + [sin6x —sin 4x) + 
+ (sin2Kx —sin(2K —2) x] 


=(sin2x) + 


=sin2Kx 


sin2Kx 


T/2 T/2 
Now, J, sin2K x-cot xdx =|, -cos x dx 


sin x 
7/2 

={ 2 cos x [cos x + cos3x+...+ cos(2K —1) x]dx 
0 


n/2 n/2 
=f, (1+ cos2x) dx + j, (cos 4x + cos 2x) dx 


1/2 
+ vit |, [cos2K x+cos(2K —2) x]dx 


But we know that, 


n/2 
J, (cos2nx)dx=0,V¥neEI and n#0 


/ / 
> ro sin 2Kx- cot xdx=["~ (de eos” 
0 0 2 
3 _ 2 
Ex. 40 Evaluate | sin” | a dx. 
0 14+x 1+x 


v3 1 2 
Sol. Let I=] 5 sin! = 5 dx 
9 1I+x 1+x 
if 2x 2tan'x, if-1<x<1 
Now, sin |= et 
1+x m—2tan x, if x>1 


1 1 = 2x 
ae > sin” 5 dx + 
O1l+x 1+x 


=( = 2tan- ‘ae 


1+x° 
-1 
1 tan x v3 1 
=2/ 3 dx +n 
0 dx 1 
n/3 
=2{"" tdt +n (tan! x),? (, tdt 
TT. 


2 m/4 2 1/3 
t 7 _ t 
= 5 + {tan ' V3 —tan wel?) 
0 


m/4 


5 -1 
5 ax af 5 dx 


-1 


(put tan x=?) 


2 


2 2 
Ex. 41 Prove that |" et .e © dt=e* 4 ie ee * de. 


xX+Z 


x 1 
Sol. Let I =f et ee dt. Putt= ee 
0 


2) (2) 
I= Le ee dt= = i : -e 2) dz 
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1 ae foi ; =/" 2dt ={" 2dt 
=e" “dz =e [er fade 0 a+e)+a0Q—-2) 0 (a+ +a) 
; : ; , 2 dt 
La pt 04 1 x? gf * 0-174 = 
2° ie as aI; a inal re( a) 
[using [" f(x) dx =2 I; f(x) dx, when f(- x)= i) i 
ihe pi See > 1 fee “2 mon 
— J, : - 1-a (1+a)/(1—-a) l+a), h—-@ 2 1—a¢? 
* xt .-t? x?/4 0 * 1? 74 : F : oa 
=> J, e-x dt=e J, e dt (integrating both the sides w.r.t. ‘a’) 
> f(a)=nsin 'a+c 
1 - ‘. 
Ex. 42 If f(x)=e% +[' (e% +te™*) f(t) dt, find f(x). But Aiya[® Sees, 
COS X 
Sol. We can write f(x) =Ae* + Be *, where = c=0 
* = Cates! F 
A=i+] f(i)dt and B= if (t) dt “ f(a@)=nsin™ a 
1 = = 1/2 = 
A=1tf, (Ae! + Be!) dt =1 + (Ae! — Be“), Ex. 44 Evaluate | cosec 9 tan’ ' (c sin®@) dé. 
A=1+ A(e'-1)-B(e™' 1) n/2 Snes 
Sol. Let fle)=] cosec @- tan”! (csin 6) dO 
=> (2-e)At+(e'-1)B=1 ...(i) 9 


(sin 0) 


1+c’sin? 0 


d0+ 0-0 


5 n/2 0 
i = * 
B=f. t(Ae’ + Be‘) dt Fe) |, ee 


dO 


= = /2 
=A(te' —e')) + B(-te te sb ={" —$—- 
9 14+ c*sin* 0 


B=A+ B(1-2e"') 


n/i2 cosec’ 0dO m2 cosec” 0d 
=> A-2e'B=0 (ii) =|. =I, ( 


c2 + cosec? 0 ce’ +1)+ cot? 6 
From Eqs. (i) and (ii), we get 


Tt/2 
= = 1 2 tO 
Aa 1) ae” 1 = an co | 
c? +1 


~ 4e—2e?’ 4—2e yc? +1 


0 
_ 2(e-1) tx em). 2% Tt 


= . e 4 = 
4e —2e? 4—2¢ fe) 


Hence, f(x) Se 
2c7 +1 


Integrating both the sides, we get 


Ex. 43 If|a|<1, show that , 
fo=f =e = jlog(e+ ye? +1) +A 


n log(1+acos x = ra 

I OSE OT een Gin ‘a. ayers 

0 COs Xx where, f(0)=A 

; / 
Sol. Given,|a|<1 But f(0)=)" * eosee O tan (0) d0=0 
n log(1+acos x) 
Let = + —d 
et fa)=J, “ee => fle)=* log (e+ ye? +1) 
; n cos x n dx 
f =], cos x-(1+acos x) J, 1+acosx 7/2 = 
Ex. 45 Evaluate | secO- tan (acosQ@) dO. 
(differentiating w.r.t. ‘a’ using Leibnitz rule) 7 
dx 2 Sol. Given definite integral is a function of ‘a’. Let its value be I(a). 


x 
alee Tae when x =0,t=0 


2? /2 
dt 1+t Then, I(a) =| : sec 0: tan”’ (a cos 8) dO 
and when x =, t 40° 9 
/2 1 
adt =  1'(a)=[" sec 0-— .- cos 00+ 0-0 
~ rea 0 1+a° cos’ 0 
=~ f'(@= = Se (using Leibnitz rule) 

0 1-t ] 2 

144 n/2 1 mt/2 sec 0 

2 = —.— d0= ———. 40 
sl J, 1+a’ cos’ @ i sec’ 0+ a" 
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m/2 sec’ 0 
— —————~ d0 ut tan 0=f 
F 1+ tan? 0+’ P ) 


dt 1 on t | 
= n es 

2 2 

+(a° +1 2 2 

(a?+1) Jat+a fa? +1), 
1 
= ( 0} on 
ja? +1 2 24a’ +1 


Integrating both the sides w.r.t. ‘a’, we get 


(a) = log|a+ fa’ +1|+C 
1(0)=0+C 


=> Ha) =" log|a+ y+ a°| 


Ex. 46 Let f be acontinuous function on[a, b]. Prove 


that there exists a number x € [a, b] such that 
x b 
[ f(t) dt = I f(t) dt. 
Sol. Let g(x)=[ ee f(t) dt, x € [a,b] 
=-|" flat and g(b)=[" flat 


w=-(f" f(t) 2) <0 


Clearly, g(x) is continuous in [a,b] and g(a): g(b) <0. 


Since, 


We have, g(a 
=> g(a)-g 


It implies that g(x) will become zero at least once in [a,b]. 


x b 
Hence, t)at= t) dat for atleast one value of x €|a, D}. 
[, f@at= | fle) dt for atl lue of x €[4, b] 


Ex. 47 If f(x)=x+[ (xy?+x’y) (fy) dy, find fx). 
Sol. Given, f(x)=x+ #{, y? f(y) dy + x ik y fly) dy 


=x(14f' y* foray} +2°( fy foray] 


= f(x) is a quadratic expression. 
=> f(x)=ax+ bx? or fly)=ay + by? ...(i) 
where, a=1+f y’ fly) dy=1+f) y° (ay + by’) dy 


4 5\ 
ay’ by (: 4 
=1+| —-+—] a=14+] —+-— 
4 5). 4 5 


=> 20a =20+5a+4b or 15a—4b=20 ...(ii) 


ul 1 2 
and b=| y fly)dy =[° y(ay + by”) dy 
1 
[= a a b 
=| —+— => b=-+- 
3 4 3.44 


> 12b=4a+3b or 9b-4a=0 ...(iii) 


From Eqs. (ii) and (iii), 
180 as 80 


a=— =— 


119 119 
*. Eq. (i) reduces to 

80x" + 180x 

f(x) = ae aa 

Ex. 48 Prove that 
x u x 
[ () f@adthdu=|" (x-u) fu) du. 
Sol. Here, applying integration by parts to 


J, 1 {fF dt} du 


II I 


u 
ie. taking ‘1’ as second function and J, f(t) dt as first function, 
we have 


2 1{ neath du={f" peat” 00 
-(uf" fe a) =" uflw) du 


= xf f(t) dt" uf(u) du 
=f, (x-u) fw) du 


_ I, fu)-udu 


Ex. 49 Evaluate co" (log | sin x |) (cos (2nx)) dx,n€ N. 


3n/2 
Sol. Let I(n)=f (log | sin x|) (cos 2nx) dx 


I I 


4 3n/2 ; 
sin 2nx 3n/2 sin 2nx 
= cot x- 


dx 


10)=[ log | sin x|- 


2n 


(using integration by parts) 


1 3/2 sin2nx- 1 
I(n) = [ae de = 0-=1,(n) Ai) 
2n°o sin x 2 
3n/2 sin (2 
Let 1(n)=f sin ( ue) cOsx 
sin x 
hase f sin(2n+ 2) x- cOsx 


sin x 


3n/2 (sin(2n + 2) x —sin2nx)- cos x d 
Ix 


I(n+1)-1(n)=J. 


sin x 


dx 


=f" 2 cos(2n+ 1) x-sin x-cos x 


sin x 


3/2 
=f, (cos (2n + 2) x + cos 2nx) dx 


=0+0 


3m/2 
-( sin (2n + 2) x mee i 


(2n + 2) 2n - 


=> 1(n+1)=1,(n)=...=1,(1) 


dx 


()= ha sin2x: CO8X 4 cn 2sin x cos x: cos x 
aX = —————————— 


sin x 0 sin x 


Ex. 50 Evaluate i: e * sin” x dx, ifn is an even integer. 
Sol. Here, I,, ={ e * sin" x dx 
0 
=(-sin" xe *)5 + nf sin" | xcosxe “dx 
0 
=n] (sin"~! x- cos x)(e~*) dx [where (- sin" x e~*)® = 0] 
0 
I 0 
=> I, =n[(-sin"’ x-cosxe *)° 
+(n- 1)f sin” ’ x cos” xe *dx -f sin" xe * dx] 
0 0 
i= n(n—1){ e * sin"? edema | e “sin” xdx 
0 0 
=n(n—-1)I1,_, —n’I, 
> (n? +1) I, =n(n-1)1,_5 


_n(n-1) 


-2 
nti. " 


Replacing n by (n —2),(n — 4),...,2, we get 


_(n=2)(n—3) _(n 1)(n—-3) (n—4)(n 5) 
we ead eyed Gaya. 
.. and so on. 
_ 2(2-1) 
ae 
_n(n 1) (n-2)(n—-3) (n—4)(n-5) 22-1), 
en es wee ee ee 


n! n! 


a I,= le dx = i} 


mary) “g= n/2 
TI {1+(2r)"} Il 14 4r? 
r=1 r=1 


1 
Ex. 51 Evaluate if (tx +1- x)" dx,n€ N andt is 
independent of x. Hence, show 


[x<ta-0" dx = ! 


"C. (n+l). 


Sol. Here, I =| (tx +1—x)" dx=|' ((t-1) x +1)" dx 


-atas al 


(n+1)(t-1) |, 


1 fi ge 
=— {ete 


+...+¢4+1} wali) 
n+1 
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1 1 
Again, I =|, (tx +1— x)" dx =f, (a -x)+ bh" dx 
- [ fC, (1— x)" + *C,(1- x)" (ix) + "C, (1-2)? 
(tx)? +... "C.(1— x)" (tx) +... + "C, (tx)"} dx 
7 i. | > an (aay wr} dx 


zz 3 aed [. {((1— x)" x"}dx (ii) 


r=0 
From Eqs. (i) and (ii), 
is 1 
DF Om if J (1—x)"" x" dx= 
0 


r=0 


1 
{t" 4 
n+1 


nt a ee 


Equating coefficient of t* on both the sides, we get 


1 1 
"Cf ax)" F x® dx = —_ 
ef, nt+1 


1 


7 n-k Jk 
=> 1-x x dx = ———_ 
J ( ) "C,. (n+ 1) 


Ex. 52. Givena real valued function f(x) which is 


monotonic and differentiable, prove that for any real 
numbers a and b; 


[FP OIF el}dx= P00" 2xfb— fod} dx 


Sol. As, f(x) is differentiable and monotonic. 
. f(x) exists. 
Let f \(x)=t> x= f(t) or dx= f(t) dt 
As, x=fa@=>f {f@=tst=a 
x=f(b)>f {fb)j=tst=b 


= jg 2xO-F elde=[" 2f0b-H fat 


and 


=[" &-H.2FW fOhat 
I 


I 


=(6-H{f OP R+ If” (FOP at 
=-(b-a){f@ye+]” (FF at 
=" (FOF -(F@y) at 
=[" UF )-F? @}ax 

Ex. 53 Evaluate 


[’ sin 0 (cos* @ —cos* 1/5) (cos* @—cos* 2m /5) do 
0 sin50 , 


Sol. We know, 


Tl 27 
zo -1=(2? fe 2cos{E} 41] <*-2{cos22}=41| 
4n Tt 
x( 2? -2e08E 241 |{ 2 -2005%E 241 | 
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5 1 1 nm 1 20. 1 
or Zz 5 =| z z—-2cos—+ z—2cos + 
Zz Zz » 5 Zz 
4m 1 6m 1 
X| z—2cos + Z—2cos t 
5 Zz 5 Zz 


Put z=cos§+isin0 
=> 2isin50=(2isin 0) (2 cos 9-2 cos m /5)(2 cos 8@—2 cos27 /5) 
X(2 cos 9-2 cos 47 /5)(2 cos 8-2 cos6m / 5) 


=>  sin50=16sin O(cos’ @—cos’ m /5)(cos” 0— cos’ 2m / 5) 


sin 0(cos’ @—cos” m /5)(cos” 0— cos’ 2m / 5) 1 


sin50 16 
{. sin 0(cos’ @—cos” m /5)(cos” 0— cos’ 2m / 5) 40 
0 sin50 
af? 392." 
° 16 16 
n Lt 
Ex. 54 Showthat lim ——*~ =e-2. 
n> k=0 ny” (K +3) 
"Cx 7 1 1 
Sol. lim ———— = lim "Ces 
pe nk (K +3) n>@ >» K+3 ™ nk 
= lim s Cx : i oo ae en]! dx 
nye Py nk K+3 %0 
n a K 
= x lim nG (=) dx 
J no py ~ n 
= ‘| lim (1+) | 
n—- oo n 
7 "cee E lim +=] -<| 
0 noo n 
il, al 
=(x’-e ih 2x-e de =e~24 (xe al e ax| 
=e-2{e-e+1}=e-2 
/2 cosx 
Ex. 55 Let! = [" —___—_——_—dx 
9  acosx+bsinx 
/2 i 
and J = [" — aE de where a>Oandb>0. 
9 ~~ acosx+bsinx 


Compute the values of | and J. 


Sol. al + bF =7 ..(i) 


‘ ee 
sd bi-aj=["" bcosx asinx 


0 acosx+bsinx 


bI - aj =In[acosx + bsinx]"” 
> b1-aj=In( 2) ...(ii) 
a 
From Eqs. (i) and (ii), 
a’I + abj = < 


b*I - ab} =bln(b/a) 


1 att b 
Fs + bI 
aa 2 “(2)| 


Again, abl + b’I = = 
and abl - a?} =aln(b/a) 


1 br b 
oO btracting, t f= -al 
n subtracting, we get Jf ae o(2)] 


Aliter Convert acosx + bsin x into a single cosine say 
cos (x + >) and put (x + 6) =t. 


oo Inxdx 
Ex. 56 Evaluate [ ——— 
0 x? +2x+4 
Sol. I= a (put x =2t = dx =2dt to make coefficient of 
9 x +2x+4 
x? and constant term same) 
=2(" a : dt et base 
0 4° +t+1) 2.50 ¢°+t+1 2°09 t4+tt1 
aT Ig =zero 
co Intdt 1 1 
=| ———| putt=— =dt=-—d 

: i tly y y? »| 
0 Iny-1) 

icf eg 
-“f1 1 5 

yo OY 

0 Inydy 0 Inydy 

=f 5 [A =-I, 
yotytl yotytl 

oe 
Now, I, =[ dt 22 2 tan tO /2)] 

‘eay(Zp 


-4|£-4)/-3 he 7 

V3.2 6) Bv3 ~° 2 Ba 343 
° Inxd. 

Note Fora>0,I = ans. = 

9 ax’ +bxt+a 


[Hint By putting x=1/t, we get I =-I, soI =0] 


Ex. 57 Find a function f, continuous for all x (and not 


X t 1 t 
zero everywhere) such that f *(x) =| F(t)sint 4 
9 2+cost 
Sol. We have, f(x) = f()sint 5, 
9 2+ cost 


(Note that f?(x) being an integral function of a continuous 
function is continuous and differentiable) 
2 f(x) f(x) = Lorn 
2+ cosx 
Integrating, we get 2 f(x) =C- In(2 + cosx) 
- x=0 => f(0)=0 > C=In3 


1 3 
== [ln ————— 
Fle) 2 2+cosx 


x : 
dx, wherea is a 


=] -1 
ec tan ax-—tan 
Ex. 58 Evaluate | 


x 
parameter. 4 4 
Sol. Let re|/ eee, XS 
0 x 
dl f= 1-x co = dx 
da J, (1+ a?x")x F 1t+a°x? 
= c a = + [atan™ x]; =— 
a e+e a a 
a 
far=* ne es eee 
2° a 2 
When a =1 and J =0 thenC =0 
Hence, f= ine 
2 
In(l1-a?x 
Ex. 59 Evalute [ ( F (a* <1) 
x? (1- x’) 
1 mn 
Sol. Let me pela ei 
o x? V(1- x?) 
2582 
dl =| eae , a (put x =sin@) 
da “0 (1-a°x") x? /1- x? 
2a sec” 0 dO 


=(" 2ad0 =(" 


0 @’sin?@-1 /0 a? tan? @-(1+ tan” 6) 


/ 2 
7 (= sass = (put tan 0 =1) 
0 (1-a*)tan"0+1 
»  2adt a i a 
={ Seaaq : J 
0 (1-a*)t? +1 (1-a")*° 
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2a | co 
=- [tan 'tv1 a’ J; = 7 


1-a’ av1—a? 1-a’ 
or T=nv1-a2+C 
If a=0 and J =0, thenC =-n 
t=n(V1-a?-1) 
Ex. 60 Evaluate [" in esr) as (\a|<1). 
0 1-asinx } sinx 


Sol. Let 


=f" inf 282) dx (\a\<1) 


1-asinx / sinx 
dl ‘ie 
da °0 


m/2 2sec* x 
={ 2 2 2 dx 
0 1+ tan“ x-a‘ tan’ x 


2sinx dx 


(1-a’sin’ x) sinx 


2 
2sec” x 


n/2 
= oo (put tan x =f) 
J, (1-a’)tan’x+1 


=f" 2dt 2 i dt 


0(1-a2)t+1 (1-a’)%0 . 
t+ 
14? 


2 4 ses mT 
=> = = [tan (tv1-a’)J° = at 


When a=0 and I =0, then C =0 
I=msin '(a) 


Hence, I=msin ‘a+ C 


= 


7 (1+ “({]] 
17 


a 


> 


. The value of [, (y 


Definite Integral Exercise 1: 


Single Option Correct Type Questions 


* — 4y +5)sin(y — 2)dy ‘s 


(2y* — 8y +1) 
(a) 0 (b) 2 
(c) -2 (d) None of these 
Let f(x)= x” + ax + band the only solution of the 


equation f(x)=minimum f(x) is x =0and f(x) =0has 
root & and B, then | x? dx is equal to 

if 4 4 
(a) 48 +O") 


(c) 0 


(0) (a —B) 


(d) None of these 


: [ \{(3—2sin’ t) dt + . cost dt =0, then (2) atx=T7 
7/2 0 dx 


and y = Tis 

(a) v3 (b) - V2 

(c) - V3 (d) None of these 

li sin (sin x)+ cos (cos x) ie lo +x ) 
a 


4| 6h é 
+br tan (= ) (where, [-] denotes greatest integer 
1+ ct 


function), then number of ways in which a — (2b + c) 


distinct object can distributed among = persons 
equally, is 
9! 12! 15! 10! 
ot b d 3! 
Vey Oar Oey Oey” 
The value of the definite integral 
~ dx . 
| —____—__ (a> 0)is 
° (1+ x")(1+ x’) 
1 1 
= b) 
(a) Fi (b) 3 
(c) T (d) Some function of a 


The value of the definite integral 
i [(1+ x)sin x +(1— x) cos x] dx is 


30 T 
2 tan — b) 2 tan — 
(a) 2 tan ; (b) 2 tan ri 
(c)2 tan ~ (d) 0 
8 
n tan’ 
LetC, = iP ae) dx, then lim n’ -C, is equal 
1/n+1 sin? (nx) n> 
to 
(a) 1 (b) 0 
1 
=7; d)-— 
(c) ( . 


. If x satisfies the equation (i 


dt ; 
oy a rere (C 
t° +2t cosa+1 


2. 
ir t© sin 2t ir|s 2=0(0<a< 7), then the value of 


mee ace oa 
xis 
as a (b) + 2 sin & 
2 sin O a 
OL (e7 (d) +2 sin & 
sin Ol Qa 
9. If f(x)=e® and g(x)= i” nat , then f’ (2) is equal to 
eo a 
(a) 2/17 (b) 0 
(c) 1 (d) Cannot be determined 
10. If a, band c are real numbers, then the value of 
lim In (: [ (1+ asin bx)* ix] equals 
t+ t 
(a) abc (b) ae 
be ca 
= d) 
(c) 7 (d) b 
r=4n Jn 
11. The value of lim ——__—_—_— is equal to 
Hm Ye Fae + any 
1 1 
= b) — 
(a) — (b) Fi 
1 1 
os d)— 
(c) iG (d) : 
12. Let f(x)=[" e’ dt and h(x) = f(1+ g(x)) where g(x) is 


13. 


defined for all x, g’ (x) exists for all x, and g(x) <0 for 
x >0.Ifh’ (1) =e and g’ (1) =1, then the possible values 


which g(1) can take 

(a) 0 (b) -1 

(c) -2 (d) —4 

Let f(x) be a function satisfying f’ (x)= f(x) with 


f(0)=1and g be the function satisfying 
F(x) + g(x)= x’, 
The value of the integral [, f(x) g(x) dx is 


(a)e-Set-° (b) e—e? —3 
(0) | (e-3) (je- pe > 


14, 


15. 


7 - 


17. 


18. 


19. 


20. 


Let f(x) = fo era 
+t 


where g(x ao (1+sin t’) dt. Also, h(x) =e !*! and 


fxm=x ae = 1 itx #0and f(0)=0, then f’ (=) is equal to 
(a) I’(0) DPE ) 
() H'(0") (d) lim ——** 


x0 xsin x 
For f(x)=x* +|x|, let J, “I, f(cos x) dx and 


‘has the value equal to 
2 


i; =|" f (sin x) dx, hens: - 


(a) 1 (b) 1/2 
(c) 2 (d) 4 
Let f be a positive function. Let 
Rel. (x) f(x(1— x) dx I, =e f(x (1— x) 

I, 

where 2k — 1>0. Then, ra is 
1 

(a) k (b) 1/2 
(c)1 (d) 2 
Suppose that the quadratic function f(x) =ax* + bx +c 


is non-negative on the interval [—1, 1]. Then, the area 
under the graph of f over the interval [—1, 1] and the 
X-axis is given by the formula 


(a) A= f(-1) + fl) 
1 1 
wa=s(-2}+ 45) 
()A=5 Lf (-1) + 2f(0) + f)] 
()A=- Lf(-1) + 4f(0) + FQ) 


2 
Let I(a) = in (= +asin y dx, where ‘a’ is positive real. 


The value of ‘a for which I(a 


wo fel Ine = {2 (d) ~ 


The set of values of ‘a@ which satisfy the equation 


2 4 . 
ih (t — log, a) dt = log, = , is 


) attains its minimum value, 


(a)aeR (b)a € R* 
(c)a <2 (d)a>2 
lim [» i at) a is equal to 
x 0 =1/x 1 + e! 

i 2 
er (b) 3 
(c) 1 (d) 0 


21. 


22. 
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2008 
The value of ‘ T (i x | sin 7x | dx] is equal to 


(a) /2008 — (b) tV2008 ~—(c) 1004 (d) 2008 


n 
lim 


; ; 7 X>0is equal to 
avo no t+kx 


(a) x tan” (x) (b) tan! (x) 
(9 aa) tan’ (x) (g _®) tan’ (x) 
x x? 

23. Let a>0 and f(x) is monotonic increasing such that 
f(0)=Oand f(a)= 6, then {° f(x) dx + f° f* (x)dxis 
equal to 
(a)at+b (b)ab+b (c)abt+a (d) ab 

3 4 ff 4 
24. iff a = cos oe dx=k [ Pe , then 
“3 4 x4 1+x? 1-x 
‘k’ is equal to 
(a) x (b) 2m (c) 2 (d) 1 

25. | it + 2). ua dx is equal to 
(a) 0 (b) 1 
(c) (d) Cannot be evaluated 

6 ; 1 % 1/r : 

5 jim (i (1+ x) dx] is equal to 
(a)2In? =) Cine (d) 4 
e e 


27. 


28. 


30. 


31. 


If g(x) is the inverse of f(x) and f(x) has domain 
x €[1,5], where f(1) =2 and f(5) = 10, then the values of 


[ f(x) dx + [ &(y) dy is equal to 


(a) 48 (b) 64 (c) 71 (d) 52 
The value of the definite integral 
i sin x sin 2x sin 3x dx is equal to 
1 1 1 
- b) — 2 — d)— 
(a) ; (b) ; (c) 3 (d) ; 


, If f(x)= [ur@y dt, f : R> Rbe differentiable function 


and f(g 
(a) g(x) 
(b) g(x) may be non-differentiable at x =a 


(x)) is differentiable function at x = a, then 
must be differentiable at x =a 


(c) g(x) may be discontinuous at x =a 
(d) None of the above 


The number of integral solutions of the equation 
» Int dt 

4 | —m™In2=0;x>0, is 
eg ES 

(a) 0 (b) 1 (c) 2 (d) 3 

{" Pea =] dx is equal to 

. 2 Ln 
(a) 0 (b) 1 (c) 2 (d) 3 
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32. 


33, 


36. 


37. 


38. 


39. 


40. 


41. 
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If [ (ax” —5) dx =0and5 + |” (bx + c) dx =0, then 


a) ax’ — bx + c = Ohas atleast one root in (1, 2) 

b) ax’ — bx + c = Ohas atleast one root in (—2, — 1) 
c) ax’ + bx + c = Ohas atleast one root in (—2, — 1) 
d) None of the above 


The value of { (|x + ,/12x — 36 + {x- {12x — 36) dx 


( 
( 
( 
( 


is equal to 
(a) 6v3 (b) 43 
(c) 12V3 (d) None of these 


Definite Integral Exercise 2 : 


34, If I, = if ({x + 1x? + 2} + {x? +3} {x* + 4}) dx, (where, 


{} denotes the fractional part), then I, is equal to 


1 2 1 
ss b) -—— = d) N of th 
(a) ; (b) (c) 5 (d) None ese 
Se = aja ean? 
35, Let I, =|" a eg af Ie pay, 
o sin x : sin’ x 
then 
(a) Fru. - SF, =f, (b) Fiat — Fp Haas 


uth =, (d) Tar Frat =F 


More than One Option Correct Type Questions 


If f(x) =[sin™ (sin 2x)] (where, [] denotes the greatest 
integer function), then 
(a) “ f(x) dx = “ sain? teins 1) 


(b) f(x) is periodic with period 7 
(c) lim f(x) =-1 


(d) None of the above 
Which of the following definite integral(s) vanishes? 
(a) [ 7 In (cot x) dx (b) [" sin’ x dx 


e dx x /1+ cos2x 
(c) fi. x (In x)? (d) I, 2 an 


The equation 10x* —3x* —1=0Ohas 


(a) atleast one root in (—1, 0) 
(b) atleast one root in (0, 1) 
(c) atleast two roots in (—1, 1) 
(d) no root in (-1, 1) 


m/2 a5 
Suppose I, = I cos (% sin” x) dx; 


m/2 m/2 
I,= iM cos (2m sin’ x) dx and I, = I, cos (1 sin x) dx, 


then 
(a) I, =0 (b) I, + I, =0 
(c)I, + 1,+1, =0 (d) I, =I, 


Let f(x)= I, (1—|t]|) cos (xt) dt, then which of the 


following holds true? 

(a) f(0) is not defined 

(b) lim f(x) exists and is equal to 2 
x30 


(c) lim f(x) exists and is equal to 1 
x70 
(d) f(x) is continuous at x = 0 
The function f is continuous and has the property 


f(f(x)) =1- x for all x € [0, 1Jand J = I f(x) dx, then 


wie) 
(b) the value of F equals to 1/2 
os(2)-4(2)= 


m2 sin x dx 
(d) | ————, has the same value as J 
° (sin x + cos x) 


42. Let f(x)is a real valued function defined by 
flx)=x? +x? I, tf (t) dt + x? (ie f(t) dt, 
then which of the following hold(s) good? 

1 10 30 
dt =— b) fa -1)=— 
(@) |, tf) dt=— (b) fa) + f= 7, 


20 
()f) tf at> [fo de (a) fa) fay== 


43. Let f(x) and g(x) be differentiable functions such that 
f(x)+ i" g(t) dt =sin x (cos x — sin x) and 
(f’(x))? +(g(x))’ =1, then f(x) and g(x) respectively, 


can be 
cos 2x 


le : 
(a) Pe 2x, sin 2x ) , COS 2X 


1 ; 
(c) 5 sin 2x, —sin 2x (d) —sin’ x, cos 2x 


44. Let f(x) = i” (t sin at + bt + c)dt, where a, b,c are 


non-zero real numbers, then lim PASZ, is 
x20 x 

(a) independent of a 

(b) independent of a and b, and has the value equals to c 

(c) independent a, b andc 

( 


d) dependent only onc 


oo d 
45. Let L= lim ae where aé R, then L can be 
noeda y4n?x? 
(a) m (b) x/2 (c) 0 (d) 1 


Definite Integral Exercise 3 : 


Passage Based Questions 


Passage I 
(Q. Nos. 46 to 48) 
fr t? dt 
0 r\l/p 
Suppose lim i ca a =I, where 
x20 bx—sin x 


DEN, p= 2,a>0,r>0and b # 0. 


46. If 1 exists and is non-zero, then 


(a)b>1 (b)0<b<1 
(c)b <0 (d)b =1 
47. If p =3 and 1 =1, then the value of ‘a’ is equal to 
(a) 8 (b) 3 
(c) 6 (d) 3/2 
48. If p=2anda=9 and] exists, then the value of | is equal 
to 
3 2 1 7 
Sie b) 2 as d)— 
(a) 5 (b) : (c) . (d) 5 


Passage II 
(Q. Nos. 49 to 51) 


Suppose f(x)and g(x) are two continuous functions defined 
1 
for 0S x<1. Given, f(x)= ip e*!. f(t) dt and 


g(x)= I, e*'.9(t)dt+x. 


49. The value of f(1) equals 


(a) 0 (b) 1 

(c)e" (d)e 
50. The value of g(0) — f(0) equals 

2 3 

(a) 3-8 (b) ae (c) Fo (d) 0 

51. The value of 8() equals 
g(2) 
(a) 0 (b) + (= (a= 
3 e e 
Passage III 


(Q. Nos. 52 to 54) 


We are given the curves y= [- J (t)dt through the point 


(0, ;| any y= f(x) where f(x) > Oand f(x) is differentiable, 


V xe R through (0,1). Tangents drawn to both the curves at 
the points with equal abscissae intersect on the same point on 
the X-axis. 
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52. The number of solutions f(x) = 2ex is equal to 


(a) 0 (b) 1 

(c) 2 (d) None of these 
53. lim (f(x))’™ is 

(a) 3 (b) 6 

(c) 1 (d) None of these 


54. The function f(x) is 


(a) increasing for all x (b) non-monotonic 


(c) decreasing for all x (d) None of these 


Passage IV 
(Q. Nos. 55 to 57) 


f(x)= I (4t* — at* ) dt and g(x)is quadratic satisfying 


g(0)+ 6=g' (0)—c=g"(c)+ 2b=0 y=h(x)and y= g(x) 
intersect in 4 distinct points with abscissae x,;i=1,2,3,4 such 


that Y= 8,a,b,ceR* and h(x)= f’ (x). 
x; 


59. Abscissae of point of intersection are in 


(a) AP (b) GP 
(c) HP (d) None of these 
56. ‘a’ is equal to 
(a) 6 (b) 8 (c) 20 (d) 12 
957. ‘c’ is equal to 
(a) 25 (b) 25/2 (c) 25/4 (d) 25/8 
Passage V 
(Q. Nos. 58 to 60) 
pro dy dy 
Let y= (ies f(t) dt, let us define = as - 
=v (x) f? (v(x) — wu’ (x) f? (u(x)) and the equation of the 
tangent at (a,b)and y— b= ay (x—- a). 
dX) (4,5) 


58. If y= [ t’ dt, then the equation of tangent at x = 1is 


(a)xt+y=1 
(c)y=x 


(b) y=x—-1 
(d)y=x+1 


59. Ify= [. (In t)dt, then lim ay is equal to 
x x2 0t dx 
(a) 0 (b) 1 (c) 2 (d) -1 
60. If f(x) = iM a (1—t*) dt, then = f(x) at x =1is 
: dx 


(a) 0 (b) 1 
(c) 2 (d) -1 
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Passage VI (Q. Nos. 61 to 62) 


lo 
Consider f:(0, °°) (- x ; 2) defined as f(x)= tan” Be . 
2 2 (log, x) +1 
61. The about function can be classified as 62. The value of (is [tan] dx is equal to (where, [-] denotes 
(a) Injective but nor surjective ae : 
(h) Sunjéctive but not bifective the greatest integer function) 
(c) Neither injective nor surjective (a) =- (b) = 
(d) Both injective and surjective 2 2 
(c)-1 (d) 1 
e e e 
e 
Definite Integral Exercise 4: 
Matching Type Questions 
1 rT 4 
63. Let lim — | (sin x +sin ax)’ dx = L, then 
eames Wa Column I Column II 
Column | Column II (B) The value of the definite integral (q) e"" 
1 2 Ve é 
(A) For a= 0, the value of L is (p) 0 I. e* dx+ I \/— In x dx is equal to 
(B) Fora=1, the value of Lis (q) 1/2 “dy (1) 2? 
(C) .. (1-27-33? ..@-1" en" \ 
(C) For a=-—1, the value of Lis (1) 1 lim ynat stan equals 
(D) Forae R- {-1, 0, lh, the value of L is (s) 2 
(s) e 
64. Let f(0= [ (x +sin 6)? dx and g(0)=[ (x + cos @)? dx 
J J . 66. Match the following. 
where 9 € [0, 27]. The quantity (6) — g(0), V 9 in the 
interval given in column I, is Column | Column II 
Column I Column II (A) if f@)= Nie ee, , where (Pp) -? 
o Jlte 
(A) (a 3m (p) negative ous 
4° 40 g(x)= I, (1+ sin 7’) dt, then value of 
ae 
(B) (3 = (q) positive f (=) 1S 
4°. | 
(Cc) [ 3n Tn ) (r) non-negative (B) If f(x) is a non-zero differentiable (q 2 
L2° 4 function such that | ‘ f(t) dt={f@y, 
(D) 0, *) U & 2m (s) non-positive Vx € R, then f(2) is equal to 


(C) iff (2+ x—x’) dx is maximum, then () 1 


65. Match the following. a+ bis equal to 


(= sci +at 5) =0,then 3a+ b (s) 


Column I Column II (D) If lim 


x30 x x 


(A) 1 2008 32008 ( ) e! 
if (1+ 2008 x") e dx equals Pp haathawaige 


Chap 02 Definite Integral 145 


Definite Integral Exercise 5: 
Single Integer Answer Type Questions 


67. If f(x)= y smn and lle f(x) dx = log (=). then the value of (m+n)is ... 
4” o n 


n=1 
68. The value of I = . ad (where, [-] denotes greatest integer function) is ... 
"2 142[sin ‘(sin x)] 
sate? 
69. If f(x)= of = ut dO (n€ N), then the value of IEEE 
m~? sin’ @ f(15)— f(a) 


70. Let f(x)= [oe ("dt and g(x) =(h/x), where h(x) is defined for all x € h. If g’” =e and h’(2)=1. Then, absolute value 


of sun for all possible value of h(2), is ... 


71. If= sin x log (sin x)dx = log (*) . Then, the value of Kis... 
e 


Definite Integrals Exercise 6 : 
Questions Asked in Previous 10 Years' Exams 


(i) JEE Advanced & IIT-JEE 76. The option(s) with the values of a and L that satisfy the 
40 
nie x? e'(sin® at + cos* at)dt 
72. The value of ["" ~ = dx is equal to equation I ( ) = L, is/are 
Ae Nie [Only One Correct Option 2016] | e'(sin® at + cos* at)dt 
n° 1 0 
(a) ra 2 (b) “a: +2 [More than One Correct Option 2015] 
4n An 
(c) n? —e*”? (d) m2 + e*” (a)a=2,L =~ 1 Ol te 1 
er =A e +1 
73. The total number of distincts x € [0,1] for which ott 4 Pag 
ee (c)a=4, L=— (dja=4,L=— 
| dt = 2x —1is ee ers 


o1et [Integer Type 2016] 
= Directions (Q. Nos. 77 to 78) Let F: R— R be a thrice 


= 8 6 4 2 
74, Let f(x)=7 tan® x +7 tan’ x-3 tan’ x—3tan" x for all differentiable function. Suppose that F(1)=0, F(3)=-4 


ee (-2, “| Then, the correct expression(s) is/are and F’ (x) <0 for all x €(1, 3). Let f(x) =xF(x) for all x € R. 
7 : 77. The correct statement(s) is/are 
[More than One Correct Option 2015] [Passage Based Questions 2015] 
(a) [Po xf@ dx = (b) [f@ weed (a) f(t) <0 
- 1 - 0) f@) <0 
(J, f(x) de=— (d) [fe dx =1 (c) f(x) #0 for any x € (1,3) 
1658 j (d) f’(x) = 0 for some x € (1, 3) 
75. Let f’ (x) = — for all x e Rwith f | —|=0.If -— 3s ym 
et f"(x) Da sin? ao ae ae (3) 78. If | x? F’(x)dx =—12and i} x°* F’(x) dx = 40, then the 
ms I, f(x) dx < M, then the possible values of mand M correct expression(s) is/are 
t/i 3 
are [More than One Correct Option 2015] Cer Oh rye Ip) [, Fe) oe 
(a) m=13, M=24 (b) m=, M=— (9f'G)- fa)+32=0  @)[ fle) de=-12 


(c)m=-11,M=0 (d) m=1, M=12 
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79. 


80. 


81. 


82. 


83. 


84. 
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[x], x<2 


Let f : R> Rbea function defined by f(x) = , 
0, x>2 


where [x] denotes the greatest integer less than or equal 


to xlfT =f xf (x") 


dx, then the value of (4I — 1)is 
2+ f(x+1) 


[Integer Answer Type 2015] 


124+9x? 


1+x° 


Ifa= fie mn 


) dx, where tan' x takes 


only principal values, then value of (oe, |1 +a] — "| is 
4 
[Integer Answer Type 2015] 


nm /2 
The integral | (2 cosec x)'"dx is equal to 
Tt /4 
[Only One Correct Option 2014] 
log(1 +2) log(1 +V2) 
(a) fae te ydu (by fe +e") du 
0 0 


log(1 +2) 


(aia (a) [Pa¢e" -e" du 
0 


(e" = e" y7 du 


(c) 
Let f :[0,2] > Rbe a function which is continuous on 
[0, 2] and is differentiable on (0,2) with f(0) =1. 

Let F(x) = in f (Vt) dt, for x € [0,2]. If F’(x) = f’(x),V 


x € (0,2), then F(2) equals 
(a) e°-1 
(c) e-1 


[Only One Correct Option 2014] 
(b) e*-1 
(d) e* 
Match the conditions/expressions in Column I with 
statement in Column II. [Matching Type 2014] 


Column I Column II 
A. 1d p. 1 (2 
“Ioel = 
\. 14+x° 2 oe( =] 
B. 1 dx q. () 
2log| — 
I, V1=x? “3 
C. [ dx fr: Tt 
2 1-x? 3 
Dz ite dx s. Tu 
xx? -1 2 


Match List I with List II and select the correct answer 
using codes given below the lists. | [Matching Type 2014] 


List I List Il 


The number of polynomials f(x) with non-negative 
integer coefficients of degree < 2, satisfying 


f(0) = Oand [ f(@®) dx =1, 3s 


p. 8 


The number of points in the interval [-v13 v13 Jat q. 2 
which f(x) = sin(x?) + cos(x’) attains its maximum 
value, is 


85. 


86. 


87. 


88. 


89. 


90. 


Codes 

A BCD A BCD 
(a) r q s p (b)q r os p 
(c) r q ps (d)q r p s 


2 
The value off 0 7) dx is 
a 


[Integer Answer Type 2014] 
TU _ 


1/2 
The value of the integral | [+ + log 
men T+x 


is 


x 
Jeos x dx 


[Only One Correct Option 2012] 


2 


(a) 0 (b) as 
" To 
c) —+4 d) — 
(c) 5 (d) - 
vlog 3 xsin x” 


The value of dx is 


vies? sin x” + sin (log6 — x*) 
[Integer Answer Type 2011] 


1 3 1 3 
-log— b) -log- 
(a) re Se 
1 3 

log— d) —log— 
(c) log a) Ne 


Let f :[1, 0°] [2, ] be differentiable function such that 
fQ)=2. If6f f(x) = dt =3x f(x)—x*,V x>1then the 


value of f(2) is .... [Integer Answer Type 2011] 


1 x? (1 ee, x)* : 
The value(s) of | ——— dx is (are) 
1+x 
¥ [Only One Correct Option 2010] 


22 2 

(a) > (b) 706: 
71 30 
(c) 0 (d) eo 


For aé R(the set of all real numbers), a # —1, 


(1° +2° +...4+n*) 1 


im . 
"© (n+1)*"[(nat+1)+(na+2)+...+(natn)] 60 


Then, ais equal to 


(a) 5 
—15 
(c) ae (d) 


[More than One Correct Option 2010] 
(b) 7 
-17 


= Directions (Q Nos. 91 to 92) Let f(x) =(1—x)? sin? x + x’, 


vx e Rand g(x)=[" a: Pint) fwaeve ed, 00), 


[Passage Based Questions 2010] 


91. Consider the statements 
P: There exists some x € Rsuch that, 
f(x)+2x =2(1+ x’). 
Q: There exists some x € R such that 2 f(x)+1=2x(1+ x). 
Then, 
(a) both Pand Qaretrue (b) Pis true and Qis false 
(c) Pis false and Qistrue (d) both Pand Qare false 


92. Which of the following is true? 
(a) gis increasing on (1, °) 
(b) gis decreasing on (1, °) 
(c) gis increasing on (1, 2) and decreasing on (2, ~) 
(d) gis decreasing on (1, 2) and increasing on (2, ©) 
93. For any real number x, let [x] denotes the largest 


integer less than or equal to x. Let f be a real valued 
function defined on the interval [— 10, 10] by 

—[x[L if f(x) is odd 
f(x) = ; 
nee [-x, if f(x) is even 


Then, the value of Ef” f (x) cos Tx dx is...... 
[Integer Answer Type 2010] 


(ii) JEE Main & AIEEE 
dx 


97. The integral |" ——— is equal to 
m/4 1+cos x [2017 JEE Main] 
(a)-1 (b) - 
(c) 2 (d) 4 


98. Let I, = | tan"x dx,(n>1).1, +1, =atan’ x+bx° +C, 


where C is a constant of integration, then the ordered 
pair (a, b) is equal to [2017 JEE Main] 


al 1 1 1 
(59) Ce) oF) ob) 


99. lim [e EU a is equal to 


n” 
18 27 9 
(b) =a. (c) aT 


[2016 JEE Main] 
(d) 3log 3-2 


log x? 


100. The integral [; 


dx is equal to 
2 log x” + log(36 — 12x + x”) 


[2015 JEE Main] 


(a) 2 (b) 4 (c) 1 (d) 6 


2X 


101. The integral | i} + 4sin = 4sin~ dx is equal to 


[2014 JEE Main] 
(a) m — 4 ()  —4- 44/3 


(c) 4V3 —4 (d) 4v3 -4-1/3 
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94. Let f be a non-negative function defined on the interval 


[0, Ulf | y1-(F (0)? dt =| f(e)dt, 0<x<1and 


f(0)=0, then [Only One Option Correct 2009] 


w reds )e3 w ee)otom 2) 


w jedan f)ed 2-4) 


95. If I, ={" smn n® dx, n 
“"(1+2*) sinx 


=0,1, 2,..., then 


[More than One Correct 2009] 


10 
(c) [ae =0 (d) 1, n+l 
m=1 
n n n-1 
96. Let S,= ; ; and T, -Ln ; , for 
ton +kn+k (n> +knt+k 
n=1,2,3,..., then [More than One Correct Option 2008] 
T Tt 
a)S. <—= b)S. >—= 
(a) 5 (b) S, ag 
Tt T 
c)T. <—= d >— 
(c) T, a8 (d) T, a7 


102. StatementI The value of the integral 
[" /3 dx 
"/6 1+ ./tan x 


Statement II [” f(x)dx=[" f(a+b— x) dx 


[2013 JEE Main] 


is equal to 7/6. 


(a) Statement I is true; Statement II is true; Statement II is a true 
explanation for Statement I 

(b) Statement I is true; Statement II is true; Statement II is not a 
true explanation for Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 


103. The intercepts on X-axis made by tangents to the curve, 
y= | |t | dt, x € R, which are parallel to the line y = 2x, 


are equal to [2013 JEE Main] 


(a) +1 (b) +2 
(c) £3 (d) + 
104. If ¢(x) = in cos 4t dt, then g(x + 1) equals [2012 AIEEE] 
(a) $b) glx) + gle) (0) a(x) — a(R) (A) a(x): a(n) 
&(T) 
105. The value of | NCEE 3 
1+x [2011 AIEEE] 
(a) 7 log 2 (b) = > log2 = (c) log 2 (d) @ log 2 
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106. For xe c za define f (x)= [, ve sint dt. Then, f has 


108. ie [cot x] dx,[ ] denotes the greatest integer function, is 


[2011 AIEEE] equal to [2009 AIEEE] 
(a) local minimum at 7 and 27 (a) a (b) 1 
(b) local minimum at 7% and local maximum at 27 2 
(c) local maximum at 7% and local minimum at 27 (c) -1 (d) — wT 
(d) local maximum at 7 and 27 : ; 2 
107. Let p(x) be a function defined on R such that 109. Let I= | ea dx and f= | a dx. 
: f (3x) , , 0 VX 0 x 
i= = p’(1—x), for all - 
7 f(x) i ae as a Aa Then, which one of the following is true? [2008 AIEEE] 
and p(1) = 41. Then, ik p(x) dx equals [2010 AIEEE] (a) I> : and J >2 (b) I< : and J <2 
es ie is (6) I< and J>2 (@) 1>" and J<2 
Answers 
Exercise for Session 1 13. (c) 14. (c) 15. (c) 16.(a) 17.(a) 18. (b) 
19. 20. (b 
{22 94 3,3 42-23 5 W2 @) () 
1 =» = es Exercise for Session 6 
Sah deg eee a aa) (©) = 2.) 3.(c) 4.(b) 5c) 6.(c) 
10. oR + 5 log (V2 - 1) in—" tte (z-v2} 2" ae BaD . se 
13.10! 14.(d) 15. (d) Chapter Exercises 
1. (a) 2.(c) 3. (a) 4. (a) 5. (a) 6. (a) 
Exercise for Session 2 7. (d)— 8.(d) 9.(a)  10.(a) Il.(c) 12.(c) 
1. (ce) 2. (a) 3. (a) 4. (c) 5. (a) 6. (c) 13. (d) 14. (c) 15. (c) 16.(d) 17.(d) ‘18. (a) 
1. (b) 8 (a) o(a 1.t& 42.0 13. (c) 19. (b) 20.(a) 21.(d) =. 22.(c) —- 23. (d)_— 24. (a) 
nT 25. (a) 26.(b)  27.(a) 28.(d)—-29. (a) 30. (c) 
14. (d) 31. (a) 32. (b) 33.(a)  34.(b) 35. (b)_~— 36. (a,b,c) 
: . 37. (c,d) 38.(a) 39. (a,b,c) 40. (c,d) 41. (a,b,d) 
Exercise for Session 3 42. (bd) 43.(c) 44.4) 45. (a,b,c) 46. (4) 47. (a) 
1. (c) 2. (a) 3. (b) 4.(b) — 5.(a) 6. (d) 48. (b) 49.(a) 50.(a) 51. (b) 52. (b) 53. (c) 
- io = 5 i a ‘ a 11. (b) 54. (a) 55.(a)  56.(c) 57.(a) 58.(b) 59. (a) 
a: : i ~ 60. (a) 61. (c) 62. (c) 
16. DO =D) + OB) 63. (A) (q), (B) > (8), ©) > (p), (D) > () 
a 64. (A) > (q), (B) >), (C) > (8), (D) > (Pp) 
i 65. (A) > (3), (B) > (P), (C)> (@) 
Exercise for Session 4 BOATS) Bl GAD) 9) 
67. (8) 68.(0)  69.(3)  70.(2) 71. (2) 72. (a) 
1. (b) 2. 3. 4. 5. 6. 
. 3 . : ; . ‘< > ri . . ‘ 73. (1) 74.(ab) 75.(b) 76. (a,c) 77. (a,b,c) 78. (c,d) 
13. (c) 14.(c) 15.(d)—-'16.(c)_—'17.(a)— 18.) 79. @) 80.) 81.) 82. (b) 
19. (c) 20.(a) 83. As, Bos, Cop, Dor 84.(d) 85. (2) 86. (b) 
87. (a) 88. (8/3) 89.(a) 90. (bd) 91. (c) 92. (b) 
Exercise for Session 5 93. (4) 94. (c) 95. (a,b,c) 96.(d) 97. (c) 98. (c) 
l(c) 2. (b) 3. (a) 4. (a) 5.(a) 6. (b) 99. (b) 100.(c) 101.(d) 102. (d) 103. (a) 104. (c) 
7. (a) 8. (a) 9.(c)  10.(c)  1.(c) 12. (a) 105. (d) 106.(c)  107.(b) 108.(d) 109. (b) 


Solutions 


2 _— ] _— 
4. Let I =|" (y_— 4y + 5)sin (y ~2)dy 


® (2y* —8y + 1) 
Put y-2=z 
> dy =dz 
‘2 [.. (2? + 1)sinz ae 
(2z* —7) 
> I =0,as f f(x) dx = 0, when f(-x) =— f(x) 
P : 
and f= Snes is an odd function. 


(2z? —7) 
. Hence, f(x) =x° + ax—b 


The solution of f(x) = minium f(x) is x = = 


Given, f(X) minimum 1S at x = 0. 
> a =0 or a=0 
2 
Ee f(x) =x? — b =0has roots o and B. 
> a =vb andB =— Vb 


[: x°dx = ea x'dx =0 
| : f(x)dx = 0, when f(—x) = fea)| 


. Here, |" \(@ = 2sin’ t) de + f° costdt = 
mi2 0 


Differentiating both the sides, we get 


(,/3 —2sin’ x)-1 + (cosy) 2) =0 
nc 


dy _—3-—2sin’ x 
as _ 
dx cosy 
(2) es 
AX )igny 1 


x 
. Here, -45x<45 ae 


ca 


Fu = 0and sin ‘(sin x) is an odd function. 


Let, I = [. sal “(in x) dx 4 
(1+ x’)x1 


[’ cos '(cos x) 
- (1+ x’)x1 
{" cos ‘(cos x) 


=0+2 : 
0 (1+ x*) 


= log (1 +n) +2n(tan™ x)! — [log (1 + 16) — log (1+ 2”)] 


= log(1+7°)+2n(tan' 4 — tan™' 2) —log : 


2\2 = 
On comparing with log 9 + bt tn'( = } we get 
a 1+cn 


a=17,b=2andc=4 


—5 
=3 
c 


a—(2b +c) =17-8=9and ~ 


Thus, the number of ways to distribute 9 distinct bijective into 
! 


3 persons equally is 


31)" 


. Put x =tand 


I= {7 =i 7 (cos 8) deaiu-2 
(tan 0)’ (sin 8)* + (cos 8)" 4 


3m /4 /4 
I=]. (sin x + cos x) dx+ [" (sin x — cos x) dx 


Y if 


3u/4 
=| (sin x + cos x) dx 
0 
i 3m /4 3m /4 re 
+ [x (-cos x —sin x)]}7"° + | (sin x + cos x) dx 
0 


3n/4 
=2] (sin x + cos x) dx + 0=2[-cos x + sin x];7/* 
0 


eee 1 | 310 
=2)+—= + ——+1)=2(v2 + 1)=2 tan — 
ae ere 
1 
We have, C, =|" fan) nz) dx 
a «sin (nx) 
= 
Cc. = a @) dt (put nx = t) 
n-—>| sin’ (t) 


1 
Now, L= lim n’-C, = limn] , —— dt (2° x 0) 
noo no a sin t 
1 t t 
f. — sat 
sin’ ¢t 0 
L=t#) ( form 
1 0 
Applying Leibnitz rule, n 
tan? —" 
0 n+1 1 
sin”! n (n+ 1) 
li n+1 2. 
Tne tt, MG a 
ne ee 40 2 
ne 


3 f° sin 2t 
8. | dt = 0as the integrand is an odd function. 
3 


e+) 
1 dt 
Also, | "Sis ay, aca "ace 
° t+ 2tcosa+1 
1 
1 -. + cosa ie 
=— tan ; =— 
sin & sin & 2 sin & 


150 


10. 


11. 


12. 


13. 


Textbook of Integral Calculus 


Thus, the given equation reduces to 


go aay SS gen 
2 sin & a 
, x) F x 
f(x) =e . g’(x) and g’(x) = r 
1+x 
” x x 
1 alee: ef) =e =] 
F 2 2 
Hence, ”(2) =e® . 9’ (2) =e -— = — 
f = a gael 
1 ft : 
tim n (2 { (1 + asin bx)* ax] 
t>0 t 0 
t 3 1] 
[G+ asin b x)" dx 
= In lim * 
t-0 t 
1+ asin bt )" lim g gin bt 
aiiiaa om) Shier 2 =Ine*” =abc 
t>0 1 t/c 
1 
T, = 
r r 
—-n|3,/— +4 
n n 


=| dx 

eae ee 

3,,-+4] -.[— 

n n 

3 4 
: dx = dt 
2 vx 
ee 1]_2 61 
344 ¢ 3l 7 |, 3|4 10 | 3 40 10 


Put 3/x+4=t > 


Given, f(x) = [. é dt: h(x) = f(1 + g(x)); g(x) < 0 for x >0 


Nom, fixe i e” dt= f+ g(x) (given) 
Differentiating, we get h’(x) =e" + a(x)? g (x) 
Now, (1) =e (given) 
e!! +g)" | g’(1) =6 
=> (1+ g(1))’ =1 
> 14+ gl)=+1 
> g(1) = 0 (not possible) 
or g(1) =-2 
Given, f’ (x) = f(x) => f(x) = Ce* 
Since, f(0)=1 1=f(0)=C 
«. f(x) =e* and hence g(x) = x’ — e* 
Thus, I f(x) a(x) dx = I. (x2e* —e?") dx 
=[x’e*], -2 ‘ xe* aa =| 
=(e ~ 0) ~2[(xe"), -(e"), 1-5 (e* -1) 
=(e- 0)-2[(e-0)-(e-1)]- 5 (¢* -1) 
i 3 
=e--e — > 


15. 


16. 


hee & (x); 
& (m/2) 


wo) pets 
2 1+ g°(m/2) 2 


But g(x) =[1 + sin (cos” x)] (—sin x) 


, ™ _ oe me 
¢(E}=100 1 


(2) =-lash’(0*)=-1 


Hence, 


Clearly, f is an even function, hence 


15] L flcos (nm — x)] dx = [; f(— cos x) dx 


= i f(cos x) dx 
0 
T/2 m/2 
I, =2 | f(cos x) dx +2 | f(sin x) dx =2I, 
0 0 
I, 
=> —=2 
I 


2 
Aliter Let u = cos x >du =—sin x dx 


fw), 


(i) 


From Eqs. (i) and (ii), + =2 
Given, 1, = |" _ xf(x(1- x) de and 
ip 
k 
I= ine f(x (1 — x)) dx 
Using King’s property I, = [ : (1 — x) f(x (1 — x)) dx 
1 


21, = I, fx —x) de =I, 


Y 


To; 1 ne 
- [a , ime 
Ale | a4 6c] 
A=*([f(-1) + 4f(0) + f()] 


18. I(a) = i (= +a’ sin’ x4 2rsinx| dx G iM xsin x dx = r) 


3 


T 
I(a) = + 
(a) 3a? 


*|(4 <) } | + 27 


T a 2 
I(a) is minimum when = > @a@=n 
v3a V2 3 


Ta’ [nr a? | 


2 
=> a=,/n ,{- 
3 
oe 
Also, [1(@) Jin =20 + 1 A 
2 a 
19. —-log,a-t| =2-—log, (a’) (a> 0) 
[2 | 
=> (2-2 log, a)=2-—2 log, a 
> 2log,a=2log,a => aeER*™ 
4 72 
20. Consider I = [ 7 aE @ i) 
vx +e 
e 4 72 
=> I= in maLet) dt (using King’ property) 
vx 1+t+e 
4 72 t 
r=, id Os dt (i) 
-1/x lt+e 
On adding Eqs. (i) and (ii), we get 
a= [i In(i +f) dt=2 [1 n(1+¢2) dt 
=1 
1/x 
> r={ In(1 +t’) dt 
0 
Hence, folim x ("Ins ) de 
X— 00 0 


. [mate yat ‘ 
= lim -° ; — form 
x 90 x 0 


Using L’ Hospital’s rule, 


x tn(145).(-3] 
l= lim = us 


x30 —3 


1 1 
=— lim vin(i+ 4) 
38 x 


(1° form) 


21. Putax=t > ieee 
10 


1 52008 
J=—-— 
ie 


1 2008 
T-9 


™ . 1 20082 . : 
tlsint|dt=—["  t|sint| dt... 
Tl 0 


= 
hae 


*(2008m —t)| sin t | dt (ii) 


On adding Eqs. (i) and (ii), we get 
200870 
T 


2008m 4 xn 
21 = I | sin t| dt = (2008) | | sin t| dt 
0 0 
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= 1 =(2008) = VI =2008 

1 
22. T,= 7 = : 
"Ww +tkx? nfl +(k/ n)’ - 

1 n 

S= a 

5 ear if 1+t’x’ 
4 
_ : {= dt ‘eici |e tan! = ) 
x’ Jo fr 4(1/ x") =| |= 


23. Lety = f(x) = x=g(y) and dy = f’(x) dx 


f tig 


1=f" fade + [a dysy = FOO) 
> x= f"Q)=a)=[° fled + |" xf (x) de 
=|" (FG) + af (x) de = [xfl2)]i, =a fla) = ab 


4 
IN x _ 2x 


1 
24. Let I = d. wl 
e aes = cos ag x (i) 
1/V3 7 -2 
== | ieee’ ; a cos | F - 4 dx (using King’s property) 
V3 in 2 
=> I= — [x cos? | dx (ii) 
V3 1x ioe, 


On adding Eqs. (i) and (ii), we get 


1/V3 A 1/V3 
ar =n | = cde => 21=2n[ x dx 
3 1 — x4 1-x* 
k= 
25. PutInx=torx =e >dx=e' dt 


r=[" iG te"jte at=[" fle te')tdt= 
= : . 


(as the function is odd) 
Aliter I] Put x =tan@ 


fr (iano 1 jas. 
0 


tan 0 
= ("5 fin : ante do 
0 


ec’ @ dO 
tan 


tan 8 } sin ®@ cos 0 


Aliter II Putx=1/t>1 1>2I=0>1]=0 


1 1/d 
1 1/d 
26. lim (J. (i+ x) dx) = lim | | 


; ght1_9_y 
lim | ——____ 
ace oil (A +1) ) 


A+1 


(1+ x) 
A+1 


(1° form) 


1 ahtt-1-2-1) 

lm —!} ——_—____. 

Aron A +1 ) 
=e =e 
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27. Lety = f(x) > x=f7" (y)= aly) 32. {  (ax’ -5) dx + ['(bx+o)dx+5 
dy = f’(x) dx - 
1=[ f) dx+f xf’ (x) dix 


When y =2, then x =1 ‘ 
and when y = 1, then x =5 33. r={. (yx 3 + v3) + (v3 ix 3)) dx =6y/3 


Hence, ax’ — bx + c = 0has atleast one root in (—2, —1). 


34. 1,=[ dx} + (')) {x"} de 


x y 
f(1) =2 s7 
=-2[ bo) d=] 20 =-5 
f(5) = 10 0 
x/2sin” nx — sin’ (n-1) x 


35. 3 -%. =| dx 
§ 7 a 0 sin’ x 
I =| (f(x) + x f’(x))dx =|x f(x) [? = Qn-1)x-sinx , _, 
= OE 
=5f(5) — f(1) =5-10 -2 = 48 su % 
m/2 Le. Jn ae Aa =, 
28. I = sin x sin 2x sin 3x dx ..{i) = | aes 6 ae 
= [°sin ( = x] sin 2 [ = x| sin 3 ( = x} dx 
0 2 2 2 36. 


m/2 


= r=| — cos x sin 2x cos 3x dx ...(ii) 
0 


m/2 
2I= | — sin 2x (cos x cos 3x —sin 3x sin x) dx 
0 


m/2 . 
= | — sin 2x cos (4x) dx 
0 


=f. (ax* —5-—bx +c+5)dx=0 
-2 


x/2 x >X 
= =i] sin 2x (2 cos’ 2x — 1) dx 
0 
Put cos2x=t = —sin2x x2 dx =dt 
21 =["3 (2t? —1) dt =~ [20 nt 
12 a3 
= RK 1)? =) ( aay’ ‘) Dooay 
1/2 
; [2] 37. (a) I =| In(cot x) dx => I= po n (tan x) dx 
1| => [=- 
al 3 J als] 6 1=—[""In(cot x)de1=-I= I=0 
0 
v d Tv wT 
29. Here, f’(x) =(f(x))’ > 0; de F(a) =a (b) I = sin’ x dx = -[ sin’ x dx >I =0 
0 0 
&(x) — g(a) eo 2 e 
= f’ (g(x)) lim 22-8 (Atx=—,1=[" EE _ 
xog xa t —1/t(nt) ve t (Int) 
It implies that g(x) must be differentiable at x = a. IT=-1 or 1=0 
2 
30. On putting t = ~ and then solving, (a) 1+ cos 2x 2x = f° 1+ cos 2x 2x 
Zz 
i 
° Inx ip 2m In x 
i; eee x 38. T= f.( (10x* —3x° —1) dx =[2x° — x° — x] 
= Inx = In2 Since, f(x) is even, hence must have a root in (—1, 0). 
ms “ 39. We have, I, = [cos (x sin’ x) dx 
> x =2 and 4i.e. two solutions. ° 
m/2 
31. Put & =e 1 =|, cos (1% cos’ x) dx 
n TT 
16n? On adding, 21, =| p08 (x sin’ x) + cos(m cos’ x) dx 
n [ mx | n pion 1 0 
I, ™ cos l ‘an I, cos — [t] dt _ % - 
ie a 7 =| 2 cos [E)-<os (= cos 2x] dx =0 
4n’ 4 T 0 2 2 
== I, cos = [t] dt =0 a <6 A 


40. 


41. 


Now, I 


ll 


; [7 cos {mt (1 — cos 2x)} dx 
0 


1/2 
= cos (% cos 2x) dx 
0 


1 ft 
ae |. cos (1 cos t) dt (put 2x = t) 
2 pui2 
=e, cos (mt cos t) dt =I, 
=> I, +1, =0 
m/2 
I, =- I, cos (7 sin t) dt 
I,+1,=0 ...(ii) 


Hence, 


fix) =2 | " 1 —t) cos (xt) dt 
i A 


Il 


L+1,+1,=0 


-2]a-p sin xt] + =i sin xtat =a) fo— 2 om “| 
x lg Bere x i 
flxy=2| S282) (x #0) 


If x =0, then f(x) = [ (1=|e)) de=2 [ (1—t)dt=1 


.. option (c) is correct. 


[ 1—cos x : 
f(x) = 2 ==) if x#0 
1 , ff x=0 


Hence, 


“. f is continuous at x = 0. 
*, option (d) is correct. 
Given, f(f(x))=-x+1 
Replacing x by f(x), we get 
F(F(F(x))) = — f(x) +1 
fx) =~ f(x) +1 
f(x) + fl-x)=1 (i) 


Now, }= I f(x) dx = I. f(i — x) dx (using King’s property) 


= 23=[ (fl) + fa-x) dx 


1 
> 27 J, a1 > J=; 


m/2 sin x 


° (sin x + cos x)’ 


oo) 
Cee aa) 


m/2 cos x 


° (cos x + sin x)’ 


42. 


43. 
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‘ a= |r al oe ro dx 


We have, f(x) = x* + ax’ + bx’® 


where, a= (ie tf(t)dt and b= [. f(t) dt 
Now, a=[. t[(a +1) t? + bt] dt 
= a=2b [. dt -2 mi) 
Again, bs [, f(t) dt =|, (a +1)? + bt) dt 
> b=2f (a+i)t de 
~ cite re 

3 
From Eqs. (i) and (ii), ~ - oo 

(? | 2 11 2 
> a= > a= 
2. 3 3 6 3 
=> a= Eg and b= x 
11 

Hence, [. t f(t) dt = — and [, f(t) dt =< 

f(x) =(a +1) x? + bx? 

fl) =(a+1)+b 

f(-1) =(a+1)-b 

30 

= fa) + f-1)=2a +1) =" 
and f(t) — f(-1) =2b =< 


Given, (f’(x))’ + (g(x))’ =1 
f(x) + I g(t) dt =sin x (cos x — sin x) 


Differentiating both the sides, we get 
f (x) + g(x) = cos 2x —sin 2x ...(i) 
Squaring both the sides of Eq. (i), we get 
CF (x)? + (g(x))* =2f'(x)- g(x) =1 —sin 4x 
=> 14+2f'(x)- g(x) =1-sin 4x 
2f' (x) g(x) =—sin 4x 


sin 4x , 


Now, substituting g(x) = — —~-—— in Eq. (i), we get 
2f'(x) 
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f(x)- re = cos 2x —sin 2x 
x 
Put f(x)=t 


=> 2t? —2(cos2x —sin 2x) t—sin 4x =0 


2 (cos 2x —sin 2x) + 4a —sin 4x) + 8 sin 4x 
4 


sts 


4t =2 (cos 2x —sin 2x) + 4 —sin 4x) + 8 sin 4x 


=> 2t=(cos 2x —sin 2x) + ./1 + sin 4x 


Taking + ve sign, 2t = cos 2x —sin 2x + cos 2x + sin 2x 
> t= cos 2x 
Taking — ve sign, t =— sin 2x 


Since, f(x) = cos 2x or f(x) =—sin ae 
fix) =F sin 2x+¢, or fix)= SS +c 
f(0) =0 

= C, =0 and C,=-1/2 
fx) = sin2x or f(x) = SEE 


If f(x) = cos 2x, then g(x) =—sin 2x 
If f’(x) =—sin 2x, then g(x) = cos 2x 


ie. f(x) = : sin2x and g(x)=-—sin2x 


_ cos2x-1 


= f(x) 


and g(x) =cos 2x 


44. Consider f(x) = i) * (tsinat + bt + c jdt 


even odd even 


=2 (tsin at +c) dt 


[— x cos ax | 1 
[ a a’ 

[ cosax | sinax | | 
x70 pa x70 a a:-ax re 
[ 


=2 cae 
[ava | 


0 

cos at|" 

t + 
a 10 


ila cos at 


0 


=2 
=2 


sin ax + al 


fee dtl 


=— = lim 2 


45. Consider I = f nde a 
a n 


wie 
n? 
[ 2, 


T 
1 = im (% tan an =|n/2, ifa=0 
n—- oo 2 
0, ifa>0 


ifa<0 


2 


ic dt x 
o(at+fy? atx)” 
= lim 


bx — sin x x>0 b—cosx 


46. lim 


x70 


For existence of limit, lim denominator = 0 
x0 
b-1=0 => b=! 


2 


7 
dt+ | (using I.B.P.) 


“n(tan™ nx)?= (2 —tan™ an) 
2 


Using L’Hospital’s rule 


47. 


48. 
49. 


50. 


51. 


x’ x? 1 


(1—cos x) x’ 


es 1 2 
2 lim r\l/p 1/p 
x90 (a+ x’) a 


2 
Ifp =3and/=1,thenl1=—, = a=8 
a 


2 2 
p= eee a 


Here, f(x) =e" [ ‘ef. f(t) dt 
f(x) = Ae* ‘ 
= f(t) = Ae 


where, A=[. e' - f(t) dt 
= A=|[e-Aé ds A=A{ edt 
0 0 


Now, Alf. e'at-1}=0 > A=0,as e” dt #0 
0 0 


Hence, f(x)=0 => f(i)=0 
Again, g(x) =e" [ e g(t) dt +x 
0 
=> &(x) = Be* + x 
=> g(t) = Be +t 
where, B={ e' g(t) dt =>B={ e' (Be' + t) dt 
0 0 
_ loot 1 i. 
= B=B| e dt+[e t dt 
But | e” dt =—(e? —1) and | te’ dt= 
0 
B=—(e’—-1)+1 
> 2B = Ble’ —1)+2 
=> 3B = Be’ +2 > Bro 
—e 
From Eq. (ii), 20=[ “Je + x => g(0)= F 
oe —e 
Also, f(0)=0 
2 2 
0) — f(0) = 0= 
8(0) ~ f(0) = 5 -0= 
2e? 6 
2)= +2= 
st?) 3-eé 3-é 
g(0) 2 3-e 1 
g(2) 3-e 6 3 


Solutions (Q. Nos. 52 to 54) 


We have the equations of the tangents to the curve 


y= f. f(t)dt and y = f(x) at arbitrary points on them are 
Y—[° f(t) ae = f(x) (X - x) 
Y — f(x) = f(x) (X — x) 


As Eqs. (i) and (ii) intersect at the same point on the X-axis 


and 


Putting Y = 0 and equating x-coordinates, we have 


(i) 
...(ii) 


fe) | feat 


f(x f(x) 
- fe) _£@) 
| “, f(t) at f(x) 
> i E fit) dt = cf(x) (iii) 


As, f(0)=1= f fl) dt=cx1 =) 


=> i. fit) t=) f(x); differentiating both the sides and 


x 


integrating and using boundary conditions, we get f(x) =e"; 
y =2ex is tangent to y =e”*. 

. Number of solutions = 1. 
Cearly, f(x) is increasing for all x. 


lim (e*)) =1 


X09 


Solutions (Q. Nos. 55 to 57) 


58. 


59. 


60. 


67. 


2 


5 &” (0) =— bx’ + cx -6 


We have, g(x) = g(0) + xg’(0) 4 
h(x) = g(x) = 4x* —ax® + bx” — cx + 6 = Ohas 4 distinct real 
roots. Using Descarte’s rule of signs. 

Given biquadratic equation has 4 distinct positive roots. 


Let the roots be x,, x,, x, and x,. 
I 2 3 4 


++ 4+ — 
Mow: x, x; X, % >, 24 
4 Xs. Ny Xi 
2 
=> 2225 k 
x, x, x; x4 
1 2 3 4 
> ek 
x, x; Xx; xX, 
24 
=> —=k' > k=2 
3/2 


1 3 
.. Roots are m 1, : and 2. Also, a = 20 and c = 25 


dy 


Atx=1Ly=0,7 = 2x-(x')! —(x’) =1 
ba 


.. Equation of the tangent is y = x — 1. 
dy 
dx 

=64x° (In x)’ —27x° (In x)’ 


= 4x*(In x*)’ — 3x? (In x*)’ 


-. lim ay =64 lim x’ (In x)’ —27 lim x’ (In x)’ =0 

x20° dx x07 x30" 
Wehave, f(x) = i eat ae 

1 
f(x) =e" -x°)F 
Now, f()=e?-0=0 
Here, f(x) = tan” [ ee fo <x <0o 
log, x+1 


‘ wg 1 . 
attains minimum at x = — and maximum at x =e. 
e 
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Also, f(x) has y = 0 as asymptotes. 
f(x) can be shown as 


oso (2) 


% 


wa 


>X 


st Beg) 


Clearly, f(x) is neither injective nor subjective, also graph for 
Lf (x)] can be shown, as 


—| ¢————_0 


62. I, [ f(x) ]dx =|. —1-dx+ [/0-dx= (x) 2.4 


63. (A) Fora =0,I = [ sin’ x dx 
0 


T 1—cos2 
=| oS SOS EN ge 
0 2 


iT 


mE: S aoe an t away 
| 2 4 |, 2 4 


1sin2T 1 
m = 
2 fo24 T 2 


ll 
ll 


vi 
(B) For a = 1, | 4sin’? xdx>L=2 
0 


Wa 

(C) For a =~1, | 0dx=05L=0 
0 

(D) For a # 0, — 1, 1, 


T 
I =| (sin? x + sin’ ax + 2 sin x-sin ax) dx 
0 


T (1—cos2 1—cos2a 
=| [ i asl a cos(a —1)x —cos(a 4 1) 
0 


2 2 
1 1 sin(a—1)x sin(a+1)x| 
Sx sin 2x sin 2ax a i . 
| 4 4a a-1 at+1 F 
T 1 
-. L= lim — - lim — 
Toe T Toe T 
La, : sin (a —1) x sin(a +1) x1 
sin 2x sin 2ax 4 
4 4a a-1 at+1 F 
=> L=1 
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. i . . 
64. pe =| & sin 9)" | _ (1 + sin 8)’ —sin’ 8 r(E- 1+0 = ug(Z}=0 
| 3 3 2 | 3 (=) 2 
0 1+ eg" | — 
[ (x + cos 6)’ ih (1 + cos 8)’ — cos’ 0 T 2 
and g(0)= = & f)—|Ss-1 
[3 | 5 2 
‘ 2 2 x 
-. f@) = 1+3sin0+3sin’ 0 ata wee 1+3cos® +3 cos’ 8 (B) We have, I, f(x) dx = { f(x)?’ 
3 
Differentiating both the sides, t 
Now, f(®) — 9) =(sin 0 — cos 6) + (sin’@ — cos”@) Deen nee ean meen 
and f(®) — g(@) =(sin @ — cos 0) (1 + sin @ + cos @) f(x) =2f(x): f(x) = f(x) == 
Now verify all matchings. Integrating both the sides, f(x) = areas 
65. (A) Let a = 2008, then where, f(0)=0 => C=0 
I =i (1+ ax")e* dx => f(x) = - = f(2)=1 
rai. (e* + ax" e* ) dx (note : ax* =ax- x“ ') (C) Maximum when a =—1,b =2 >a+b=1 
0 
=i (e*’ + e% «x ax""!) dx (D)If lim = fet then 
0 x70 x Sa 
1 a 
=|. (lx) + x f(x) dx, where f(x) = e* __ sin 2x + ax’ + bx 
° Inia 3 =0 
Hence, I =[xe*’]|, =e ‘ * 
(B) I=L4+1 For limit to exist2 + b=0=>5b=-2 
1 2 
Consider I, = ine In x dx 5 lca sin 2x + as 2x 0 
x70 x 


Put./-Inx =t>-Inx=>x=e° 


Using left hand rule and solving, we get a = ; 


— dx =-2te' dt 
1 2 2 1 2 1 1 2 é = 
I,=[ tate) dt=[te"], -[ ev dt=--[ et at “ 3at+ b=2 
. <<. = ? es 67. Let B= yo sda 7 
1 -x 1 1 1 4 n=l 4 4 
Hence, 1,={ e dx +——| e dt=—=e 
0 e 0 e x 2x 
a “i and A=1+ cos— + cos—> +... 
Note that, if f(x) = , then f(x) =./—In x 4 4 
[zat 2 3 a ee, eee aera me 
1 2 3 in? ee Fe saraye fe 
1 in| | yf : () (3), a 
no>=/\n n n n 4 
: 1 ; A 1 4 
=> InLl= lim — Thus, B imaginary part of = - 
nae n° 12. 4-cosx—isinx 


fn()eem(2)eom2}erem( Pane ta 


= f(x) 


17 —Ocosx 17 —Ocosx 


General term of In L = a In . Asi 95 
n n x ™ sinx 
and I, fix)dx = | = +o og (2 


° 17—Ocosx 


sum =—- “in(2} . 
heyei 1 nt = log (:) = log (=) 
3 n 


InL=[ x In x dx E a [ect A m+n=8 
0 x 
1 : 68. Here, I = [ pee 
-n/21+ 2[sin '(sinx 
oe eee 21+ 2[sin (sin x)] 
| 2 2 i 4 ={_ COsx dx+f" | cosxdx + "<8 COSX 
L=e -n/2 3 =f —1 
, —-m/2 T 
66. (A) We have, f’(x) = g(x) ==, cosxdx + | ‘cosxdx + | cos xdx + — =f pede 


1+ g°(x) 
and g’(x) =(1 + sin (cos” x)) (—sin x) 


m/2 


=; [7 cost(-dt) + [ £08 (t)-(-dt) 


d 1 p2/2 i 
(1 + sin (cos’ x)) (— sin x) “), ai e+e) ee 


yi + g°(x) 7 


Hence, f’(x)= 


m/2 _ 
69. Here, f(x +1) x)==f sin‘(n + 1)0—sin’n0 
T<° sin’@ 
ae! ie sin (2n + 8 sind 
T° sin’ 0 
oe! i sin (2n + 1)0 0 
T° sin’@ 
_ (fC cos® ig, [7 cosanoa) 
T\° sin® 0 
Using, cos0 + cos30 + cos5@ +....+ cos (2n —1)0 
__n-(20) 
sin 


= 2. cos(8 + (n — 1)0) 


ie. cos8 + cos30 + cos50 + ...4.cos(2n — 1)8 = ; ([==*) 
sin 
fn) ~ fin) == 
[- m/2 | 
12) cos® + cos30 + ...+ cos (2n — 1)8- cos6 dO + a 
0 
= [°"{@cos0 cos6) + (20838 cos®) 
TT 0 
+... (2cos (2n—1)- cos60)}d0 
1 pu/2 m/2 
= =|, 1-d0, as I, cos2n0d0 = 0 
T 


fln+ 1) flr)=— 
If — n=1, f@)- fa) a sftt)=+) = fa) =2 
If  n=2, f(3)— f2)= 
=> f(3) 3) => and so on : fat 
15 
ies HODSIC) oe Gig 


f(15)- f@) 15 _9 
2 2 
h(x) : 
70. Here, g(x) =| e"*" dt 


-_ gi (x) =H (x)-e8 HOD 
= g(x) =H (x)-e 

= g’ (2) = W (2). et the” 

=> ef =1-e On” given g’(2) =e’ and h’(2) =1 


“ (1 + A(2))’ =4 
=> 1+ A(2) =2, -2 
h(2) =-3,1 


.. Absolute sum for all possible values of h(2) = |-3 +1 | =2 
71. Let I= [ ane log (sin x)dx = al ne log (sin’ x)dx 
0 0 


1 pr/2 
= a sin x- log (1— cos” x)dx 


Put cosx =t = -sin x dx = dt 


_tf' _ 7 
=i, log (1-t”) dt 


==’ t (ty Oat 
240 2 2 
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i= ¢ 4 11 1 4 
= + 
213 10 21 |, 2| 3 10 21 | 
fi 1 1 [ 1 1 1 | 
= ha f= +—+—+4 
2/3 10 21 |2x3 20 42 | 


 Ke=2 

72. let =| * a Ai) 
—1/2 e 

er i : J 

v I flx)dx = | f (a+ b-x) dx) 

es = r=["% ee *) ay ae 


On adding Eqs. (i) and (ii), we get 


2I ("2 cosx Fr 
=(" x’ cosx-(1) dx 

2 | 

E [fax = 2] flx)ds, when f(—x) = ad 


T/2 2 
> ar =2| x cosx dx 
0 
Using integration by parts, we get 


21 =2[x’(sinx) (2) (-sin x)] 7/7 


(2x) (— cosx) 4 
x 
4 


> 21-2) -2| 
T 


2 


ew) 


73. Let f(x) = | : 


=f (x)= 7 > 0, for all x €[0, 1] 


1+ x’ 


.. f(x) is increasing. 


At x =0, f(0) =0and at x =1, 
a 1 
Because, 
1+t 2 
1] 
> J o-ae<] dr<].5 dt 
=> 0<f(l 
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Thus, f(x) can be plotted as 


ve 
1/2 
f(x) 
xX 
O 1 - 
“. y = f(x) and y =2x —1can be shown as 
ai (1,1) 
y =2x-1 
12 4 
' y =x) 
x’ 
O { ny 
(0,-1) fy’ 


From the graph, the total number of distinct solutions for 
x €(0, 1] =1. [as they intersect only at one point] 


Here, f(x) =7 tan® x +7tan® x—3tan* x—3tan’ x 


forall xe) 
2-2 


f(x) =7tan® x sec’ x—3 tan’ x sec’ x 


=(7tan® x—3 tan’ x) sec’ x 


ml4 ml4 é 2 2 
Now, | oa (x)dx = | x (7tan’ x—3tan° x) sec” xdx 
0 0 


I il 
=[x(tan’ x—tan’® x)]*/* 


nl4 7 3 
-| 1 (tan’ x — tan” x)dx 
0 


tan’ x(tan* x—-1)dx 


=o-["" 


nl4 3 2 2 

=-| tan” x (tan” x—1) sec” x dx 
0 
Put tanx=t >sec’ x dx = dt 
nl4 1 a7.3 
| x f(x)dx =I. P(t 
0 
1 

-fie ff ¥) _f-1 4 


*\dt = = 
[4 5 4 6 12 


0 


-1)dt 


rl4 nl4 é 2 4 
Also, | f(x)dx = i (7tan® x—3tan* x) sec” xdx 
0 0 
a 
= re’ ~3i7)dt =[t? -° . =0 
192 x° 
Here, f= — = 
2+ sin 1x 
192x° < 192x" 


< fix 


2 


; ; ee | 
On integrating between the limits 5 to x, we get 


192x° 192x° 
ee 


dx sf f’(x)dx < ig 


76. 


77. 


2x! =) < fla fl0)< 24x" —= 


12 16 
4 4 3 
= 16x" —-1 < f(x)<24x a 
1 
Again, integrating between the tS — to 1, we get 


ow 


i (16x' -1)de < f f(x)dx 


[16x> | a | 24x° 3 ul 

=> ls <f. f(x)dx a = 

5 o 2" 

11 2 1 33 6 

= aa ea Pe ee) = 

E =| ls Flx)dx (= ‘) 
> 2.6< | f(x)dx $3.9 

1/2 

Let I, = [" e'(sin® at + cos° at)dt 


=["e (sin® at + cos® at)dt +[e (sin® at + cos° at)dt 


+[" e'(sin® at + cos° at) dt +f" e'(sin® at + cos® at)dt 
[,=1,+1,+1,+1, el ) 
Now, I, = - e'(sin® at + cos® at) dt 
Put t=u+t=> dt=dt 
i =["e e* *'.(sin® at + cos* at) dt 
=e'-l, 2silii) 


3m 
Now, I,= i) e'(sin® at + cos° at) dt 
20 


Put t=2n+t=>dt=dt 
Tt 
i =| e'*?* (sin at + cos® at)dt 
0 
=e™™-I, ...(iii) 
4n ob 6 
and I, =| e'(sin® at + cos° at)dt 
3m 
Put t=3n+t 
Tw 
I, = | e** *"(sin® at + cos® at)dt 
0 
=e" -I, (iv) 
From Egg. (i), (ii), (iii) and (iv), we get 
I, =I, +e"-I, +e" -I, +e" -I, =(1+e" +e" +e") 1, 


4n 
| e'(sin® at + cos° at)dt 
0 


iL — 
Tv 
I e'(sin® at + cos° at)dt 
0 
1-(e** -1 
=(1+e" +e ret) = EY fora ER 
eo — 


According to the given data, F(x) <0, Vxe (1, 3) 


We have, f(x) =xF(x) 
> f(x) = F(x) + x F’(x) re) 
= f'(1) = FQ) + F’(1)<0 

[given F(1)=0 and F’(x)<0] 
Also, f= ms ia [using F(x) < 0,Vx (1, 3)] 
Now, f (x) = F(x) + x F(x) <0 


[using F(x) < 0, Vxe(1,3)] 
> f(x) <0 


78. Given, [ x°F (x)dx=—12 
= [x°F(x)}? — [2x . F(x)dx =—12 
= 9F@3)—F(1)—2 f(a)dx = —12 [+ xF(x) = f(x), given] 
> -36 - 0-2] f(x)dx=-12 
[ Foodx me 
and [ °F" (x)dx = 40 


>  [xF(x)]? — [3x2 F(x)dex = 40 


> [x°(xF’(x)]/ -3x(-12) = 40 
=> {x" -[f’(x)-F(x)]}}? =4 
= 9[f'3) - F3)] -Lf'@) - FQ)] =4 
> 9Lf'G) + 4]-Lf'G) - 0] =4 
> 9 f’ (3)—f’ (1) = -32 


79. Here, fs) ={{*) “~ 
| 
r={' x f(x") 
124+ f(x+1) 
12+ f(x+1) 02+ f(x +1) 
ef) eg. 
1 24+ f(x+1) v2 24 f(x +1) 
+f. _ xf) 4. 
324+ f(x+1) 


= [. Odx+ I 0 det are fo dx+ [.. O0dx 


Nw -1<x<050<x' <15[x’]=0, 
0<x<150<x' <15[x’]=0, 
=> [x*]=1 
1<x<vV2> be] 
2<x+1<1+ 2 = f(x+1)=0, 


1<x’ <2 


V2 <x<3 >2<x" <3=> f(x’) =0, 
and V3 <x <233<x" <4= f(x’) =0 


x, [xe] 1 1 
=> oo alla =7@-1)=5 


4f=1 => 41 -1=0 


1 ant x) {12 +92? 
oO =| eve tS ten w) : dx 
9 1+x 


Put 9x+3tan’x=t 


> [> 2 -Jax=a 
l+x 


80. Here, 


9+3n/4 
94+3n/4 94+3n/4 
a. = | é dt =[ef 49" !* =e? 97/44 
0 


31 


=> log, [i +o] = 9+ —— 
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=> log, 


a+1f-—=9 


81. Plan This type of question can be done using appropriate 
substitution. 


r mT /2 17 
Given, I =| (2 cosec x)’ dx 
T/4 


{" /2 2"(cosec x)'° cosec x (cosec x + cot x) d 
= Xx 
n/a (cosec x + cot x) 

Let cosec x + cot x=t 


= (—cosec x- cot x — cosec’x) dx = dt 


and cosec x — cot x =1/t 
1 
=> 2cosec x =t+— 
1 16 
t+— 


I=-f, wl ot dt 
v2 +1 2 t 


Let t=e" = dt=e"du. Whent=1,e" =1>u=0 
and when t = V2 + 1,e" =V2 +1 


=> u=In(v2 +1) 
en ° u -u 16 e“du 
=> T= Fears ae" +e“) 
In (J2 +1) 
=2 | (e’ +e")! du 
0 


82. Plan Newton-Leibnitz’s formula 


d [pv 1. d 7 Caen 
Fe oc 0) at = Fey} {<vc| ff co = 0 Y 


Given, F(x) = [ro dt 
F’(x) =2x f(x) 
Also, F’(x) = f’(x) 
> ax flx)= f'(x) 
fo _, 
f(x) 
(oC pe 
> | FG) dx = | 2x dx 
> In f(x)=x° +e = f(x)=e* ** 
> f(xyHkK e [K =e] 
Now, f(0)=1 
: 1=K 
Hence, f(x)= ew 
F(2) =| ddt=[e fi =e* =1 
83. (A) Let I= cals 
=X 
Put x = tan@ 


= dx =sec’0d0 
n/l4 
=2[ dO = 


wla 
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dx 
v1i-x? 


x=sin0 => dx=cos0d0 
m/2 TU 
I =|. 1d8 == 


re ie dx =1{toe(1*2)} 


24—-x7 2 Lax 


(B) Let =| 


Put 


(A) Plan 
(p) 
(q) 


A polynomial satisfying the given conditions is taken. 


The other conditions are also applied and the number of 
polynomial is taken out. 


Let f(x) =ax’? + be +¢ 
FOS0. Se e=5 


1 ax’? — bx’ ' 
Now, |, fle) ax 1=> [2 < ) 1 


2 0 
=> Oe Petes 2a + 3b =6 
3.2 
As a, b are non-negative integers. 
So, a=0,b=2o0ra=3,b=0 


f(x) =2x or f(x) =3x°" 
(B) Plan Such type of questions are converted into only sine 
or cosine expression and then the number of points of maxima 
in given interval are obtained. 


f(x) =sin (x’) + cos (x’) 


1 a eee 
=2 | coeG + ene) 


= 2 eo x’ cos “ + sin * sin @°)| = 2 cos G - 2) 


: ge TE . T 
For maximum value, x° — — =2nt > x° =2nmt + — 


T 

=> C= +./— ,forn =0 
4 
on 

x=+ ./—,forn=1 
4 


So, f(x) attains maximum at 4 points in [-v13, 4/13]. 
(C) Plan 


p) [. flx)de =f" flex) dx 
(q) f° fle) de =2 I f(x) dx, if f(-x) = f(x), ie. f is an even 


function. 
2 3 am 2 3 2 
I= a dx and [= . dx 
21+e 21+e* 
2 3 2 3 2 x 
> 2= 7 = Ne.) d 
2\ite e411 


a: 3x°dx = al =2[ 3x* dx 
-2 0 


Il=[x’}? =8 


0 


(D) Plan [ " f(x) dx =0 
If f(-x) =— f(x), ie. f(x) is an odd function. 


Let f(x) = cos 2x log ( = 4 


1 x 


f= 000 2x log ( = *) =~ (9) 


uae, 
Hence, f(x) is an odd function. 
1/2 
So, de f(x) dx =0 


(A) > (q); (B) > (@); (C) > (p); (B) > (s) 
85. Plan Integration by parts 


| F(%) glx) dx = fx) | (x) dx— | (<7 Ja ax) dx 


dx 


2 


2 


4 
Given, I =| 4x? d 
9 1 ax 


(1 — x’) dx 
I 
1 
=| 4,’ a4 — xy | -[ 12 x” ay =x’) dx 
[ dx |, 0 dx 


= [ax x5(1 —x?)* (- 2x)] 


-12| [x @ xy], I. ax(1 — x*)° dx 


1 
=0-0-12(0-0) + 12[ 2x (1 — x’)® dx 
0 


 a—x)T r 1] 
6 


gage | as eas Ge 
86. I =|. = + log (z=) cos x dx 


As, f f(x) dx = 0, when f(—x) =— f(x) 


mT /2 Tm /2 
r=| x? cos x dx + 0 =2/ (x cos x) dx 
2 0 


-a/ 
ey /2 mw /2 “ 
=2{(x° sin x)F | 2x-sin x dx} 
0 


=2) a2 {(— x- cos x)? -{ ° 1-(— cos x) in 


a" 2 pil ole ol 
cs (Sia | ir: | E 7 


87. Put x? =t = xdx=dt/2 


eo dt 
sint -— 
2 


ies 
log? sint + sin (log 6 — t) 


b b 
Using, | f(x) dx = | f(a+b—x) dx 
1 lion sin (log 2 + log3 — t) 
2 “leg2 sin (log2 + log3 — t)+ sin 


dt 


(log6 — (log 2 + log 3 — t)) 
a! re sin (log 6 — t) 
2 “leg2 sin (log6 — t) + sin (t) 


sin (log 6 — t) 


log 3 
I, = — dt 
bg? sin (log6 —t) + sint 


: 
| 


...(i) 


On adding Eqs. (i) and (ii), we get 


ora 1 (hak sin t + sin (log 6 — ft) 5 
2 ~be2 sin (log6—t) + sint 
ts ciguge 1 
=> aI=— (Oe, = 5 (logs — log 2) 


1 3 
I =— log |=— 
4 «(3) 


88. Given, f(1) = ; and 6 |, float =3x f(x)-x°,V x21 


Using Newton-Leibnitz formula. 
Differentiating both sides 
=>  6f(x)-1-0 =3 f(x) + 3xf’ (x) -3x° 


= 3xf'(x)-3 fl) =3x° => f(x)-— fle) =x 
x 
_ FO-FO_, _ a fz), 
x dx |x 
On integrating both sides, we get 
= I) < ete E 
x 
1 2 
soe = c=-— and f(x)=x°--x 
4 8 
2)=4-—=- 
Ff) ra 
Note Here, f(1) =2, does not satisfy given function. 
1 
1)=- 
f(1) - 
For that f(x) = x” =F nan f2)= Pi a 
3 3. 33 
4 _ 4 
89. Let I = [20° a 
O. Pane 
1(x'-1)(1—x)'+(1-x)' 
=| 5 dx 
0 (1+ x°) 
2 = 2 
=| idea 
0 0 


(1+ x’) 


1 ae i 2 4x? 
= [if 1) -—x)°+(1+ x*) tx a 


=f {oe Idx)" (14 x?) at 4 oka 
. 1+x 


1 4 
=| [x° ax sx ax 4 =| dx 
0 1+x 


_Tx’ 4x° 5x? 4x° at 


7 6 5 3 


1 4 5 4 T 22 
= + + 4 (2 0} = T 


7 6 5 3 7 
90. Converting infinite series into definite integral 
ie. lim Lt] 
noo 
co 
lim — —|= x)dx 
tim? Y 4(2)=f foo 


91. 


92. 
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lim sn) where, Z is replaced with x. 
nao n n 


X is replaced with integral. 
12 bot 


a 


161 


if 


Here, lim 


s9(n4 1) na +1) 4 a +24 .n4ha4n} 60 


=> lim =e 
oe 1 60 
1+—- -(2na+n+1) 
n 
fry) | 1 
=> lim 25 (4) - lim a = 
n>o om \n nae 1 60 
1+-— 2a+1+— 
n n 
1 a 
=> 2| (x*)dx-———— = — 
0 1:(2a+1) 60 
= 2-[x] _ 1 
(2a+1):(a+1) 60 
2 _1 
(2a+1)(a+1) 60 
=> (2a + 1)(a + 1) =120 
> 2a” + 3a+1-120=0 
> 2a” + 3a-119=0 
=> (2a + 17) (a—-—7)=0 
—17 
=> a =7, — 


2 
Here, f(x) + 2x =(1— x)’ -sin? x + x* + 2x 
where, P: f(x) + 2x =2(1 + x)’ 
211+ x°)=(1—x)’ sin? x + x’ + 2x 
=> (1 — x)’ sin? x =x? —2x +2 


...(ii) 


=> (1—x)’ sin? x=(1-x)’ +1 > (1-—x)’ cos’*x =-1 


which is never possible. 


. P is false. 
Again, let Q: h(x) =2 f(x) +1—2x (1+ x) 
where, h(0) =2 f(0) + 1-0=1 


h(1) =2f(1)+1—-—4=—-3,as h(0) h(1) <0 
= h(x) must have a solution. 
Qis true. 
Here, f(x) =(1— x)’ -sin’x + x° 20, Vx. 


ads ate “(2 


t+ 1 


— log } f(t) dt 


= ae [ie is x}: flo) 


+1 
eed) + ve 
For g’(x) to be increasing or decreasing, 


let O(x) = 


(i) 
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vv. 4 1 -(x-1)° 
oe) (x+1)? x x(x+1) 
O(x)<0,forx>1 > o(x)< O01) > (x) <0 ...(ii) 


From Eqs. (i) and (ii), we get 
& (x) < 0 for x € (1, 9) 
*, g(x) is decreasing for x € (1, ©). 
if [x] is odd. 


if [x] is even. 


93. Given, f(x) = i pA ia 


f(x) and cost x both are periodic with period 2 and both are 
even. 


ine )costt x dx =2 fos )cost xdx 


-10 


=10 Rico cost x dx 


0 


1 1 1 
Now, J Fe) cost x dx = | (1—x) cost x dx =—[ucosnu du 
0 0 0 
2 1 


2 
and J Fe cost x dx = |(x—1) cos mx dx=—[ ucosnu du 


1 


2 


{Feo cosTx iv=—20f uoos du a 
T 


-10 
10 
> mae x) cost x dx =4 


94. Given i 1—{f(@y dt =| 7 f())dt,0<x<1 


Differentiating both sides w.r.t. x by using Leibnitz’s rule, 


we get 
rag Y= f(x) => f'(x)=t y1-{fOoP 
dx =+ | dx 

> er re (oy 
=> sin’ {f(x)p=txt+e 
Put x=0 > sin” {f(0)}= 
> c =sin (0) =0 [. f(0) = 0] 
Be f(x) =+ sinx 
but f(x) 20,V xe [0,1] 
; f(x) =sinx 


As we know that, 
sinx<x, V x>0 


(:) 1 ; (:) 1 

sin | —|<-—andsin|—|<-— 

2 2 3 3 
1 1 1 | 
=> <—and < 
s(;) 2 (5) 3 


95. Given =|, aes 


-«(1 + "*)sinx ) sin x rs era ~Q) 


Using { f(x) dx= f(b + a— x) dx, we get 


= fie OREN iy ii) 


-7(1+ 1" (1+ m*)sinx 


On adding Eqs. (i) and (ii), we have 


ud sinnx = sin ia, 
a= — =2 
-™ sin x ° sinx 


[Le f(x) ae is an even function] 
sin x 
= fe Meee 
° sinx 
Make ieee ={" pe) He 
4 sin x 
™2 cos(n+1) x-sinx 
=| - dx 
8 sin x 
. [sin(n +1) xT 
=2/ cos (n+1)x dx =2 eat Ee = 
0 | (n+ 1) 
10 
Tan =f, ... (iii) 
Since, : =|" sala dx => oa = and ve =0 
°  sinx 
From Eq. uo) I, =1, =I, =....=% and I, =I, =I, =..=0 
> Y Toyo = 107 and = I,,, =0 
m=1 
*. Correct options are (a), (b), (c). 
= n 
96. Given, S = )~ ————_— 
. ce eae: 
aml 1 ie 1 
=y kB < lim i ; 
k=o Mt ee, k=o0 7 i+£ (4) 
non n \n 
ee wn (B+) 
= = n x 
01+ xt x’ |B v3 2 |, 
2 (= 2) Te one Brea 
=—_—: = .. S, <—— 
V3 \3 6) 3y3 33 
Tt 
Similarly, T, >—— 
vi 3/3 
3/4 dx 
97. = —_— acl 
hy 1+ cos x @ 
3n/4 dx * 
= ———§!__ ii 
Be leg 1—cos x (i) 


Adding Eqs. (i) and (ii) 


at =f —dx => I= [. 


I =—(cot x)3%/) =2 


3n/4 2 
cosec’ x dx 


98. I, +1, =| (tan* x + tan’ x) dx = | tan’ x sec” x dx 


1 
=, ae ae => a=-,b=0 


1 
5 


99. (b) Let 1 = lim 


[(n+1)-(n +2)... (3n) 
iae| ne" | 
— [n4+1)(nt Dy, teen) 
= lim 7 
n— 00 n 


lim (72 ‘ (" * *) 7 (" ai 


Taking log on both sides, we get 


meme 3) C3] 


n 
=) log b= lin og (13 ©) +og(1+ 2} 
aca 1} n n 


2n 
= log 1= jim > Y tog (1+ *) 


=> 


uv 


r=1 


log 1 = [ log (1 +x) dx 
0 


2 
log! =|log 439: x= J ta 

0 
log 1 = [log (1 + x)- x] [. _— dx 


log 1=2- og 3-[.[1- : Je 

7 Lx 

log | =2- log 3 - [x — log |1 + x |]. 
log 1 =2- log 3 —[2 — log 3] 

log 1 =3-log3-—2 => logl=log 27-2 
27 


e 


i = = 
1 = e8?7-2 27-7? 


100. Central Idea Apply the property [ Fledx = ii flat b-x)dx 


and then add. Let 


r=[/ log x” 
2 log x” + log(36-12x+ x ae 
er ie 2log x ro 
22log x + log(6 — x)’ 
=|" 2log xdx 
22[log x + log(6 — x)] 
1=[7 log xdx i) 
[log x + log(6 — x)] 
or log) = 4)" _g. ii) 
2 log(6 — x) + log x 


i i fod = [F(a eh ode 


On adding Eqs. (i) and (ii), we get 


= (ips + log(6 — x) 
2 log x + log(6 — x) 


2h= [ax =[x] 


2 =2- IS 


; 
| 


107. 


103. 


104. 
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x-a, x2a 


—(x-a), 
to break given integral in two parts and then integrate 
separately. 


ia [1 -2sin2 J ax- [; ja 2 sin |dx 
0 
aie 2sin™ |e ie [ 2 sin = ax 
0 2 * 


Tv 
= («+ 40052)’ [+ 40052 2) = 4/3 4-2 
0 


Plan Use the formula, |x —a | -| 
x<a 


3 


T /3 dx 
. Let ‘ie ..-(i) 
|G exicee 
Te u/3 dx =|" dx 
mle Tq mi61+$cotx 
1+ tan{ © -] 
2 
/s tan xdx_ — 
= — wii 
i) 


al {tan x 
On adding Eqs. (i) and (i), we get 


of=(" de = af alxl dx 


n/6 nT /6 
= 4 [x x|]_ au 
als. 6] 1 

Statement I is false. 

b b 
But | f(x)dx = | f(a+b-—x)dx is a true statement by 
property of definite integrals. 
Given, y = I, |t| dt 


“ =|x|-1-0=|x| [by Leibnitz’s rule] 
Ix 


Tangent to the curve y = i |t| dt, x € Rare parallel to the 
0 

line y =2x 

.. Slope of both are equal = x=+2 


£2 
Points, y=[ |t|de=t2 
0 


Equation of tangent is 
y—-2=2(x-2) and y+2=2(x+2) 
For x intercept put y = 0, we get 
0-2=2(x-2) and 0+2=2(x+2) 
=> x=+1 


Given integral g(x) = - cos 4t dt 
0 
To find g(x + 7) in terms of g(x) and g(7). 
g(x) = i cos 4t dt 
0 


t=x+n 
> a(xt+m)=[ cos 4t dt 


x+0 
= i cos 4tdt + | cos 4tdt 
0 x 


= g(x) + I, (say) 
= _ “cos 4tdt= |" cos 4t dt 
0 


(definite integral property) 
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=> g(x + 1) = g(x) + g(t) 
But the value of I, is zero. 


[sin 4t |" (= 4m sin *) 
> = = = 
4 |, 4 4 
= g(x + %) = g(x) — g(t) 


In my opinion, the examiner has made this question keeping 
&(x) + g(7) as the only answer in his/her mind. However, 
he/she did not realise that the value of the integral I, is 
actually zero. Hence, it does not matter whether you add to or 
subtract from g(x). 


105. p= {seel+s) (1+ x) 
(1+ x’) 
Put x=tan@® = dx=sec’0d0 
When x=0 > tand=0 
‘, 86=0 
When x =1=tand 
> a=" 
4 
p= [* “Slee D+ tan) ee 9a0 
0 1+ tan°0 
wT /4 
r=8[ log (1 + tan @) dO ...(i) 
0 


Using [F009 dx = | “fla — x) dx, we get 
0 0 
m/4 Tt 
r=8 log {1+ tan (% 0) 
m/4 1—tan@ 
=8 log 41 + ————_- d0 
i} oe jaan} 


m/4 2 
=8 log ; ———— ; d0 
i et; + 2 


Adding Eqs. (i) and (ii), we get 
ar=a[" r {1 + tan} +1 2 Map 
= oO an O ————— 
0 l . . 1+ tan | 


=> r=4[” “log 2 dé = 4-log2(0)*" 


...(ii) 


= 4 log2- ( - 0) = wT log2 


106. If (x) and w(x) are defined on [a, b] and differentiable for 
every x and f(t) is continuous, tag 
I. rode |= fey wf [oo] 
dxlJesy "| 


Ne 


(x) 


107. 


108. 


109. 


x 51 
Here, f(x) =| Vt sin t dt, where x € (0 =) 
0 
f’ (x) ={/x sin x — 0} ...(i) 
(using Newton-Leibnitz formula) 
=x sin x =0 
> sinx=0 
x=, 27 
1 
"(x)= Vx cos x + sin x 
f ax 
Atx=m, /f'(™)= _Jn tT <0 


.. Local maximum at x = 7. At x =27, f’(2m) = 27 >0 


.. Local minimum at x = 27. 


Wehave, p(x)=p’(1-x), V x €[0, 1], p(0) =1, p(1) = 41 
> p(x) =-pd-x)+C 

=> 1=-41+C 

=> C = 42 


*. p(x) + p(l—x) = 
Now, I= I p(x)dx = I. p(l—x)dx 


>  21=f (px) + p-x)de =f 42dx = 42 


> T=21 
Let I =[° [cot x] dx ...(i) 
=I=[/ " Teot (m — x)] dx =[- [— cot x] dx ii) 


On adding Eqs. (i) and (ii), 
rel" [cot x] dx + [* [-cot x]dx=[" (-1) dx 
0 0 0 


[[x]+[-x]=-1Lifx ¢z and 0,ifx ez] 


=[-x]} =-T 
Tso" 
2 
sinx 4 i 36 
Since, [= dx 
(Bea 


because in x on x>sin x. 


1 2 2 
I<| Vxdx = 2 [x""], => is 
0 


and 


1 
_ picosx tee 
j=|, yo ax<| x dx =2 


Ji <2 
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Session 1 


Sketching of Some Common Curves, Some More Curves 
which Occur Frequently in Mathematics in Standard Forms, 
Asymptotes, Areas of Curves Given by Cartesian Equations 


Sketching of Some 
Common Curves 


For finding the area of a given region, we require the 
knowledge of some standard curves. 


(i) Straight Line 


Every first degree equation in x, y represents a straight line. 
So, the general equation of a line is ax + by +c =0. To draw 
a straight line find the points, where it meets with the 
coordinate axes by putting y =0 and x =0 respectively in its 
equation. 

By joining these two points we get the sketch of the line. 
Sometimes the equation of a line is given in the form 

y =mx. This equation represents a line passing through 
the origin and inclined at an angle tan’ m with the 
positive direction of X-axis. The equation of the form 

x =aand y =b represents straight lines parallel to Y-axis 
and X-axis, respectively. 


Region Represented by a Linear Inequality 
To find the region represented by linear inequality 
ax + by Scand ax + by =c, we proceed as follows 
(i) Convert the inequality into equality to obtain a 
linear equation in x, y. 
(ii) Draw the straight line represented by it. 
(iii) The straight line obtained in (ii) divides the 
XY-plane in two parts. 
To determine the region represented by the inequality 
choose some convenient points; e.g. origin or some points 
on the coordinate axes. 
If the coordinates of a point satisfy the inequality, then 
region containing the points is the required region, 
otherwise the region not containing the point is required 
region. 


Example 1 Mark the region represented by 
3x+4y <2. 
Sol. Converting the inequality into equation, we get 
3x + 4y = 12. 
This line meets the coordinate axes at (4, 0) and (0, 3), 
respectively. Join these points to obtain straight line 
represented by 3x + 4y = 12. 


This straight line divides the plane in two parts. One part 
contains the origin and the other does not contains the 
origin. Clearly, (0, 0) satisfy the inequality 3x + 4y < 12. So, 
the region represented by 3x + 4y < 12 is region containing 
the origin as shown in the figure. 


(ii) Circle 
The general equation of a circle is 

x? +y? +2gx +2fy+c=0 
.. The second degree equation in x, y 4 
such that coeff. of x? = coeff. of y” 


and there is no term containing xy; it 
always represents a circle. To draw a 


sketch of a circle, we write the 5 4 
equation instandard form | 
(x —h)* +(y —k)?=r’, whose centre Figure 3.1 
is (h, k) and radius is r. 
Remarks 
1. The inequality (x — a)? + (y — 6)? <r? represents the interior of 
a circle. 
2. The inequality (x — a)? + (y- b)* > r? represents the exterior of 


a circle (i.e. region lying outside the circle). 
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—4a(x —h);a,h>0 


i By? 
(ii) Parabola ey ; 
It is the locus of points such that its distance froma fixed 4 424 > tae. 
point is equal to its distance from a fixed straight line. ee oe 
Taking the fixed straight line x =— a, a >0 and fixed point ale +5 7 >X 
(a,0), we get the equation of parabola y” = 4ax. Le an 
Steps to Sketch the Curve : ce 
(i) It passes through (0, 0). , 
(ii) It is symmetrical about axis of X. (6) y" =—4a(x +h); a,h>0 
(iii) No part of the curve lies on the negative side of axis er “ 
of X. eS 
(iv) Curve turns at (0, 0) which is called the vertex of the wy by 
curve. # 40,0) 
(v) The curve extends to infinity. It is not a closed curve wee 
es . 
(1) y“ = 4ax (Standard equation of parabola) Figure 3.7 
Y yea san ‘i 
(7) x° =4ay;a>0 
\ AY 1 
Vv 4 , 
5) = ‘ } 
Figure 3.2 v} (0,0) me 
Figure 3.8 


(2) y” =4a(x —h); where a and hare positive. 
(8) x? =4a(y+k);a>0,k>0 


Y. 
O Ve 
0. 5 aC) 0) >X 7 AY 1 
Figure 3.3 ‘ ; 
(3) y? =4a(x +h); where a and hare positive. - 3 ~X 
, - \ (0,0) 
y v[O-% 
ve 
_ é 5 x Figure 3.9 
(9) x? =4a(y—k);a,k>0 
ees, A 
Figure 3.4 ‘ 
(4) y? =— 4ax;a>0 
Y 
| v[O4 = 
10,0) i os 
Figure 3.10 


Figure 3.5 
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(10) x? =— 4ay;a>0 


AY 


> xX 


Figure 3.11 
(11) x? =—4a(y +k); a,k >0 


AY 


>X 


Figure 3.12 
(12) x? =— 4a(y —k);a,k >0 


AY 


3 Xv >X 


Figure 3.13 


(iv) Ellipse 


Basics of Ellipse 


Definition 1. An ellipse is the locus of a moving point 
such that the ratio of its distance from a fixed point to its 
distance from a fixed line is a constant less than unity. 
This constant is termed the eccentricity of the ellipse. The 


fixed point is the focus while the fixed line is the directrix. 


The symmetrical nature of the ellipse ensures that there 
will be two foci and two directrices. 


Definition 2. An ellipse is the locus of a moving point 
such that the sum of the its distances from two fixed 
points is constant. The two fixed points are the two foci of 
the ellipse. To plot the ellipse, we can use the 
peg-and-thread method described earlier. 


Stantard Equation 
2 2 
x 
eae 
b 
Ifa>b Ifa<b 
Vertices (a, 0) and (— a, 0) (0, b) and (0, — b) 
Foci (ae, 0) and (— ae, 0) (0, be) and (0, — be) 
Major axis 2a (along x-axis) 2b (along y-axis) 
Minor axis 2b (along y-axis) 2a (along x-axis) 
Directrices - a and y= b and y = 
e e e 
Eccentricity e : b? , a 
a’ b? 
Latus-rectum 2b" 2a” 
Focal distances of (x,y) a+ ex brey 


And lastly, if the equation of the ellipse is 


(x-a)* | (y-B) 
a’ b? 
instead of the usual standard form, we can use the 
transformation X > x -aandY > y —f (basically a 
translation of the axes so the axes so that the origin of the 
new system coincides with (a, 8). The equation then 
becomes 


1 


ae a 

“4+ =1 

a 
We can now work on this form, use all the standard 
formulae that we’d like to and obtain whatever it is that 
we wish to obtain. The final result (in the x-y system) is 
obtained using the reverse transformation x > X +a and 


yrye+fp. 
x? 2 
i) - =1;a>0,b>0 (Standard equation of the 
a 
ellipse) 
Y 
(0,6) 
Faas Ce 
Tb) 


Figure 3.14 


2 12 
(2) x + 2 =1,b>a>0 (Conjugate ellipse) 
a 


>X 


(0,-6) 


Figure 3.15 


() =", O=B! 


=1;a>0,b>0anda>b 


a b? 
Ya 
Se a. 
Se OL HK) oe 
—— ee 
O x=h x 
Figure 3.16 
2 2 
x—-h -k 
(4) | recs =1,wherea<b 
2 2 
a b 
Ya Fa Hess 
oh 
soe te aeeick 
a 
> 
0 Xx 
Figure 3.17 


(v) Hyperbola 


A hyperbola is the locus of a moving point such that the 
difference of its distances from two fixed points is always 
constant. The two fixed point are called the foci of the 
hyperbola. Constrast this with the definition of the ellipse 
where we had the sum of focal distances (instead of 
difference) as constant. As in the case of the ellipse, we have 


Focal distance of P(x, y) 


d, (PF) =¢{x- 2) era 
e 


d, -o0F')=e(x+4)= era 
e 
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Latus-Rectum 


The chord(s) of the hyperbola passing through the focus F 


(or F’) and perpendicular to the transverse axis. The 
length of the latus-rectum can be evaluated by 
substituting x = + ae in the equation for the hyperbola : 
x? y 
e ac =1 
2 
2 y 


= e° -—-__=1 
a’(e” —1) 
2 24 4 
2 9459 2_ a:b b 
— y =a‘(e -1)° = c= 
a a 
b? 
a 


2 
Thus, the length of the latus-rectum is —. 
a 


We discussed in the unit of Ellipose that an ellipse with 
centre at (0, 8) instead of the origin and the major and 
minor axis parallel to the coordinate axes will have the 
equation 


2 2 2 

=a)? 9-8), PL, 
a b a b 

where X > x -QandY—> y-B. 

The same holds true for a hyperbola. Any hyperbola with 

centre at (a, B) and the transverse and conjugate axis 

parallel to the coordinate axes will have the form 


(x-a)? _(y-B)?_ 
a’ b? 


1 


or zr aW=l 


where X > x -QandY—> y-B. 


We can, using the definition of a hyperbola, write the 
equation of any hyperbola with an arbitrary focus and 
directrix, but we will rarely have the occassion to use it. 
x? y? : 
(j= 1 (Standard equation of hyperbola) 
a 


rr 


AY 


(CaO) (0,0) \@o = 


Figure 3.18 
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2 
x 
2 


ye 
Oe 


=1 (Conjugate hyperbola) 


“< 
a 


Figure 3.19 


(3) xy =c” (Rectangular hyperbola) 


Ya 
(c,c) 
0.0) >X 
(-c,-C) 
Figure 3.20 
—hy’ — ky’ 
71 Go ae dal Ee eer, 
2 2 
a b 
Yh 
dose) A oa eee 
ih) 
0 | me 
x=h 
Figure 3.21 
2 2 
«Fa OH __, 
a’ b? 
0} 
oh ee ee 
of (x, h) 
Ix=h 


Figure 3.22 


Some More Curves which Occur 
Frequently in Mathematics in 
Standard Forms 


1. pas ay 92% 
>X 
(0,0) 
Figure 3.23 


Modulus function, y =| x | 


2 AY 
2 a 
1 o— 
2 -1 
} + + + >X 
1 2 3 
e—, -1 
e— -2 
Figure 3.24 


Greatest integer function y =[x] 


3. 
Figure 3.25 
4. AY 
0,1 
a _~ y=" 
> X 
Figure 3.26 


Figure 3.27 
AY 
me) at 
ee a ee. 
ol >X 
Figure 3.28 
1 
y= a>0 
x 
7. The Astroid 
2/3 


Its cartesian equation is xo? ye =a 
Its parametric equation is x =a cos a. y=a sin’ t 


and it could be plotted as 


Figure 3.29 


Curve Sketching 


For the evaluation of area of bounded regions it is very 
essential to know the rough sketch of the curves. The 
following points are very useful to draw a rough sketch of 
a curve. 


(i) Symmetry 

(a) Symmetry about X-axis If all powers of y in the 
equation of the given curve are even, then it is symmetric 
about X-axis, i.e. the shape of the curve above X-axis is 
exactly identical to its shape below X-axis. e.g. y” = 4ax is 


symmetric about X-axis. 
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(b) Symmetry about Y-axis If all powers of x in the 
equation of the given curve are even, then it is symmetric 
about Y-axis. e.g. x” = 4ay is symmetric about Y-axis. 


(c) Symmetry in opposite quadrants If by putting — x 
for x and — y for y, the equation of curve remains same, 
then it is symmetric in opposite quadrants. 


e.g. xy= ex’ + y? =a’ are symmetric in opposite 
quadrants. 

(d) Symmetric about the line y= x _ Ifthe equation of a 
given curve remains unaltered by interchanging x and y, 
then it is symmetric about the line y = x which passes 


through the origin and makes an angle of 45° with 
positive direction of X-axis. 


(ii) Origin and Tangents at the Origin 


See whether the curve passes through origin or not. If the 
point (0, 0) satisfies the equation of the curve, then it 
passes through the origin and in such a case to find the 
equations of the tangents at the origin, equate the lowest 
degree term to zero. e.g. y? = 4ax passes through the 
origin. The lowest degree term in this equation is 4ax. 
Equating 4ax to zero, we get x =0. 


So, x =O i.e. Y-axis is tangent at the origin to y = 4ax. 


(iii) Points of Intersection of Curve 
with the Coordinate Axes 


By putting y =0 in the equation of the given curve, find 
points where the curve crosses the X-axis. Similarly, by 
putting x =0 in the equation of the given curve we can 
find points where the curve crosses the Y-axis. 


e.g. To find the points where the curve 

xy’ = 4a’ (2a— x) meets X-axis, we put y =0 in the 
equation which gives 4a’ (2a — x) =0 or x =2a. So the 
curve xy” = 4a’ (2a — x), meets X-axis at (2a, 0). This 
curve does not intersect Y-axis, because by putting x =0 
in the equation of the given curve get an absurd result. 


(iv) Regions where the Curve 
Does Not Exist 


Determine the regions in which the curve does not exist. 
For this, find the value of y in terms of x from the 
equation of the curve and find the value of x for which y 
is imaginary. Similarly, find the value of x in terms of y 
and determine the values of y for which x is imaginary. 
The curve does not exist for these values of x and y. 
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e.g. The values of y obtained from y” = 4ax are 
imaginary for negative values of x. So, the curve does not 
exist on the left side of Y-axis. Similarly, the curve 

a’y” =x* (a—x) does not exist for x > aas the values of y 


are imaginary for x >a. 


(v] Special Points 


d 
Find the points at which = =0. At these points the 
Ee 


tangent to the curve is parallel to X-axis. 


d. 
Find the points at which = =0. At these points the 
y 
tangents to the curve is parallel to Y-axis. 


(vi) Sign of dy/dx and Points of 
Maxima and Minima 


d 
Find the interval in which = >0. In this interval, the 
Xx 


function is monotonically increasing, find the interval in 
d 
which ay <0. In this interval, the function is 
pa 
monotonically decreasing. 
2 


d d 
Put — =0 and check the sign of — at the points so 
dx dx* 


obtained to find the points of maxima and minima. 


Keeping the above facts in mind and plotting some points 
on the curve one can easily have a rough sketch of the 
curve. Following examples will clear the procedure. 


Example 2 Sketch the curve y = x’. 


Sol. We observe the following points about the given curve 
(i) The equation of the curve remains unchanged, if x 
is replaced by — x and y by — y. So, it is symmetric 
in opposite quadrants. Consequently, the shape of 
the curve is similar in the first and the third 
quadrants. 


(ii) The curve passes through origin. Equating lowest 
degree term y to zero, we get y = 0i.e. X-axis is the 
tangent at the origin. 

(iii) Putting y = 0 in the equation of the curve, we get 
x =0. Similarly, when x = 0, we get y = 0. So, the curve 
meets the coordinate axes at (0, 0) only. 


2 3 
(iv) y= x8 oD = 3x? SY =6x and SY =6 
x Pa Nc 


d*y 


2 
ay ey at the origin but —— + 0. 
dx? 


Clearly, — = 0 = —— 
- dx dx? 


So, the origin is a point of inflexion. 


AY YrXr 


yY 


(v) As x increases from 0 to ©, y also increases from 0 to 
co, Keeping all the above points in mind, we obtain a 
sketch of the curve as shown in figure. 


Example 3 Sketch the curve y = x* —4x. 


Sol. We note the following points about the curve 

(i) The equation of the curve remains same, if x is 
replaced by (— x) and y by (— y), so it is symmetric in 
opposite quadrants. 
Consequently, the curve in the first quadrant is 
identical to the curve in third quadrant and the curve 
in second quadrant is similar to the curve in fourth 
quadrant. 

(ii) The curve passes through the origin. Equating the 
lowest degree term y + 4x to zero, we get y+ 4x =0 
or y= — 4x.So, y = — 4x is tangent to the curve at the 
origin. 

(iii) Putting y = 0 in the equation of the curve, we obtain 
x3-4x=05 x= 0, + 2. So, the curve meets X-axis at 
(0, 0), (2, 0), (-2, 0). 

Putting x = 0 in the equation of the curve, we get 
y =0.So, the curve meets Y-axis at (0, 0) only. 


dy 


(iv) y=x?-4x > =3x? -4 
X 
Now, 4Y 33x? —4>0 
nc 
=> eae ree >0 
v3 v3 
=> x<- : or x> 2 (using number line rule) 
V3 V3 
dy 2 2 
and —<05-——<x< — 
dx V3 V3 


So, the curve is decreasing in the interval 


(— 2/ V3, 2/ V3) and increasing ioe oe 


V3 V3 


“_ is a point of local maxi dx= i 
x = — —~isa point of local maximum and x = —~ is 
v3 V3 
point of local minimum. 
2 16 
When x =-—, then y =-—-— 
v3 33 
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The lowest degree term is x + y. Equating it to zero, 


When x=- Z then y = 
V3 * 3/3 we get x + y = 0as the equation of tangent at the 
origin. 
A 
(Fon) : (iii) Putting y = 0 in the equation of curve, we get 
an 
fo x? -x=05 x= 0, 1. So, the curve crosses X-axis at 
, * é (0, 0) and (1, 0). 
Z \ i. >X Putting x = 0 in the equation of the curve, we obtain 
(2,0) / O}* / (2,0) y =0.So, the curve meets Y-axis at (0, 0) only. 
i \ me A ¥ 
= 2 : 18) 
Y {3 33 


Keeping above points in mind, we sketch the curve as 


shown in figure. (0, 0) (1,0) ss 
Example 4 Sketch the curve y = (x —1)(x —2)(x — 3). 
Sol. We note the following points about the given curve (> =4| 
(i) The curve does not have any type of symmetry about 5 
the coordinate axes and also in opposite quadrants. (iv) y=x?-x> dy =2x—1and dy =2 
(ii) The curve does not pass through the origin. dx dx 
(iii) Putting y = 0 in the equation of the curve, we get Now, dy Quai = 1 
(x - 1)(x -2)(x -3)=0=> x =1, 2,3. So, the curve dx 2 
meets X-axis at (1, 0), (2, 0) and (3, 0). 1 d’y 
At x=-,—>0 
; = : __ ns 
Putting x = 0 in the equation of the curve, we get y = — 6. 2 dx 
So, the curve crosses Y-axis at (0, — 6). : 
We observe that So, x = Pas point of local minima. 
x<i1 => y<0 
dy 1 
1<x<2 => y>0 aa ee 
x 
2<x<3 => y<0 1 
and x>3 => y>0 So, the curve increases for all x > - and decreases for 
ae allx< - Keeping above points in mind, we sketch the 
/ curve as shown in figure. 
Lo ra +X Example 6 Sketch the curve y =sin 2x. 
O| (1,0 20. .“@O 
/ ag Sol. We note the following points about the curve 
= (i) The equation of the curve remains unchanged, if x is 
¥ (0,-6) replaced by (— x) and y by (— y), so it is symmetric in 
“ opposite quadrants. Consequently, the shape of the 
Clearly, y decreases as x decreases for all x < 1 and y curve is similar in opposite quadrants. 
increases as x increases for x > 3. (ii) The curve passes through origin. 
Keeping all the above points in mind, we sketch the curve (iii) Putting x = 0 in the equation of the curve, we get 
as shown in figure. y =0.So, the curve crosses the Y-axis at (0, 0) only. 


3 Putting y = 0 in the equation of the curve, we get 
Example 5 Sketch the graph for y = x* — x. 
sin 2x =0>2x=nt, nEeZ 
Sol. We note the following points about the curve 
(i) The curve does not have any kind of symmetry. => a m neZ 
(ii) The curve passes through the origin and the tangent 
at the origin is obtained by equating the lowest degree So, the curve cuts the X-axis at the points 


term to zero. ..5(— 7, 0), (— %/ 2,0), (0,0), (% / 2,0), (70, 0),... 
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; d d’ 
(iv) y=sin 2x => “¥ =2 cos 2x and £* =~ 4sin 2x 
dx dx? 
d 
Now, £Y ~ 0 => cos 2x =0 
dx 
310 
> ax=t 0 47 
2 2 
=> Kock i sae ae 
4 4 
2 
510 
Clearly, 7 Uatx= 
1 71 
and atx =- —,-—,... 
4 
2 3m 71 
and ial >0 atx =— , — 
x? 4 4 
10 51 
and at x=-—,-—, 
4 4 
T 5ST TU 
So, the points x = —,— , TN 
44 4 
310 71 ‘ ‘ 
and x = — —,-——.... are points of local maximum 
4 4 
and local maximum values at these points are 1. 
— T 51 3m 71 
Similarly, x = — —,- —,...and x = —, —,...are 
4 4 4 4 


points of local minimum and local minimum value at 
these points is (— 1). 

(v) sin 2(x + %)= sin 2x for all x. So, the periodicity of 
the function is 7. This means that the pattern of the 
curve repeats at intervals of length 7. 


(51/4, 1) 


(37/4,-1) (71/4,-1) 


Thus, keeping in mind, we sketch the curve as shown in 
figure. 


Example 7 Sketch the curve y =sin* x. 


Sol. We note the following points about the curve 
(i) The equation of the curve remains same, if x is 
replaced by (— x). So, the curve is symmetric about 
Y-axis, i.e. the curve on the left side of Y-axis is 
identical to the curve on its right side. 


(ii) The curve meets the coordinate axes at the same points 
where y = sin x meets them. 


d d’ 
(iii) y= sin? x > r =sin 2x and a =2 cos 2x 
x x 


dy 
dx 


Now, =0>sin 2x =0>52x=nT,nEeZ 


nt 
ary neZ>ax=+/2,£07,430/2,4 20,... 


@ 
Clearly, 5 <Oatx=47/2,430/2,45%/2... 
x 


d 
and =2 sGarxat mam, 23m. 


dx 
So,x=+£7/2,+3n/2,+5m/2,... are the points of 
local maximum and local maximum value at these 
points is 1. Pointsx =+1,+2n,+3m,... are points of 
local minimum and the local minimum value at these 


points is 0. 
: : d : 
(iv) y=sin® x > is = sin 2x 
Xx 


Clearly, a > Owhen 0<x<~= 
dx 2 


d 
and ®Y <owhen <x< 7. 
dx 2 
So, the given curve is increasing in the interval 
[0, w /2] and decreasing in [7 / 2, 7]. 
(v) sin® (w+ x)=sin” x for all x. So, the periodicity of the 
function is 7. This means that the shape of the curve 
repeats at the interval of length z. 


AY 
(-Sm/2,1) (-8n/2,1) (-W/2,1) | (w/2,1) (3/2,1) (S/2,1) 
: 
(21,0)  (-m,0) O (x0) (2n,0) — (3x,0) 


Keeping the above facts in mind, we sketch the curve as 
shown in figure. 


Asymptotes 


The straight line AB is called the asymptote of curve 
y = f(x), if the distance MK from M a point on the curve 
y = f(x) to the straight line AB tends to zero as M recedes 
infinity. 
In other words, the straight line AB meets the curve 
y = f(x) at infinity (K is a point on AB). Thus, 
1. If f(x) > +0 for x > a, then the straight line x =a is 
the asymptote of the curve y = f(x). 
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2. If in the right hand member of the equation of the Thus, its graph is as shown in figure 
curve y = f(x) it is possible to single out a linear part AY 

so that the remaining part tends to zero as x > + ©, 
Le. if y= f(x) =Kx +b+ g(x) and g(x) 0 for 

x — +e, then the straight line y = Kx + b is the 
asymptote of the curve. 


y = 1 (asymptote) 


3. If there exist finite limits lim a7) = K and 
x—>+t0 X 


lim [ f(x) —- Kx]=), then the straight line 


x— £00 


(0,-1) 


y = Kx + bis the asymptote of the curve. 1 
Example 9 Construct the graph for f(x)=x+-—- 
x 


Methods to Sketch Curves 


While constructing the graphs of functions, it is expedient 
to follow the procedure given below 


Sol. The function is defined for all x except for x =0. 


It is an odd function for x # 0. 


(1) Find the domain of definition of the function. 
(2 
(3 
(4 
(5 
(6 
(7 


Determine the odd-even nature of the function. 
Find the period of the function if its periodic. 

Find the asymptotes of the function. 

Check the behaviour of the function for x > 0+ 
Find the values of x, if possible for which f(x) — 0. 


Net Ne NSN 


The interval of increase and decrease of the function 
in its range. Hence, determine the greatest and the 
least values of the function if any. 


Remark 


(5), (6) and (7) gives the points where the function cuts the 
coordinate axes. 


2 
x* = 
Example 8 Construct the graph for f(x) =~, : 
x? + 
x=] 2 
Sol. Here, f(x)=— =i 
pa | x" +1 


(1) The function f(x) is well defined for all real x. 
= Domain of f(x)eE R. 
(2) f(-— x)= f(x), so it is an even function. 
(3) Since, algebraic > non-periodic function. 
f(x)> 1) for x3 +00 
and f(x) -1. for 
It may be observed that f(x)<1for any x € Rand 


consequently its graph lies below the line y = 1 which 
is asymptote to the graph of the given function. 


x04 


Again, decreases for (0, c¢) and increases for 


x +1 
(— oc, 0), thus f(x) increases for (0, cc) and decreases 
for (— °, 0) in its range. 
(4) The greatest value > 1 for x > + c and the least 
value is — 1 for x = 0. 


It is not a periodic function. 

For x > 0+, f(x) > +; forx > 0-, f(x) > -— © 

For x7-~, f(x) — ©; for x > ©, f(x) o 
lim (f(x) = x)=0 


.. The straight lines x = 0 and y = x are the asymptotes of 
the graph of the given function. 


Now, consider f(x.) — f(x,) (for x2 > xj) 


1 1 
= (x2 — 4) + — -— 
X20 xX] 
[ i. I 
ce la | a for x; x2 € (0, 1] 
x1 X2 


and itis > 0 for x, x, € [1, 0%). 

Thus, f(x) increases for x € [1, cc) and decreases for 

x € (0, 1]. 

Thus, the least value of the function is at x = 1 which is 
f (1) = 2. Thus, its graph can be drawn as 


7 >X 


1 


Example 10 Construct the graph for f(x)=—_- 
1+" 


Sol. The function is defined for all x except for x =0. It is 
neither even nor an odd 
function. It is not a periodic function. 


Forx > 0+ f(x) 0;forx>0-, 


f(x)>1 
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For x > oo f(x) > for x ~ f(x) 5 
ie FOS 
x2 +00 “9 


“. The straight line y = ; is asymptote of the graph of the 


given function. 


F 1 
As x increases from (0, c), — decreases from (0, «) and e””* 
% 


I/x 


decreases from (0, cc). Thus, (1 + e’*) decreases from (2, °°). 


“. f(x) increases from e ;| for x € (0, °). 


Similarly, f(x) increases from (1/2, 1) for x > (— ~, 0). 
i.e. f(x) is an increasing function except for x = 0. 


Thus, its graph can be drawn as shown in figure 


Ya 
(0, 1) 
“ Y = 1/2 (Asymptote) 
a ee ee ee > 
© Io) >X 


Areas of Curves 


(1) Suppose that f(x) <0 on some interval [a, b]. Then, 
the area under the curve y = f(x) from x =ato x =) will 
be negative in sign, ie. 


[feo dx <0 


This is obvious once you consider how the definite 
integral was arrived at in the first place; as a limit of the 
sum of the n rectangles (n > ©). Thus, if f(x) <0 in some 
interval then the area of the rectangles in that interval will 
also be negative. 


This property means that for example, if f(x) has the 
following form 


Ya 


> X 


b 
then [ f(x) dx will equal A, — A, + A3 — Ay and not 
A; +A, +A3 + Ag. 


If we need to evaluate A, + A, + Az + A, (the magnitude 
of the bounded area), we will have to calculate 


[f f0) dx +f FC) de | fF feo) ae + f f(x) dx 


From this, it should also be obvious that 
b b 
[, fle) dx |< [If | dx 


(2) The area under the curve y = f(x) from x =a tox =b 
is equal in magnitude but opposite in sign to the area 
under the same curve from x =) to x =a, i.e. 


[flo ax =f fx) ax 
a b 


This property is obvious if you consider the 
Newton-Leibnitz formula. If g(x) is the anti-derivative of 


b . . b . 
x(f), then [ f(x) dx is g(b) — g(a) while [. f(x) dx is 


g(a) — g(b) 
(3) The area under the curve y = f(x) from x =atox =b 


can be written as the sum of the area under the curve from 
x =ato x =cand from x =c to x =, that is 


[ fx) de = |" f(x) de +f Pea 


Let us consider an example of this. Let c € (a, b) 


y 
t y= f00) 


> X 


It is clear that the area under the curve from x =a to x =), 
Ais A; + Ag. 

Note that c need not lie between a and b for this relation to 
hold true. Suppose that c > b. 


Ya 


Observe that A =| f(x) dx =(A+A,)-A, 
=(" f(x) dx -('f@) dx 
= [i flx)dx +f” flex) ax 


Analytically, this relation can be proved easily using the 


Newton Leibnitz’s formula. 
(4) Let f(x) > g(x) on the interval [a, b]. Then, 


le f(x) dx > [ 2(x) dx 


This is because the curve of f(x) lies above the curve of 


g(x), or equivalently, the curve of f(x) — g(x) lies 
above the x-axis for [a, b] 
y+ _— Y= fx) 


Ao 


A 


> X 


This is an example where f(x) > g(x) >0. 


[ fides aye As 


b 
while i) a(x) dx =A, 


Similarly, if f(x) < g(x) on the interval [a, b], then 


b b 
[, f(x) dx < [, 2(x) dx 
(5) For the interval [a, b], suppose m < f(x) < M. 


That is, m is a lower-bound for f(x) while M is an 
upper bound. 


b 
Then m(b—a) <|. f(x) dx <M (b-a) 


This is obvious once we consider the figure below : 
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b 
Observe that area (rect AXYB) < | f(x) dx < area(rect DXYC) 


(6) Let us consider the integral of f,(x) + f.(x) from x =a 
to x =b. To evaluate the area under f,(x)+ f,(x), we can 
separately evaluate the area under f,(x) and the area under 
f2(x) and add the two area (algebraically). 


Thus, f’ (fix) + falx)) dx =f" f(x) de +f” fal) dx 


Now consider the integral of kf(x) from x =a to x =b.To 
evaluate the area under kf(x), we can first evaluate the area 
under f(x) and then multiply it by k, that is : 


i kf (x) dx =k f(x) ae 


(7) Consider the odd function f(x), ie. f(x) =— f(— x). This 
measn that the graph of f(x) is symmetric about the origin. 


Ya 


From the figure, it should be obvious that i f(x) dx =0, 


because the area on the left side and that on the right 
algebraically add to 0. 


Similarly, if f(x) was even, ie. f(x) = f(-— x) 


Va 


f f(x) dx = al" f(x) dx because the graph is symmetrical 


about the y-axis. If you recall the discussion in the unit on 
functions, a function can also be even or odd about any 
arbitrary point x =a. Let us suppose that f(x) is odd about 
x =a, ie. f(x) =— f(2a-x) 


Ya 
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The points x and 2a — x lie equidistant from x =a at either 
sides of it. 


Suppose for example, that we need to calculate [° f(x) dx. 
a 


It is obvious that this will be 0, since we are considering 

equal variation on either side of x =a, the area from x =0 

to x =a and the area from x =a to x =2a will add 

algebraically to 0. 

Similarly, if f(x) is even about x =a,ie. f(x) = f(2a- x) 
Ya 


then we have, for example 
2a ‘a 
I, f(x) dx =2 I, f(x) dx 


From the discussion, you will get a general idea as to how 
to approach such issues regarding even/odd functions. 


(8) Let us consider a function f(x) on[a, b] 


: >, 
We want to somehow define the “average” value that f(x) 
takes on the interval [a, b]. What would be an appropriate 
way to define such an average? Let f,,, be the average 
value that we are seeking. Let it be such that it is obtained 
at some x =ce[a,}] 


fay=1(C) 


> X 


o}--------- 


1 
1 
1 
1 
1 
1 
1 
1 
1 

Cc 


We can measure f,, by saying that the area under f(x) 
from x =a to x =b should equal the area under the 
average value from x =a to x =b. This seems to be the 
only logical way to define the average (and this is how it 
is actually defined!). 


Thus foy(b-a)=f! f(x) dx > fay =—— J flex) de 


This value is attained for at least one c € (a, b) (under the 
constraint that f is continuous, of course). 


Example 11 Sketch the graph y =|x+1|. Evaluate 
im x+1|dx. What does the value of this integral 


represents on the graph. 
(x+1), if x2 -1 


—(x+1), if x<-1 
which can be shown as 


Sol. Here, y=|x-+1]={ 


>X 


2 -1 2 
|e dx=| |x + dx + [o|x+ 1\dx 
-1 2 2 
=[_, = (x-+1)dx + iy |x + Idx + we: +1)dx 


ae Pie 7 
ala “| he | =9 
2 2 
4 -1 
Representation of the value 9 of integral on graph. 
2 
| A x +1|dx = 9 represents the area bounded by the curve 


y =|x +1|. X-axis and the lines x = — 4 and x = 2, ie. if is 
equal to the sum of the ares of AABD and ACE, 


1 1 9. 9 
Le; — (3) (3) +-(38)(38)=-+-=9 
Pt ow a 
( area of triangle = : x base x height) 
2 
—_ 
2 


2 
Example 12 Find the area of the ellipse ~+ = 
a 


Sol. Using the symmetry of the figure; required area is given by 
A = 4(area OABO) 


2 2 
=A cae ae 
=4 | “y dx, where 2 + p =1 


B (0,b) 


Ln 


y" x? 
rd 
b? 
a 2 2 
> yee =x 
a 
b 
=> y=t— Ja’? — x? 
a 
In the first quadrant, 
ys a? — x? 
a 


A = Tab sq units 


Example 13 Find the area bounded by the hyperbola 


x? — y’ =a’ between the straight lines x =a and 


xX = 2a. 
Sol. We use the symmetry of figure. 


2 


2a 
Required area, A = 2 | y dx, where x°—y’ =a 


F 2.5, 32 2 
Le. x“-a=y 
+ 


In the first quadrant; y = + .{x? — a” 
aaa” ix -a’ dx 


aE yx? —-a’ — « log (x +(x? -a@ i 
=a] {aa -a © tog (2a + aa? -a I {o- neo 
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=2 


erat -£ tog (nas) + © to 


= ae 3- “ log an = } 


=2a’V3 — a’ log (2 + V3) sq units 


aI. 


Example 14 Find the area common to the parabola 
5x? — y =Oand 2x*-y+9=0. 


Sol. Given curves are y =5x" ...(i) 
and y=2x* +9 ..-(ii) 
xe= y-9 
4Y x? =y/5 2 
(0, 9) 
(0,0) > X 


Remark 

In such examples, figure is the most essential thing. Without 
figure it just becomes difficult to judge whether y, to be 
subtracted from y> or otherwise. 


Let us solve Eqs. (i) and (ii) simultaneously, 


5x? =2x? +9 


=> ee ar ae 
P goede 
or x= 3 
In the usual notations, the required area is given by 
3 
A=|", (v1 — V2) dx 


We have to find which curve is above and which is below 
w.r.t. X-axis in order to decide y, and y,. 


Take any point between x = — V3 and x = V3 
Let us take x = 0, which lies between 
x =— V3 and x = V3 
When x =0 from Eq. (i) y =0 
When x =0 from Eq. (ii) y =9 
Now, 9>0 
Parabola Eq. (ii) is above parabola Eq. (i) between 


a 
and x = V3. 
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. y of the curve (ii) is to be taken as y, and y of the curve (i) 
is to be taken as yp. 


Area(A) = ie {(2x? +9)— 5x7} dx 
v3 2 
=|"; (9 — 3x°) dx 


3 
=2[, (9 -— 3x?) dx 


=2 [9x — x3] ¥3 
=2[9 v3 -3 3] 


Area = 123 sq units 


Example 15 Find the area enclosed by 
y =X (x -1)(x —2) and X-axis. 
Sol. The given curve is y = x (x — 1)(x — 2). It passes through 
(0, 0), (1, 0) and (2, 0). 


The sign scheme for y = x (x — 1) (x — 2) is as shown in 
figure. 


- 0 1 - 2 
From the sign scheme it is clear that the curve is + ve when 
0< x<1lorx> 2,hence in these regions the curve lies 
above X-axis while in the rest regions the curve lies below 
X-axis. 


Remark 
Sometimes the discussion of monotonicity of function helps 


us in sketching polynomials. In the present case, aie 6x +2 
Ix 


When ee 0,then;x =1+ ue Sign scheme for Y is 
dx V3 dx 


Thus, it is clear that the curve increases in G oo, 1 — +): 
V3 

decreases in (: es 1+ =] and again increases in 

V3 V3 

(1 + 7a y Therefore, the graph of the curve is as below 


fl 


pe 


Hence, required area 


= [x(x =1)(x-2) dx + (i x(x —1)(x —2) dx 


= [, (x? —3x* + 2x) dx + i (x? — 3x? + 2x) dx 


Example 16 Find the area between the curves 


y =2x" — x’, the X-axis and the ordinates of two 
minima of the curve. 
Sol. The given curve is y = 2x* — x’. 


When y = 0, then x = 0,0, + 
V2 


The sign scheme is as shown below 


A 
8yY 


Therefore, it is clear that the curve cuts the X-axis at 


1 
x =-——,0and 


V2 2 


1 1 
The curve is —ve in | — —~,0 | and} 0,—~ | while positive in 
( 2 [ 3] . 


the rest. Now, gy = 8x? — 2x. The sign scheme for ce is as 
dx dx 


below 


8Y 


i 
2 


i.e. The curve decreases in (— ©, — 1/2) and (0, 1/2) and 
increases in the rest of portions. Also, the function possess 
minimum at x = — 1/2and 1/2 while maximum at x = 0. 
Therefore, the graph of the curve is as shown below 


>X 
1/2 
*. Required area = 2| |2x* — x? | dx 
ale [aw fl” 
=2[  —(2x*- x°)dx =-2)2—- = 
0 5 3 5 


2 sq unit 
120 : 
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Exercise for Session 1 


1. Drawa rough sketch of y =sin 2x and determine the area enclosed by the curve, X-axis and the lines x = 1/4 


and x =31/4. 

2. Find the area under the curve y =(x* +2)* + 2x between the ordinates x =0 and x =2. 

3. Find the area of the region bounded by the curve y =2x — x? and the X-axis. 

4. Find the area bounded by the curve y? =2y — x and the Y-axis. 

5. Find the area bounded by the curve y =4 — x? and the line y =O and y =3. 

6. Find the area bounded by x = at? and y =2at between the ordinates corresponding tot = 1andt =2. 

7. Find the area of the parabola y? =4ax and the latusrectum. 

8. Find the area bounded by y =14+2 sin? x, X-axis, x =O and x = 1. 

9. Sketch the graph of y =x + 1in [0, 4] and determine the area of the region enclosed by the curve, the axis of 
X and the lines x =0, x =4. 

10. Find the area of the region bounded by the curve xy — 3x —2y —10 =0, X-axis and the lines x =3, x =4. 


Session 2 


Area Bounded by Two or More Curves 


Area Bounded by Two 
or More Curves 


Area bounded by the curves y = f(x), y = g(x) and the 
lines x =aand x =b. 


Let the curves y = f(x) and y = g(x) be represented by AB 
and CD, respectively. We assume that the two curves do 
not intersect each other in the interval [a, b]. 

Thus, shaded area = Area of curvilinear 
trapezoid APQB— Area of curvilinear trapezoid CPQD 


=) fle) de =f ax) de =] { fe) g(x)} dx 


AY 
A B 
Ne y =f) 
C [~ v=9) 
0 P 5 
x=a x=b 


Figure 3.32 
Now, consider the case when f(x) and g(x) intersect each 
other in the interval [a, b]. 


First of all we should find the intersection point of 

y = f(x) and y = g(x). For that we solve f(x) = g(x). Let 
the root is x =c. (We consider only one intersection point 
to illustrate the phenomenon). 


Thus, required (shaded) area 
= Jo (fx) - god + ffx) - flo} dx 


Figure 3.33 


If confusion arises in such case evaluate 
b 
| | f(x) — g(x) | dx which gives the required area. 
Ya 1 1 
y=?) 


X=a 7 os 
Figure 3.34 
Area between two curves y = f(x), y = g(x) and the lines 
b 
x =aand x = bis always given by | { f(x) — g(x)} dx 


provided f(x) > g(x) in[a, b]; the position of the graph is 
immaterial. As shown in Fig. 3.34, Fig. 3.35, Fig. 3.36. 


Ya 


>X 


y=9(%) 
Figure 3.35 


Figure 3.36 


Example 17 Sketch the curves and identify the 
region bounded by x =1/2, x =2, y =log, x and 
y =2*. Find the area of this region. [IT JEE 1991] 


Sol. The required area is the shaded portion in the following 


figure. 
y= 
eee) y =log.x 
~X 


1 
In the region — < x < 2; the curve y = 2” lies above as 
2 
compared to y = log, x. 
2 
Hence, required area = lie (2* — log x) dx 


2 
x 


=| Byer) 


(<< 


log 2 


1/2 


epee it 
= O sq units 
2 2 ’ 


Example 18 Find the area given by 


X+y<6,x°+y?<6y and y* <8x. 
Sol. Let us consider the curves 
P=y’ -8x=0 ...(i) 


C=x’+y’ =by 


ie. x* +(y—3)? -9=0 ... (ii) 
and S=x+y-6=0 ... (iii) 
The intersection points of the curves (ii) and (iii) are given 
by 

(6-y)’ +y" -6y =0 
ie. y = 3,6 


Ya 


P (0,6) 


Therefore, the points are (0, 6) and (3, 3). The intersection 
points of the curves (i) and (iii) are given by 


y’? =8(6-y), ie. y=4,-12 


Therefore, the point of intersection in 1st quadrant is (2, 4). 
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Now, we know that 
C <0 denotes the region, inside the circle C = 0. 
P <0 denotes the region, inside the parabola P = 0. 


S< 0 denotes the region, which is negative side of the line 
S=0. 


+, Required area = Area of curvilinear AOMRO 
+ Area of trapezium MNSR - Area of curvilinear AONSO 


2 
= I, 8x dx + 7 (MR + NS). MN 
— (Area of square ONSG — Area of sector OSGO) 


2 
=i sir are Lava [e-2 ) 


4 

9m 1 it 

=|— — —]sq units 
4 6 " 


Example 19 Find the area of the region 
{(x, y):0S ySx?4+1,0S y<x+10s xX <2}. 


Sol. Let R= {(x,y):0S yS x° +1,0S ySx+10S x<2} 


={(x,y):0S y< x? +1} (x, y):0S ys x41} 


0<x< 
=RAROR, O {(x, y) 08 x < 2} 


where, R, = {(x, y):0< y< x? +1} 
R, = {(x, y):0S ySx+1} 

and R; = {(x, y):0< x < 2} 

Thus, the sketch of R,, R, and Ry; are 


From the above figure, 


: ts og 2 
equired area = x x x x 
Required I4 +1)d + | 1 +1)d 


7 1 P 2 
x x 23 ; 

=| —+4+x +) —+ x = — sq units 
3 ‘ 2 ; 6 


Example 20 The area common to the region 
determined by y> Vx and x* + y* <2 has the value 


(a) 7 sq units (b) (2x — 1) sq units 


(c) (= - :) sq units 


(d) None of these 
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Sol. The region formed by y= Vx is the outer region of the 
parabola y’ = x, when y>0 and x>0and x’ + y’<2is 


the region inner to circle x* + y* = 2 shown as in figure. 


y Ix 
xX yzo0 


Now, to find the point of intersection put y” = x in 


x+y? =2. 

> x7 +x-2=0 
> (x + 2)(x -1)=0 
> x=lasx20 


.. Required area = (e (2 — x? — Vx) dx 


vt 
ei 


Hence, (c) is the correct answer. 


Example 21 Find the area of the region enclosed by 
the curve 5x? +6xy +2y*+7x+6y+6=0. 
Sol. Comparing ax* + 2hxy + by’ + 2gx + 2fy + c =0, we get 
a=5,b=2,h=3,g =7/2, f =3andc=6 


=> h? —ab=-1<0 


So, the above equation represents an ellipse. 
2y? +6(1+ x) y+(5x? +7x +6)=0 
-—3(1+ x) + J(3- -1 
" yaa) x x) (x= 1) 


Clearly, the values of y are real for all x € [1,3]. Thus, the 
graph is as shown below 


Thus, required area 


7: [° —-3(1+x)-,/(-x)(x-1) 
1 2 
-(2e =) a 
2 


2 - [= Dae 


-|f, i? — (x —2)° dx 
-|-{he0-a a ax—3+ an (=) 


1 


T it 
= — sq units 
2 


‘ os and g(x) ={x}? 


(where, {.} denotes fractional part of x), then the 
area bounded by f(x) and g(x) for x € [0,10] is 


Example 22 1 foo | 


(a) : sq units (b) 5 sq units 


(c) . sq units (d) None of these 


Sol. As, fr=| - a and g(x) = {x}’, where both f(x) 


and g(x) are periodic with period ‘1’ shown as 


Thus, required area = 10 [; LJ {x} — {x}"] dx 
= 10 [ [(x)!? — x? ] dx 


[ 3/2 ai 


= 10 
3/2 3 
0 
2 1 10 ; 
=10|)-—-—-—]=—sq units 
3. <3 3 


Hence, (c) is the correct answer. 


Example 23 Find the area of the region bounded by 

the curves y = x7, y=|2—x?| and y =2, which lies to 

the right of the line x =1. [IIT JEE 2002] 
Sol. The region bounded by given curves on the right side of 


x =1is shown as 


Required area = {" {x2 —(2— x? )bdx + {4 — x*}dx 


_ pv 2 2 2 
=|, (2x —2)dx+] - (4—x*) dx 


cl a a i 
= |2-—-2x +| 4x -— — 
3 1 s v2 


{88-58} 6} 3) (00-89 


= - 4/2 + =) = Ee | sq units 


3 


Example 24 The area enclosed by the curve 
| y|=sin 2x, when x e€ [0,27] is 

(a) 1 sq unit (b) 2 sq units 

(c) 3 sq units (d) 4 sq units 

Sol. As, we know y = sin 2x could be plotted as 


Y 


4 y=sin 2x 


O "a\ J* ay On >X 
+ 2 


Thus, | y | = sin 2x is whenever positive, y can have both 
positive and negative values, i.e. the curve is symmetric 
about the axes. 


: : Sk ; T 31 
sin 2x is positive only in0< x < —and7< x < — - Thus, 
2 


. ; Tv 
the curve consists of two loops one in l 0, — | and another 
2 


n | 


al. T e 
L" 2 | 
m/2 
Thus, required area = 4 I, (sin 2x) dx 


1/2 
cos 2x 
=4|- = —2(cos 1 — cos 0) 
2 Jo 


=-—2(-—1-1)=4sq units 


Hence, (d) is the correct answer. 
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Example 25 Let f(x)= x’, g(x)=cos x and 


a, B (a < B) be the roots of the equation 
18x? — 92x + 77 =O. Then, the area bounded by the 


curves y = fog(x), the ordinates x =a, x =B and the 
X-axis is 


(a) ; (7 — 3) sq units (b) 7 sq units 


T ; T ; 
— t d) — t 
(c) Fa units ( ad units 


Sol. Here, y = fog(x) = f{g(x)} =(cos x)? = cos* x 
Also, 18x° —9nx +7" =0 
> (3x — 1%) (6x — 7%) =0 


Tu 1 
> x =—, — (as a, B) 
6 3 P 


“. Required area of curve 


1/3 1 52/3 
=| cos” x dx =-{ (1+ cos 2x) dx 
7/6 2470/6 


1 sin2x)"’? 1{(m 2m) 1(. 2m | 2n 
— xt+ = _ + sin — sin 
2 2 Son PINS <6) 2 3 ; 


_ifm 1/3 3 \[_2 
2/6 2.2 2 12 


Hence, (d) is the correct answer. 


Example 26 Find the area bounded by the curves 
x* + y? =25,4y =|4—x*| and x =0 above the X-axis. 


Sol. The 1st curve is a circle of radius 5 with centre at (0, 0). 


2 2 


x 


4 


4-x 


The 2nd curve is y = i 


which can be traced easily by graph transformation. 


When the two curves intersect each other, then 
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| 5) =25 > x=t4 

Hence, required area = 2 I, cc -x7- 

-4)f 25— x? dx — [, [s-<Joce], (4 ; 
[ 


eee 


Example 27 Find the area enclosed by | x|+| y |=1. 


Sol. From the given equation, we have 


|y|=1-|x{lo [~|y|1o] 
> -1<sx<1 
AY 
SS “4 
aie | re 
a, 
Therefore, the curve exists for x € [- 1, 1] only 
|x|-1 


andfor-1<x<1; y=+(1-|x]) te y= fifa) 
-(Ix|- 


Thus, the required graph is as given in figure. 


-. Required area = (/2)’ = 2 sq units 


Example 28 Let f(x)=max fin X,COS X, i} then 


determine the area of region bounded by the curves 


y = f(x), X-axis, Y-axis and x = 27. 
Sol. We have, f(x) = max \s X, COS X, s}. Graphically, f(x) 
could be drawn as 4 
YA 
cosx sinx cosx 


Here, the graph is plotted between 0 to 27 and between the 
points of intersection the maximum portion is included, 
thus the shaded part is required area 


Interval Value of f (x) 
ie. for O<x<1/4 cos x 
for T/45x<50/6 sin x 
for 5t/65x<5n/3 1/2 
for 5t/3<5x< 20 cos x 


Hence, required area 


1/4 51 / 
I=[, cos x dx+] oo 


5/31 20 
inde = dx+| /3008% dx 
TT 


62 


51/3 
— (cos a = 7 (x)gn/e + (sin cna 


5-9-2 HES} 64 


2+ | sq units 


= (sin xe" 


Exercise for Session 2 


1. The area of the region bounded by y* =2x + 1and x —-y —1=0is 
g yy y 


(a) 2/3 (b) 4/3 


(c) 8/3 (d) 16/3 


2. The area bounded by the curve y =2x — x? and the straight line y = x is given by 


(a) 9/2 (b) 43/6 
3. The area bounded by the curve y = x 


(a) 0 (b) 1/3 


(c) 35/6 (d) None of these 


axis and the ordinates x =—1, x =1is given by 


(c) 2/3 (d) None of these 


4. Area of the region bounded by the curves y =2*, y =2x — x?,x =Oand x =2is given by 


3.4 3. 4 


Ao ee (b) ——— + = 
log2 3 log2 3 


(c) 3 log 2- ; (d) None of these 


5. The area of the figure bounded by the cuves y =e*, y =e and the straight line x =1is 
g y y y g 


(aye+ (pies! 
e e 


Geno 
e 


(d) None of these 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Area of the region bounded by the curve iy" =4x,Y-axis and the line y =3is 


(a) 2 (b) 9/4 (c) 6V3 (d) None of these 
The area of the figure bounded by y =sin x, y =cos x is the first quadrant is 

(a) 2 (/2- 1) (b) J3 + 1 (c) 2 (V3 — 1) (d) None of these 
The area bounded by the curves y = xe”, y = xe * and the line x =1is 

(a)? (0) 1-2 (2 (1-2 


The areas of the figure into which the curve y? =6x divides the circle x? + y? = 16 are in the ratio 


(a) 7 (b) 4n- V3 (c) 4n + V3 (d) None of these 
3 8x + V3 8x - V3 
The area bounded by the Y-axis, y =cos x and y =sinx,02>x <a/2is 
(a) 2(/2 - 1) (b) V2 - 1 (c) (V2 + 1) (d) V2 
The area bounded by the curve y = 7 andy +2-x|=2is 
x 

(a) aaa’ (b) 2 - log3 (c) 2+ log3 (d) None of these 
The area bounded by the curves y = x? +2and y=2 | xX | —cos + x is 
(a) 2/3 (b) 8/3 (c) 4/3 (d) 1/3 
The are bounded by the curve y* =4x and the circle x? + y? —2x -3=Ois 

8 8 8 8 
a) 2a + — b) 4m + — c)m+— d)m-— 
(a) : (b) : (c) : (d) 3 


A point P moves inside a triangle formed by A (0, 0),B (1 + ,C (2,0 ) such that min {PA, PB, PC} = 1, then the 


area bounded by the curve traced byP, is 


(a) 3v3 - (0) /3 + 2 (e)v3- 4 (2) 3+ = 

The graph of y? + 2xy + 40|x | =400 divides the plane into regions. The area of the bounded region is 
(a) 400 (b) 800 (c) 600 (c) None of these 
The area of the region defined by||x|-|y||< and x? + y* <1in the xy- plane is 

(a) x (b) 2x (c) 3 (d) 1 

The area of the region defined by1<|x —2|+|y + 1|<2is 

(a) 2 (b) 4 (c) 6 (d) None of these 
The area of the region enclosed by the curve| y|=—(1—|x |)? + 5,is 

(a) a7 + 5/5) sq units (0) (7 + 5/5) sq units (c) “(65 — 7) sq units (d) None of these 


The area bounded by the curvef(x) = | | tan x + cot x|—|tan x —cot x| between the lines x =0, x = a and the 
X-axis is 
(a) log 4 (b) logv2 (c) 2log2 (d) V2 log2 
If F(x ) =max {sin X,COS x5} then the area of the region bounded by the curves y =f(x), X-axis, Y-axis and 
Sot. 
xX =—is 
3 
5m . 51 F 
(a) (v2 ~J3+ =) sq units (b) (v2 +J3+ =) sq units 


(c) (v2 +V3+ a sq units (d) None of these 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


Ex. 1 If A denotes the area bounded by 


sin x +cos x 
f(~= ———_ |, X-axis, x = ™ and x = 3m, then 
(al1< A<2 (b)0<A<2 
(c)2<A<3 (d) None of these 
Sap 2v2 a= + cos x| de eM? 
27 T x 2m 
1 | 
L<x<2m >— <—<—}|_...(i) 
L 2u Xx x | 


(ii) 


2/2 3n| sin x + cos x | 2/2 
< | dx < 
31 en x 27 
On adding Eqs. (i) and (ii), we get 

52 32 

— <A<— 

3m T 


> 0.75<A<13 


Hence, (b) is the correct answer. 


Ex. 2 If f(x) =0,Vx €(0, 2) andy = f(x) makes posi- 
tive intercepts of 2 and 1 unit on X and Y-axes respectively 
and encloses an area of 3/4 unit with axes, then 


i. xf’ (x) dx is 
3 5 
(a) 4 (c) 4 


Sol. 1 = xftx)|i-[> fla) dx=0-7 =—2 


(b) 1 (d) -- 


Hence, (d) is the correct answer. 


» Ex. 3. The area of the region included between the 
regions satisfying min (|x |, /y |) =1andx? +y? <5 is 
(a) (sin fe-sin-" -4 (b) [sin = sin | eh 
(c) 2[ sin sin.) -4 (d) 15s" - sin"e)-4 


Sol. Shaded region depicts min (| x |, |y |) = 1 


Y 


(1,2) 
LPS 


Required area = af : (W5—x? -1) dx 


1 2 =, 1 
=10 (sin 1" _sin J-)-4 


Be 


Hence, (b) is the correct answer. 


Ex. 4 The area of the region between the curves 


[1+ si jl—si 
y= os and y = ~~ 8" * and bounded by the lines 
cos x cos x 
Tl 


x = 0andx= a [IIT JEE 2008] 


a —— dt 
d+? W1-? 


i 


——__—— dt 
(14+ t?)v1-t? 
po" At 


—___— dt 
° d+? W1- 0? 


V2+1 t 
d dt 
if, (14+ t7)v1-t? 


Sol. Required area = | be t na ad i a =) dx 


0 cos x cos x 


( 1+sinx 1-sin x } 
= > >0 
cos x cos x 
x x 
2 tan — 2 tan — 
14 2 1 2 
1+ tan? — 1+ tan? — 
wT/4 
=| 2 2 | dx 
9 2x 2 
1—tan* — 1— tan” — 
2 
x 
1+ tan? — 1+ tan?— 
1+ tan— 1— tan — 
7/4 2 
=| dx 
0 x 
\io tans 1+tan~ 
2 
x 
1+ tan——1+ tan— 2 tan — 
1/4 2 1/4 
= dx={ dx 
0 9X 0 2 
1—tan* — 1—tan* — 
2 2 
Put tan —=t 
V24 4t 
Area = [ ; dt 


Hence, (b) is the correct answer. 


JEE Type Solved Examples : 
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More than One Correct Option Type Questions 


» Ex. 5 LetT be the triangle with vertices (0,0),(0,c”) and 
(c,c’) and let R be the region between y = cx andy = x’, 


where c >0, then 
3 3 
(a) Area (R) = = (b) Area of R= = 


(c) lim Area (T) _ 


3 (d) lim Area (T) _ 3 
c>0* Area (R) 


c>0* Area (R) 2 


Sol. Ais (te == 
2 2 


Area(T) _ lim e. 6 


+ 8 
c320' 2 ¢ 


im 
c>ot Area (R) 


Hence, (a) and (c) are the correct answers. 
» Ex. 6 Suppose f is defined from R— [-1,1] as 


fl) =~ 


statement which does not hold is 
(a) fis many-one onto 
(b) fincreases for x > 0 and decreases for x <0 
(c) minimum value is not attained even though fis 
bounded 
(d) the area included by the curve y = f(x) and the line 
y = 1is 7 sq units 


where R is the set of real number. Then, the 


x?=1 2 
Sol. y = f(x) =—,— =1- 
pote ale x tl 
4 
f(x)= a x > 0, f is increasing and x < 0 f is decreasing. 
(x° +1) 
Ya 
y 7 
\ >X 


X 


(0,-1) 


» Ex. 7 Consider f(x) = 


=> (b) is true; range is[—1,1) = into = (a) is false; minimum 
value occurs at x = 0and f(0)=-1 = (c) is false. 


2 
oo 4 o 
A=2] 1-=— | de =4(" 
0 x+1 Oo x°+1 
as oA Tl . 
=[4-tan x] = 4-5 =2n => (d) is false. 


Hence, (a), (c) and (d) are the correct answers. 


T 
cos x, 0<x<— 


2 
2 such that f 
Tl Tl 
—-x|,—Sx<t 
2 2 


is periodic with period 1, then 


Sol. 


[ 72 
(a) the range of fis ox] 


(b) fis continuous for all real x, but not differentiable for 
some real x 
(c) f is continuous for all real x 


(d) the area bounded by y = f(x) and the X-axis from 
2 


: 1 : 
x =r tox = ol fora givenne N 
24 


T 
0<sx<— 


_ 2 : and f is periodic with 
—- x] 5 —Sx<t 

2 2 

period 7. Let us draw the graph of y = f(x) 


cos Xx, 


Given, f(x) = ( 


2 
From the graph, the range of the function is I° x) 


It is discontinuous at x = nt,né /. It is not differentiable 


nw 
atx =—,nel. 
2: 


a 
3n/2 on 5n/2 3n 7m/2 4m X 


Area bounded by y = f(x) and the X-axis from —nz to nt for 
neN 


=2n {. f(x) dx =2n i cos x dx + (AE - =) 


n 
=2n/1+ — 
24 


Hence, (a) and (d) are the correct answers. 
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» Ex. 8 Consider the functions f(x) and g(x), both 
defined from R— R and are defined as f(x) =2x — x? and 
g(x) =x" whereneN. If the area between f(x) and g(x) is 


1/2, then n is a divisor of 


(a) 12 (b) 15 (c) 20 (d) 30 
Sol. Solving, f(x) =2x—x’ and g(x) = x" we have 
2x-x? =x" => x=Oandx=1 
A» 
won 
f(x) = 2x-x° 
gee 
5 > 
1 5 ior x? gerry 
A=| (2x -—x* —x") dx =| x° —-—- 
0 3 ne 1 F 
agus ee 
3 nt+1 3 nt+1 
F 2 1 1 2 1 1 
Since, = > 
3 ntl 2 3 2 n+l 
4-3 1 
> = => n+1=6 
6 n+1 
> n=5 


Thus, n is a divisor of 15, 20, 30. 


Hence, (b), (c) and (d) are the correct answers. 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Q. Nos. 10 to 12) 


Consider the function f(x) = x* —8x” + 20x —13. 


Ex. 10 Number of positive integers x for which f(x) is a 
prime number, is 
(a) 1 (b) 2 
(c) 3 (d) 4 
Sol. f(x) =(x—1)(x? —7x +13) for f(x) to be prime atleast one of 
the factors must be prime. 


Therefore, x-1l=1 
— x= 2 
or x?-7x+13=1 
> x°-7x+12=0 
=> x=30r 4 
=> x=2,3,4 


Hence, (c) is the correct answer. 


® Ex. 9 Area of the region bounded by the curve y = e* 
[IIT JEE 2009] 


(b) [ ‘In(e+1-y) dy 


(d) [ “Inydy 


and lines x =0 andy =e is 


(a)e-1 
1 x 
(e-[ ie dx 
Sol. Shaded area = e— ip e* ax} =1 


Ya 


>X 


Also, J,e+1-y) dy 
Put e+1l-y=t 
=> —dy =dt 
1 e 
=| Int(-dt) = [ ,ineat 


= [‘Inydy =1 


Hence, (b), (c) and (d) are the correct answers. 


» Ex. 11 The function f(x) defined for R— R 


(a) is one-one onto 
(b) is many-one onto 
(c) has 3 real roots 
(d) is such that f(x,)- f(x2)<0where x, and x, are the 
roots of f’(x)=0 
Sol. f(x) is many-one as it increases and decreases, also range of 
f(x) ¢R = many-one onto. 


Hence, (b) is the correct answer. 


Ex. 12 Area enclosed by y = f(x) and the coordinate 


axes IS 


(a) 65/12 (b) 13/12 
(c) 71/12 (d) None of these 
Sol. A= [, feo de\= Res 8x2 + 20x —13) dx =~ 


Hence, (a) is the correct answer. 


Passage II 
(Q. Nos. 13 to 15) 


Let h(x) = f(x) — g(x), where f(x) = sin’ mx and 
Xna1 be the roots of f(x) = g(x) 


&(x) =In x. Let x9, X4,X 25-6 
in increasing order. 


Ex. 13 The absolute area enclosed by y = f(x) and 
y = g(x) is given by 


@y |. YY h(x) dx oy I. a 
©@2y fo ~1)' h(x) dx (d) — oy (eI 


—1)*"h(x) dx 


1)'*"h( x) dx 


>X 


Hence, (a) is the correct answer. 


Ex. 14 In the above question, the value of n is 
(a) 1 (b) 2 (c) 3 (d) 4 
Sol. x,,, =x; >n=2. 


Hence, (b) is the correct answer. 


Ex. 15 The whole area bounded by y = f(x), y = g(x) 


and x =0 Is 


11 8 13 
Or or (c) 2 or 


1 1 
Sol. Required area = ie sin’ nxdx — | : In xdx = ; 


Hence, (a) is the correct answer. 


Passage III 
(Q. Nos. 16 to 18) 


Consider the function defined implicitly by the equation 

y? —3y + x =0 on various intervals in the real line. If 

x € (—00,—2) U (2,00), the equation implicitly defines a 

unique real-valued differentiable function y = f(x). If 

x €(—2,2), the equation implicitly defines a unique 
real-valued differentiable function y = g(x) satisfying 

g(0) =0. [IIT JEE 2008] 


Ex. 16 If f(-10V2) =2./2, then f”(-10V2) is equal to 


4/2 4/2 4/2 4/2 
@™—> 6-35 O; (d)-— 
rs 73 73 7°3 
Sol. .. y?-3y+x=0 
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On differentiating, we get 3y’y’ —3y’ -1=0 


> y= 
3(1—-y") 


, _ 1 . 
=> y’( UNE Fi ara ...(i) 


1 1 


= ce 3(1-8) 21 


1 
3{1 -(2v2)"} 
Again differentiating Eq. (i), we get 


yy”? 
3(1-y*) 


2 
o-22-(2) 
y"(-10V2) = = = 


3(1 —8) 


Hence, (b) is the correct answer. 


y’= 


Ex. 17 The area of the region bounded by the curve 
y = f(x), the X-axis and the line x =a and x = b, where 
—0 <a<b<-—2 is 


(a) So ik f(b) =a la 
la aaa + bf (b)— af (a) 


(b) - [> —* dx — bf (b) + af (a) 
“ome y-q ‘ 
Of 
4 3[{f(x)P - 1] 
(d) aa bf (b) + af (a) 
“leg [if(x)P - , # 


Sol. Required area =|” f(x) dx = [xf(x) ye I, xf’ (x) d. 
= bf(b) — afta) + | ~ 


Hence, (a) is the correct answer. 


dx — bf (b) + af (a) 


dx 
Teor -1] 


Ex. 18 [Le dx is equal to 


(a) 2g(-1) (b) 0 (c) -2g(1) 
Sol. 1 =| g(x) de = (g(x) = g(t) (-1) 
x=0 ...(i) 


y = a(x) 
x=0 


(d) 2g(1) 


Since, y?—3y + 


and 


{g(x)}° -3g(x) + 
{g()}P -3g(1) +1 =0 (ii) 
{g(-1)}° -3g(-1)-1 = 0 (iii) 
On adding Eqs. (i) and (ii), we get 
{g(1)}° + {g(-D} -3{g(1) + g(-1)} = 0 
{g(1) + g(-1)}{g(1)” + g(-1)° — g(1)g(-1) -3} = 0 
=> — g({1) + g(-1) = 0, g(1) =— g(-1) 
=  T=g(1)—g(-1) = g(1)—(g(1)) =2g(1) 


Hence, (d) is the correct answer. 


Since, 


Atx=1, 


At x =-1, 


192 = Textbook of Integral Calculus 


Subjective Type Questions 


Ex. 19 Find the total area bounded by the curves 


2 
_ 2 a 2 
y =cos x —cos” x andy=x* |] x“ ——— ]. 


Sol. Here, y = cos x — cos” x and y = x* [ = =) could be 


drawn as in figure. 


[ 2\) | 
Thus, the area = 2 ee cosx— cos” x) —4x* | x? — _ dx 
0 4 


2 
1/2 TT 
=2/ [cos xcs x= xt «Ea? | an 
0 4 


im / 2 
sin2x  x° nx? | 


’ x 
=2| sinx + 
l 2 4 5 2 | 
0 
nt © 
=| 2-—+— 
2 =| 


Ex. 20 A curve y = f (x) passes through the point 
P (1,1), the normal to the curve at P is a(y —1) +(x —1) =0. If 
the slope of the tangent at any point on the curve is propor- 
tional to the ordinate of that point, determine the equation 
of the curve. Also obtain the area bounded by the Y-axis, the 
curve and the normal to the curve at P. 


Sol. Here, slope of the normal at P (x, y). 


= Slope of the line a( y — 1) + (x — 1) = 0is 


.. Slope of the tangent at P =a, 


dy _ 
oo ) =a (i) 


It is given that the slope of the tangent at any point on the 
curve y = f(x) is proportional to the ordinate of the point. 


dy dy 
—— > =, 
dx . dx if 
= (2) h => a=h 
dx (1) 
d d 
: =ay => —e=adx 


y= 


> log y =ax + loge 

> y =ce“, which passes through P (1, 1) 
c=e “ 

=> Curve is yore *e™® = yet) 


. 1 fil 1+1/a 
«Required area = — | _ log y +a) dy + I, {+ a)-ay}dy 
ave 


1 
1+- 


{y (log y + aylle +4 04a) <y*| a 


1 - 1 1 e* 1 . 
=—(-—1l+a+e“)+|—+1-1 =/14 sq units 
a a 2a a 2a 


Ex. 21 Sketch the region bounded by the curves y = x” and 


. Find the area. 
1+ x 
Sol. For intersection point, x’ = 5 
Lx 
Le. xi +x?-2=0 
ie. (x? + 2) (x* -1)=0 
ie. x=t1 
AY 
y=x° 
2 
YT 4x2 
>X 
O 
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= 4 ‘ 1 2 aly .. The equation of the tangent to the curve at the point 
ence, required area = I, agi x x - i 
4 ,1 jis y- 1=2|x=- a 
= . 4 x? | a9 wT 1 | 
= | tan x5 | =e a when a ara ald 
0 


Now, the required area = Area of curvilinear AOPN — Area of APTN 


» Ex. 22. Find the area enclosed between the curves n/4 1 
=|, ee a= NOLEN 


1/uvm 1 1 1 
= [log (s nye ( Jas (1 2 } 
[log (sec x)]p - A cee 


1 
y =log (x +e); x =log, 2) and X-axis. 
y 


Sol. The given curves are y = log (x + e) and 


x Ex. 24 Find all the possible values of b > 0, so that the 


area of the bounded region enclosed between the parabolas 
2 


2 x, ; 
y =x-—bx* andy = 7 is maximum. 


1 i _ 
v=o. [ > =e* >y=e 
y y 


Using graph transformation we can sketch the curves. 


aa py 


2 
Sol. Eliminating y from y = - and y = x — bx’, we get 
x” = bx —b?x? 
2 
"140? 


AY 


=> x=0 


0 be 
Hence, required area = [, log (x + e) dx + J, e * dx 


=|, log (é) dt + | e* dx 
(putting x + e =?) 
=([tlogt—t],’-[e*];> =1+1=2 


Ex. 23 Find the area of the region bounded by the curve 
c:y =tan x, tangent drawn toc at x =1/4 and the X-axis. Thus, the area enclosed between the parabolas, 


i isy = bi. +b”) : 
Sol. The given curve is y = tan x He ih [> ee 4 fe 


bi+b? 
_ x x 1+? we =o b? 
2 3 b 6 (+b?) 


0 
For maximum value of A, a 0 
: dA _1 (1+5*)’-2b—b*-2(1+b*)-2b_1 b(1—b’) 


Bu 
db 6 (1+)! 3 (+b) 


dA 
> X Hence, a ee 0, 1 since b > 0 


Therefore, we consider only b =1 


Sign scheme for “ around b = 1 is as below 


O~< Bs + > co 


= 


T 
Also, at «= re = From sign scheme it is clear that A is maximum. 
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Ex. 25 Let C, andC, be the graphs of the function 

y =x? andy =2x,0< x <1, respectively. Let C, be the graph 
of a function y = f(x);0 < x $1, f(0) =0. For a point P onC,, 
let the lines through P parallel to the axes, meets C, andC, 
at Q andR respectively. If for every position of P on(C,), the 
areas of the shaded region OPQ and ORP are equal, deter- 
mine the function f(x). [IIT JEE 1998] 
Sol. On the curve C,, i.e. y = x”. 


Let P be (, &”). So, ordinate of point Q on C, is also a”. 


Now, C; ( y = 2x) the abscissae of Q is given by x = = as, 


a on a Jan on C; is {a, f(x)}-. 


r 2 
Now, area of AOPQ = J, (x, — x.) dy = J, (vw _ ») dy 
24. O° 
= Oe SS eee 
3 ‘| (i) 


Thus, from Eggs. (i) and (ii), we get 


2a? at a» 
Sts, fea 

Differentiating both the sides w.r.t. &, we get 
2a? — a? =a? — fia) 


= fa)=a?-a? = f(x)=x?-x? 


Ex. 26 Find the area of the region bounded by the 


| 
curves y =ex log x and y= ae 


ex [HIT JEE 1990] 


Sol. Both the curves are defined for x > 0. Both are positive when 
x >1 and negative when 0 < x <1. 


We know that, lim log x >-—© 


x7 07 
. log x 
Therefore, lim g 72H 
x 307 ex 


Thus, Y-axis is asymptote of second curve. 


and lim ex log x [(0) (— °°) form] 


x07 


= lim * eee (- * form 
x30t 1/x co 
e(1/ x) 2 a a 
= lim —W~=0 (using L’Hospital’s rule) 


x30 (-1/ x?) 


Thus, the first curve starts from (0, 0) but does not 
include (0, 0). Now, the given curves intersect therefore 


ex log x = ne 
ex 
ie. (e?x* —1) log x =0 
ie. yal - (. x > 0) 
e 


Therefore, using the above results figure could be drawn as 


“. Required area = I, ( Ee ex log x } dx 
e ex 
_ 11 dog x1 [ x? T 25 


é€ 
e 21o 1)| = 
y| ES) —e| eget) 
/e i/e 


Ex. 27 Let A, be the area bounded by the curve 
y =(tan x)” and the lines x =0, y =0 and x = 5 - Prove that 


forn>2;A, +A,» = 


1 
2n+2 


and deduce that 


<A, < 


2n—2 
1/4 
Sol. First part We have, A, = I, (tan x)" dx 
1/4 2 
Hence, An-2= | (tan x)"~“ dx 
0 


/4 
An +A 2=fo (tan x)"~* (tan” x + 1) dx 


1/4 
=|, (tan x)"~*- sec” x dx 


) aa Ai) 
F n=1 


“ OStanx <1 


Let tan x =t,so that sec” x dx =dt 


Ataf. eta 


n-1 
Second part 


Since, O<sx<7/4 


n+2 n-2 


> tan x <tan” x < tan x 


1/4 
I 


=> An+2<An <An-2 => Ant Ang a <2A, <A, + An—2 


nace 1/4 is 1/4 n-2 
tan xdx< | tan” x dx < | tan x dx 
0 0 


[using Eq. (i)] 


Ex. 28 Consider a square with vertices at (1, 1) (-1, 1), 
(-1, -1) and (1, -1). Let S be the region consisting of all 
points inside the square which are nearer to the origin than 


to any edge. Sketch the region S and find its area. 
[IIT JEE 1995] 


Sol. For the points lying in the AOAB the edge AB, i.e. x =1 is 
the closest edge. Therefore, if the distance of a point P (x, y) 
(lying in the AOAB) from origin is less than that of its 
distance from the edge x = 1 it will fall in the region S. 

OP < PQ 


=> x ty? <1-x 
=> x+y? <x? -2x41 
=> y? <1-2x 


Similarly, for points lying in the AOAD the side y = 1 is the 
closest side and therefore the region S is determined by 


x <1- 2y 
Since, the edges are symmetric about the origin. Hence, by the 


above inequality and by symmetry, the required area will be the 
shaded portion in the figure given below 


N 


a 
4 y =-x 


Now, when the curves y* = 1 —2x and y = x intersect each 
other, then 


x? =1-2x = x?+2x-1=0 


> x= 2 -1,- 2-1 
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Hence, the intersection points in the first quadrant is 


62 -1,<2—1). 
. Required area = 8 [Area of curvilinear AOLM] 


_ [1 1/2 | 
ae ee ee 1=2e dex | 


[ 1/2 | 
| Dia todas [poo | 
2 3(-2) Jn, 


4 
= 5 (4v2 5) 


Ex. 29 Sketch the region included between the curves 
x? 4+y? =a’ and |x| +ly |=Va(a >0) and find its 
area. 

Sol. The graphs | x|+|y|=aand| x |’ +| y |? =a’ are as shown 
in figure. 
AY 
(0, a) 


(-a, 0) (a, 0) 


(0,-a) 


From the figure it can be concluded that when powers of | x | 
and| y | both is reduced to half the straight lines get stretched 
inside taking the shape as above. 


Thus, required area = 4 [shaded area in the first quadrant] 


ns) 3 [2 Wa i 


(since in 1st quadrant x, y > 0), hence 


Vixl+Viyl=va 
> vx +Jy =Va 
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Ex. 30 Show that the area included between the parabo- Hence, required area 
lasy? = 4a(x-+a) andy? = 4b(b—x) is (a+b) Vab. = [e+ xVx)- (x—x Vx)} dx 
Sol. Given parabolas are _ (ie (Oxala ae 
y*? =4a(x +a) (i) 7 
and y” = 4b (b— x) (ii) =2 I, x?” dx == sq unit 
Solving Eqs. (i) and (ii), we get 
x=(b-a) and y=+2-Jab Ex. 32 Prove that the areas Sy, S,,S ,... bounded by the 
. Pand Qare(b —a,2 Jab) and (b — a,~2 Jab) respectively, X-axis and half-waves of the curve y =e sin Bx, x lo. 
and the ey Aand A’ are (— a, 0) and (6, 0), respectively. form a geometric progression with the common ratio 
AY g=e 7m a/B 


Sol. The curve y =e “% sin Bx intersects the positive X-axis at the 
points where y = 0. 


e “* sin Bx =0 


AY 
+1K. 
<< oa 
1) ne ee 
i/; 8: ae 
Now, required area = Area APA’ QA =2 Area APA’ A O m/B Sy 2nB  3mIBXES37 
=2 [Area APMA + Area MPA’ M] cee om TS 
al foal Ril” 2eSe del eer 
— bee a(a+x) ee. (b — x) | -1 
: nw 
=4Va [" fare de + ab [| b—x dx > sinBx=0 > x, B »n=0,1,2,... 
[2 sia] b-a f 2 wal b The function y =e “* sin Bx is positive in the interval 
=4Ja [3 (a+ x) | + cle de I, : (XoxK, Xo K +1) and negative in (x % 4 1, Xox 4 2), ie. the sign of the 
function in the interval (x,, x, +1), therefore 
= 8 apy? 4 8%? (ay 3/2 « Vab(a + b) ) sq units S, = i. e “* sin Bx dx 
3 3 nv/B 
che oxo (n+1) n/B 
Ex. 31 Determine the area of the figure bounded by two _| | = See e* (ct sin Bx + B cos Bx) | | 
branches of the curve(y — x)* = x° and the straight line x =1. | au” + BY nzip | 
Sol. Given curves are (y — x)’ = x° - Be"" la +e" ovBy 
y—xa=t xJx (a* +B’) 
ya=xtxu Vx (i) Be PP OeOr yg eg ery 
yox—-xvVx ...(ii) Hence goth = (a? +B’) =e" a/B 
and x=1 (ii) — = pees 
a? + B? 


Which could be drawn as; shown in figure. 
which completes the proof. 


Ex. 33 Letb #0 and for j =0,1,2,...,n. Let S; be the area 


cae oo of the region bounded by Y-axis and the curve x -e*” = sin by, 
Tl 
: >X a <y< Ui = . Show that Sy, S;,S9,...,5, are in geomet- 


ric progression. Also, find their sum fora =—1andb=N. 


(j+1) a/b _ : 
Sol. Here, S; = = | en ay sin by dy 


(j+1) 1/b 
| ’ x dy 


ju/b 


jt/b 


oe (j+1) a/b | 
=| 57g (- asin by — b cos by) | 
a+b 
jm/b | 
etlitine iie§ en 
= rd Ge? are Vad (-b) (-1) ’ 
a’ +b? 24 5b? 
e titan e aelb 
=|5| 2 2 132 2 
a+b a+b 
eo aelb i 
=|b| {eo "" +4}; (7 =0,1,2,..., n} 
a+b? 
S. ett)re afb 
Now, —24 =|) =~ fe" 1} | b| S$ fe 4 1) 
S; a’ +b a b 
=e for all j =0,1,2,...,1 
Hence, So, S,, S, ..., S, are in GP with common ratio e— amie 
For a =—1andb =T, we have 
Jn(e+1 
.<e—— a LFEPA att 
To +1 
5s _ 7: e™(e+1) (e+1)m | e™**-1 
i. we ei u+1 e-1 


Ex. 34 For any real 
t -t t -t 


e-e, . 
t,.x=2+ 5 yo2at 5 is a point on the hyper- 


bola x? —y? — 4x + 4y —1=0. Find the area bounded by the 


hyperbola and the lines joining the centre to the points 
corresponding tot, and— ty. 


t 
Sol. The points x =2 + 


St t =t 


+e ot 
syoat i is on the curve 


(x —2)? -(y-2)?=1 or x*—y?-—4x+ 4y-1=0 


AY 
ew 
Z C A >X 
Ww) 
Put (x2) =x, (y -2)=y 
t -t t -t 
2 ry e+e e—-e 
x“-y°=1 and x= ,sy= 
e 2 2 


We have to find the area of the region bounded by the curve 
x? — y? =1 and the lines joining the centre x = 0, y = 0 to the 
point (¢,) and (— 4). 

[ el 4e4 


7 
.. Required area = 2 lan of APCN — I, 2 y dx | 


Ex. 35 Find the area enclosed by circle x? +y* = 4, 
x 


parabola y = x* + x +1, the cuney =| sin? Pas 
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x 


and 
4 


X-axis (where, [.] is the greatest integer function). 


Sol. :. 


ls x | 


y= sin? ~ + cos ~ 
[er 4 4 | 


1 <sin?~ + cos~ <2 for x €(—2, 2] 


y=| sin? £4 cos |=1 


AY 


Now, we have to find out the area enclosed by the circle 


2 
xt + y*=4 parabola y~2)=( x45 ] , line y =1and 


X-axis. Required area is shaded area in the figure. 


Hence, required area 


= 3 x1+(/3 -1)x14 [ices ee tdes 2f 4— x" )de 


=e -4]Ea ee +2) 5 Va— a! + 2sin (2) 
-l NE 
= (2/3 veo ( aa i) 40 +) [2 =) 

= (23 jer a a5 +8 * ) sq units 
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Ex. 36 Let f(x) =max {x’,(1— x)”, 2x(1— x)}, where 
0 < x <1. Determine the area of the region bounded by the 
curves y = f(x), X-axis, x =0 and x =1. [IIT JEE 1997] 
Sol. We have, f(x) = max {x”, (1 — x”), 2x(1 — x)} 
Graphically it could be shown as; 


AY 


For figure it is clear that maximum graph (i.e. above max graph 
is considered and others are neglected). 


fo 

For x é€ 0, |, x? <2x(1— x) <(1— x) 
L's | 

, x <(1— x)? <2x (1 — x) 


For xe) 5, 


For xe] 


Forxe) 2.1 |, (=x) sax) $2 


Hence, f(x) can be written as 
[ (1—x)*, for0<x<1/3 
2x(1-— x), forl/3<x<2/3 


f(x) = 
x, for2/3<x<1 


Hence, the area bounded by the curve y = f(x); X-axis and the 
lines x = 0 and x = 1is given by 


= 1/3 = 2 2/3 _ 1 2 
=f, (1 — x) dx+] 2x (1 x)dx +] (x*) dx 
= aa sq unit 
27 _ 
Ex. 37 Find the ratio in which the curve, 


y =[-0.01x* —002 x*] [where, [-] denotes the greatest inte- 
ger function) divides the ellipse 3x” + 4y* =12. 


Sol. Here, y =[—0.01 x* — 0.02 x”] 
ie. y =-1lwhen-2<x<2 
y =—1cut the ellipse 3x’ + 4y’ =12 
2V2 
Atx?=— or pea 


26/3 
— 2/6/3 


Required area = | 


lqo 332 
| 12:=3x = as 
4 


=“) 26/3 


— 26/3 
52-1 f2,2 4 
=2sin —+--—v6 

3. 3 3 


—2,-3<x<0 

, where 
x-2,0<xs3 
g(x) =min { f(|x|) +] F(x) |, Fx |) -| FO) |}. Find the 


area bounded by the curve g (x) and the X-axis between the 
ordinates at x =3 and x =— 3. 


2V6/3 
4-x? dx — | 


lax 
— 2./6/3 


Ex. 38 Let flx)=| 


—x-2,-3<x<0 


Sol. Here, f(lx|) -| 


x-2, 0<xs3 

2, —3<5xs<0 

| f(x)|=s-x+2, 0<x<2 

x-2, 2<x<3 

—x-4,-3<x<0 

- f(lx|)-|f(x)|=72x-4. O0<xs2 
0, 2<xs3 


Graph of f (x) 


(0,-2) 
Graph of f (|x|) 


>X 


(0,-4) 
Graph of g(x) 
Since, | f(x) | is always positive. 
a(x) = fl x!) | f)| 
where the graphs could be drawn as shown in above figures. 


From the graph, required area 


1 1 23 : 
Sate oe ae 2, as 


Ex. 39 Let ABC be a triangle with vertices 

A= (6,2 (v3 +1)),B=(4, 2) andC =(8, 2). Let R be the region 

consisting of all those points P inside A ABC which satisfy 

d (P, BC) => max {d (P, AB), d (P, AC)}, where d (P, L) denotes 

the distance of the point P from the line L. Sketch the 

region R and find its area. 

Sol. It is easy to see that ABC is an equilateral triangle with side 
of length 4. BD and CE are angle bisectors of angle B and C, 
respectively. Any point inside the A AEC is nearer to AC 
than BC and any point inside the A BDA is nearer to AB than 
BC. So any point inside the quadrilateral AEGC will satisfy 


the given condition. Hence, shaded region is the required 
region, whose area is to be found, shown as in figure 


A (6, 2({3 + 1)) 


B 
ne C(8, 2) 


1 
Thus, required area = 2 Area of AEAG =2 x Fi AE X EG 


1 1 1 
= 5 ABX = CE=— x4x 4" — 2? 


43 
= as sq units 
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Ex. 40 LetO(0,0), A(2,0) and B f +) be the vertices 


of a triangle. Let R be the region consisting of all those 
points P inside A OAB which satisfy 
d(P, OA) < min {d (P, OB), d (P, AB)}, when ‘d’ denotes the 
distance from the point to the corresponding line. Sketch the 
region R and find its area. [HIT JEE 1997] 
Sol. Let the coordinate of P be (x, y). 

Equation of line OA = y =0 

Equation of line OB = V3y = x 

Equation of line AB = V3y =2— x 

d(P, OA) = Distance of P from line OA = y 


d(P, OB) = Distance of P from line OB = | W3y ~ «| 


2 
d(P, AB) =Distance of P from line AB = eyes | 


Ya 


>X 


A(2,0) 


Given, d(P, OA) < min {d(P, OB), d(P, AB)} 


ysmin{ Hymal Ley x2 
2 2 
‘By — 
pol Ai 
2 
V3y +x-2 
and ee | adit) 
2 
3 ay 
CaselI If jg 
ys2 9 he x> By (- VBy — x < 0) 
> (2+ V3)y <x 
=> y <(2-~3) x 
= y <x tan 15° ...(iii) 


(." y =x tan 15° is an acute angle bisector of ZAOB) 
| By +x-2| 
2 

2y S2-—x-— \3y 

(2+ V3)y<2-x 

y <-(2- 3) (x -2) 

y <—(tan 15°) (x —2) ...(iv) 
[." y =(x —2) tan 15° is an acute angle bisector of CA] 


Case II Ify < 


(i.e. V3y + x-2<0) 


Yudueu 
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From Eqs. (iii) and (iv), P moves inside the triangle as shownin — Sol. We have, x” + y? —4x+2y+1=0 
figure. or (x2)? +(y+1)?=4 Ai) 


(x-2)? + (y+1)?=4 


x x 
reeeean 
As ZQOB = ZOBQ = 15°, AOQB is an isosceles triangle e) 100 35 " 
=> OC = AC =1 unit for O<x<4 
Area of shaded region = area of AOQA = ; (base) x (height) Now, for 0 <x <4, 
3 [ 3 
mee o*} ° o< 24% 1 => fale Wee =0 
= 5 @)(@ tan 15°) = tan 15 ij 36 | x00 35 | 
= (2 — V3) sq units So, we have to find out the ratio in which X-axis divides the 
circle (i). 
Ex. 41 Acurve y = f(x) passes through the origin and Now, at X-axis, y =0 
lies entirely in the first quadrant. Through any point P(x, y) So, (x —2)? =3 
on the curve, lines are drawn parallel to the coordinate axes. So, it cuts the X-axis at (2 — /3, 0) and (2 + V3, 0). 
If the curve divides the area formed by these lines and coor- 243 
‘ _ V3 5 
dinate axes in m:n, find f(x). Therefore, required area, A = I. B (,/4 —(x —2)° -1) dx 
Sol. Area of (OAPB) = xy, Area of (APO) = | . fit) dt _ 4-3 v3 
3 
Y= A _ 4n-3v3 


Required ratio = 


4n-A 82 +3V3 


Petey Ex. 43 Area bounded by the line y = x, curve 

y = f(x),( f(x) > x, V x >1) and the lines x =1,x =t is 

ey (t+1+t7)-—(1+42) for allt >1. Find f(x). 

A 

Sol. The area bounded by y = f(x) and y = x between the lines 
Therefore, area of (OBPO) = xy — I, f(t) dt x=land x=tis | : ( f(x) — x) dx. But it is equal to 
+ 
According to the given condition, (t+ .f1+t?)-(1 + v2). 
= * t 
xy I, fdt im So, I, ( f(x) — x) dx =(t + 1 + #2) -(1 + v2) 
- n 
} 0 frat Differentiating both the sides w.r.t. t, we get 
=> nxy=(m+n) | fit) dt f)-t=14+74 > f)=1+1+ 
Differentiating w.r.t. x, we get Vi ee a 
n gi ey =(m+n) f(x) =(m+n) y,asy = f(x) or f(x) =1+ 2+ 
dx , Jl t+ x? 
m dx dy m . ; 
os aoe (log x) = log y — log c, where c is a constant. Ex. 44 The area bounded by the curve y = f(x), X-axis 
=> y =ox™ and ordinates x =1and x = b is(b—1) sin (3b + 4), find f(x) . 
Sol. We know that the area bounded by the curve y = f(x), X-axis 
Ex. 42 Find the ratio of the areas in which the curve and the ordinates x =1 and x=b is | : fx) dx. 
1 
3 
x x : b : 
y -| ate | divides the circle x” +y* —4x +2y +1=0 From the question; I, f(x) dx =(b — 1) sin (3b + 4) 


Differentiating w.r.t. b, we get 
(where, [.] denotes the greatest integer function). f(b): 1=3(b -1) cos (3b + 4) + sin (3b + 4) 
> f(x) =3 (x -1) cos (3x + 4) + sin (3x + 4) 


Ex. 45 Find the area of region enclosed by the curve 


(x-y )? (x+y)? 
z + : =2 (a>), the line y = x and the posi- 
a b 
tive X-axis. 
ak Ke 2 
Sol. The given curve ie > ) is : i 2 is an ellipse major 


and minor axes are x —y =0 and x + y = 0, respectively. 


The required area is shown with shaded region. 


Instead of directly solving the problem we can solve equivalent 
problem with equivalent ellipse whose axes are x = 0 and y = 0. 


The equivalent region is shown as (OA’ B’ O) where the 
2 2 


equation of ellipse is — + - =1. 

a 

Required area = Area (AOA’ A’’ + A’ A’ B’) 

where, A= a? ; ab 

aia +b? a +b? 

2p2 
Area AOA’Av=ix—@ _y—_@ _ =} / 2? 
2 Ja? 4b ja?+ 0? 2\ a+b 


a 
Area of A’ B’ A” = | ab 


a? +b? 


x? 


b [ x a’ be ahs 

= aa—x + sin | | 
& 2 2 “ lab/fa? + b? 
b an ab 


}.0 


QQ. = 
sin 

2 a’ + 

_b i a b ab | 

a| 4 2 lar +b? rae +6 | 
mab ab. ., b a’b? - 
= sin 5 5 (ii) 

4 2 la? +b? 2(a° + b’) 
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Ex. 46 Let f(x) be a function which satisfy the equation 


Flxy) = f(x) + f(y) for all x >0, y >0 such that f ’ (1) =2. 
Find the area of the region bounded by the curves 


y = f(x), y =| x? —6x? +11x —6| and x =0. 
Sol. Take x =y =1 => f(1)=0 


Now, ne 
x 
=  o=s{et)=pass(2) = s(2)-- 50 
x x x 
-f{ 2 ]=s09+ (4) =s00- 70 (i 
y y 
Ha) = lim Jet —fO) 
Now, f(x) jn ; 
fil x28) 
= lim 3 [using Eq. (i)] 
h 
f(a+2 )-s0 ; 
2. iis zs LO) fp) =0] 
h>0 Ne x 
fist 7 
x 
> f(x) =2 log x +c (since, f(1)=0=>c=0] 
> f(x) =2 log x 
Thus, f(x) =2 log x and y =| x* — 6x” + 11x —6| could be 
plotted as 
y y =2logx 
y= |x 6x?+11x-6| 
xX 
Cc 
Hence, required area 
=[5e 6x’ + 11x —6) dx 4 [-. e”? dy 
[= af ix! ce) 120%, 
4 3 2 é 
-(4 24 5 6 | (0) +2(e°-e*) 
a + = 8+2= sq unit 
4 2 


Ex. 47 Find the area of the region which contains all the 
points satisfying condition| x — 2y |+| x +2y|<8andxy = 2. 
Sol. The line y = + 5 divide the xy plane in four parts 

RegionI 2y—x<0 and 2y+x20 
So that, | x —2y|+|x+2y|<8 
(x —2y)+(x+2y)<8 => 0<x<4 


=> 
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Region II 2y —x|O0and2y + x>0 

So that, |x—-2y|+|x+2y|<8 

=> (x —2y)+(x+2y)<8 => 0<y<2 
Region IIT 2y+ x<0,2y—x20 

So that, |x —2y|+|x+2y|<8 


= (x —2y)-(x+2y)<8 => -4<x<0 
Region || 
2y x20, 2v+x 20 
Ay 
Regionil = “s.|." Region 


2y-x>0, B+xsO | 2x <0, 2vt+x20 


RegionlV 
2y-x <0, 2y+x <0 


RegionIV) 2y+x<0,2y—-x<0 
So that, |x-2y|+|x+2y|<8>-2<y<0 


Here, all the points lie in the rectangle. 


Ya 


A(1,0) B|(4, 0) 


Also, the hyperbola xy = 2 meets the sides of the rectangle at 
the points (1, 2) and (4, 1/2) in the 1st quadrant graphically. 
Hence, required area 


= 2 (Area of rectangle ABCD — Area of ABEDA) 


-2{ 3x2-f' 2 dx )=26-2 0g 4) sq units 
x 


Ex. 48 Consider the function 
1 
Fixy= eel 5° oes , where [.] denotes the great- 
0, if xel 
est integer function and | is the set of integers. If 
g(x) =max {x’, f(x),|x|},-2 <x <2, then find the area 
bounded by g(x) when—2< x <2. 


1 
—[x]-—, if a 
Sol. Here, (x)= 14) 2° ia 


0, ifxel 


0, ifxel 
Thus, g(x) = max {x’, f(x), | x|} 
which could be graphically expressed as 


x7, -2<x<-1 


—x, -l<x<-1/4 


Clearly, &(x) =4 x4 ,-1/4SxS0 


2 
Hence, required area = | , g(x) dx 


=f @)ae+ fo" Cadet fo, E + :| ie 


0 
= —1/4 0 1 2 
) a [S =) 5) ri 
= + +-x ep a 8d 
3), 42), 2 2 dig LE) KOR 


units 


Ex. 49 Find the area of the region bounded by 
y = f(x), y =| g(x) | and the lines x =0, x = 2, where f , g 
are continuous functions satisfying 
f(x +y)= f(x) + fly) -8xy, Vx, yeR 
and g(x + y)=g(x)+ g( y)+3xy (x+y),Vx,yeR 
Also, f’(0)=8 and g’Q)=-4. 


Sol. Here, f(x + y) = f(x) + fly) —8xy 
Replacing x, y > 0, we get f(0) =0 


Now, f’(x) = lim f(x + h) = f(x) _ is f(xty )- f(x) 
h>0 h Bae . 


pg ET ee 
1m 


y 
ea | fy) 8xy | 
yo 0 y y 


= lim ( ” 8x (using L’Hospital’s rule) 


yo 0 


= f’(0) —-8x =8 —8x [given, f’(0) =8] 


> f(x) =8 -8x 
Integrating both the sides, we get 
f(x) =8x —4x* +¢ 


As f(0)=0 >c=0 
=> f(x) =8x — 4x? ...(i) 
Also, g(x + y) = g(x) + gly) + 3xy (x + y) 


Replacing x, y > 0, we get g(0) =0 


Now, g(x) = lim a(x + y) ~ a) 
yo 0 y 
— tim SCX) + 8) +32" y + 3xy" — ale) 
im 
yo 0 y 
25 [ gy) ; y(3x" + 3xy) ] 
> 0 l y y 
= £0) 4 axt=- 44384 
g(x) =-44+ 3x? 
=> a(x) =x? — 4x [as g(0) = 0]...(ii) 


Points where f(x) and g(x) meets, we have 

f(x) = g(x) or 
=> x=0,2,-6 
AY 


8x — 4x7 =x? — 4x 


[ x3 —4x, x €[-2, 0] U2, ~) 
Now,  |a(x)[=4~ 
| 4x — x", x €[- 99, —2] U (0, 2) 
.. Area bounded by y = f(x) andy =| g(x) | between x = 0 to x =2 


2 2 3 
=|, {@x—4x*) (4x — x°)} de 
2.3 2 4 : 
=|, (x” — 4x Sl coc aa 


Ex. 50 Find the area of the region bounded by the curve 
y =x’ andy =sec '[—sin* x], where [.] denotes the great- 
est integer function. 
Sol. As we know, [— sin” x] = 0 or — 1. But sec”! (0) is not defined. 
AY 
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— sec | [—sin® x] =sec' (—1)= 
Thus, to find the area bounded between 

yar 
ie. when x’ =7 or (x=—Vm tox=V2) 


and y= 


x 


Vn 3 
. Required area =| _ (n — x”) dx = [xs as 
- V1 


Ve 
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=n(Vn + Vt) uae , n/n) =" V0 


f(x) = cos! (4x* — 3x) 
Let x=cos®@ and 0<0<T7 
=> f(x) = cos! (4 cos® 0 —3 cos @) 
= cos! (cos 30); 0 $30 <3n 
30, 0<30<7 
> f(x) =92m -30, 17 <30<2n 
30 — 27, 2m <30 <3 
f 3cos ! x, 1/2<x<1 
=12m-3cos |x, —1/2<x<1 
3.cos | x —2n, -1<x<-1/2 
—3/,1-x’, 1/2<x<1 
f(xs= 3/41—x°, -1/2<x<1/2 
3/,J1—x?, -1<x<-1/2 
me! 1/2 1 
(1 x??? SES 
d a _ 3x 
an FMe= a 2p -1/2<x<1/2 
= 3x 9 
Go 1<x<-1/ 


AY 


a - ae: 0 ae. a 


Thus, required area = | - f(x) dx 


Ex. 51 Sketch the graph of cos ' (4x° —3x) and find 
the area enclosed between y =0, y = f(x) and x =>—1/ 2. 
Sol. Here, 


= "" (en —3cos" x)dx+ f " Bcosx)d 
= aps O xX )aAxX ie COS X)ax 
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= 1 x 
+34 (x cos! x)ij. + | dx 
ve fy _ x2 


; 3V3 F 
On solving, we get = —— sq units 


Ex. 52. Consider two curves y? = 4a(x —2) and 
x? =4a(y —A), wherea>0 and X is a parameter. Show that 


(i) there is a single positive value of X for which the two 
curves have exactly one point of intersection in the 1st 
quadrant find it. 

(ii) there are infinitely many negative values of X for which 
the two curves have exactly one point of intersection in 
the Ist quadrant. 

(iii) if X =—a, then find the area of the bounded by the 
two curves and the axes in the Ist quadrant. 


Sol. The two curves are inverse of each other. Hence, the two 
curves always meet along the line y = x. 


Consider, y’ =4a(x —2) and put x=y 
> y’ —4ay + 4ad =0 
4a t+ 4.Ja’—anr 
> peers AME OP Soe sla? ah, 


Since, y is real => a” — ad |0 ord <a 


(i) If0 <A <a, then there are two distinct values of y and 


both 2 (a+ Ja’ — ad) and2(a—./a” —ad) are positive, 


i.e. both points lie in the first quadrant. 


If A =a, then y = 2a only, ie. only one point of 
intersection (2a, 2a). 


Hence, there is exactly one point of intersection in 1st 
quadrant for A =a. It is infact the points of tangency of 
the two curves. 


(ii) IA <0, then y =2(a+ Ja” — ad) >0and 


y =2(a—a’ — ad) < 0. ie. the only point of intersection 


is in the first quadrant, the other in the 3rd quadrant. 
Hence, there are infinitely many such values. 


a VX 


x° = 4a (y +a) 


y* =4a(x +a) 


>X 


2x, 
jo-| 


(iii) For A =—a, we have y* = 4a(x + a) 
x? =4a(y +a) 


The point of intersection in the 1st quadrant 


P =((2 + 2V2) a, (2 + 2V2) a) 
Required area = 2 (area of AOPQ — area APQA ) 


of AOPQ => -(2 +242)! a’ =2(1+ V2) a’ 


(2+ 2V2)a (2+ 2V2)a ( x 
Area of APQA = | y dx =f [S-0 an 
(2+ 2V2)a 
.il# | ~ a(x) 2* Ne 
‘| 3 | e 
2a 
1 
= — [(2 + 2/2) - a? —8a°] — 22 a’ 
12a 
[222 | ; 
=| ——_—_ Ja 
3 


“. Required area = 2 c (1+ V2)? + ween a 
4 2 
= ao +8 V2)a 


Ex. 53 Let f(x) be continuous function given by 
(x|s1 
x* +ax+b, |x|>1 


Find the area of the region in the third quadrant bounded 
by the curves x =—2y* and y = f(x) lying on the left of the 


line 8x +1=0. [IIT JEE 1999] 


So/. Given, a continuous function f (x), given by 
AY 


>X 


Pe ee eee eee 


t 
ee 
8 
7 2x, |x|<1 
fo=t aan ei 
{ x? ax+b, -o<x<-1 
Le. f(x)= 2x, -1<x<<l 
x + ax b, 1<x<oo 


. f is continuous. 


‘+, It is continuous at x =—1 and x =1. 


(-1)°+ a(-1) +b =2(-1) 


and (1)? +a(1) + b=2 (1) 
> 1-a+b=-2 
and 1l+a+b=2 
> —-a+b=-3 
and a+b=1 
> b=-1 and a=2 
x? +2x-1, when —o<x<-1 
feo) =| 2x, when -1<x<1 
Now, y=x?+2x-1=(x+1)?-2 
or (y +2) =(x+1)° 


We need the area of the region in third quadrant bounded by 
the curves a = — 2y’, y = f(x) lying on the left of the line 


8x+1=0. 
= (y + 2) =(x +1)’ 
Cuts the Y-axis at (0, -1) and the X-axis at 


(—1—~2, 0) and (-1+ v2, 0). 

When x =1 and y =2 

Solving x =—2y* and(y + 2) =(x + 1)’, we get 
(y + 2) =(-2y? +1)’ 


=> 4y*-4y?+1-y-2=0 


=> 4y* —4y?-y-1=0 
For y= 1, 4y* 4y? y-1=0 
At y=-1x=-2 


f 
(—x/2)*?) (x41) oo (—x/2)?? 2x? 
5/2) 3 


-{4( \" =f at | 
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Ex. 54 Let[x] denotes the greatest integer function. 
Draw a rough sketch of the portions of the curves 
x? =4[Vx]y andy? =4 [Vy] x that lie within the square 


{(x, y)|1< x <4,1< y <4}. Find the area of the part of the 
square that is enclosed by the two curves and the line 


x+y =3. 
Sol. Wehave, 1<x<4 and 1<y<4 
> 1<vx <2 and 1<,Jy <2 


=>[/x]=1and Ly] = 1 for all (x, y) lying with in the square. 


AY 


>X 


Thus, x =4[Vx] y and y =4 Jy] x 
> x? = 4y and y” = 4x when 1 < x, y < 4 which 
could be plotted as; 


Thus, required area 


=| (vx —3+4 x) dx +f [ae-= an 


19 it 
= — sq units 
6 q 


Ex. 55. Find all the values of the parameter a (a =1) for 
which the area of the figure bounded by pair of straight lines 


1 
y? —3y +2=0 and the curves y =[a] x”, y ia, x is 
greatest, where [.] denotes the greatest integer function. 


1 
Sol. The curves y =[a] x’ and y - [a] x” represent parabolas 
which are symmetric about Y-axis. 
The equation y* —3y + 2 =0 gives a pair of straight lines 
y =1, y =2 which are parallel to X-axis. 
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Thus, the area bounded is shown as Ex. 56 Find the area in the first quadrant bounded by 
[x]+[y] =n, whereneN andy =i (where,ie NV i<n+1), 
[-] denotes the greatest integer less than or equal to x. 


AY 


Sol. As we know, [x]+ [y]=n >[x]=n-[y] 


When y = 0, [x]=n>nSx<n+1 


When y =1, [x] =n-15n-1Sx<n-2 


mya When y =2, [x] =n-2 
> n-2<x<n-3....and so on. 
O > X When y =n, [x]=0 > 0S x<1 


which could be shown as 
From the above figure, 


eae of yn? d T a « 4 
Require area=2 | (x2 — %) dy eg eee te Mee ee eee eee bie esene 
5 5 nH, Beni ee cae = ai 
y y 1 1 1 1 1 
=2[ [ 2-2 Ja or iC! a 
1 1 1 1 1 
‘i fale 
2 2-1 z 2 2-1 2 1 1 1 1 1 1 1 1 1 
= 22D | fy gy a2 =D 2 ya") ees a Ra ie cen ce ee 
[a] ; [a] 3 oe etal tet lalallala ea ] pooch annan 
_ id eee oe panannnnn= 
= 4 W2=1) (ya _1) rie as a one ae eS a } ae 
3 [a] ian cts ae a a | 
46-322) _ 46-392) 123 45 n n+t 
3 [a] 3 [4] From the above figure, 
Area is the greatest when [a] is least, i-e. 1. =(n + 1) area of square ABCD =(n + 1)-1 
Area is the greatest when [a] =1 Required area = (n + 1) sq units 


Hence, a é[1, 2) 


= 


a 


> 


Area of Bounded Regions Exercise 1: 
Single Option Correct Type Questions 


A Point P(x, y) moves such that [x + y + 1] =[x]. (where 


[:] denotes greatest integer function) and x€ (0, 2), then 
the area represented by all the possible positions of P, is 


(a) V2 (b) 2/2 

(c) 4/2 (d) 2 

if f:[-L1]> _ ‘} f(x) . The area bounded 
22 1+ x? 

by y =f '(x), X-axis, x = ae =a ae 

(@) lee (tog (£} 

cit 


If the length of latusrectum of ellipse 
E,:4x+y- ; +2(x—y+3)" =8 
2 2 
and E, : a - = 1,(0< p<1)are equal, then area of 
e Pp 

ellipse E,, is 

T T 

ae b) 
(a) (b) a 

T T 

ies aye 

(c) a (d) ri 


. The area of bounded by the curve 


4.|x—20177°"7|+5| y—20177""” |< 20, is 


(a) 60 (b) 50 
(c) 40 (d) 30 
If the area bounded by the corve y= x* + 1,y=x and 


the pair of lines x* + y? +2xy— 4x —4y+3=0is K 
units, then the area of the region bounded by the curve 
y=x? +hLy= x1 and the pair of lines 
(x+y-1)(x+ y—3)=0,is 


(a) K (b) 2K 
(c) : (d) None of these 
Suppose y = f(x) and y = g(x) are two functions whose 


graphs intersect at the three points (0, 4), (2, 2) and (4, 0) 
with f(x)> g(x) for0< x<2and f(x)< g(x) for 


2<x<4.If | [f(x)—g(x)] dx =10 


and [ [g(x)— f(x)] dx =5, then the area between two 


curves for0< x<2 is 


(a) 5 
(c) 15 


(b) 10 
(d) 20 


N 


10. 


11. 


12. 


13. 


. Let ‘@ be a positive constant number. Consider two 


curves C,:y=e*,Cy:y=e" *.Let S be the area of the 


S 
part surrounding by C,,C, and the Y-axis, then lim — 


a>0q 2 
equals 
(a) 4 (b) 1/2 
(c) 0 (d) 1/4 


. 3 points O(0,0), P(a,a”), O(—b,b* )(a>0,b> 0) are on the 


parabola y = x”. Let S,; be the area bounded by the line 
PQ and the parabola and let S, be the area of the AOPQ, 
the minimum value of S,/S, is 

(a) 4/3 (b) 5/3 

(c) 2 (d) 7/3 


. Area enclosed by the graph of the function y = In” x-1 


lying in the 4th quadrant is 
2 4 
(a) — (b) — 
e e 


The area bounded by y=2—|2—x|and y= "is 
x 
44+ 31n3 19 
b) — -3 In2 
(a) ; ee 
3 al 
—+ In3 d) —+ In3 
oP ( i 


Suppose g(x)=2x+1and h(x)= 4x* +4x+5and 
h(x) = ( fog)(x). The area enclosed by the graph of the 
function y = f(x) and the pair of tangents drawn to it 
from the origin, is 

(a) 8/3 (b) 16/3 

(c) 32/3 (d) None of these 


The area bounded by the curves y = —V—x and 

x =—.,/-y where x,y <0 

(a) cannot be determined 

(b) is 1/3 

(c) is 2/3 

(d) is same as that of the figure bounded by the curves 


y=v-x;x <O0andx=./-y;sy <0 


y = f(x) is a function which satisfies 

(i) f(0)=0 Gi) f(x) = f(x) and (ili) f’(0) =1 

Then, the area bounded by the graph of y = f(x), the 
lines x =0,x-1=0and y+1=0,is 

(a) e (b) e-2 

(c)e-1 (d)e+1 
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15. 


16. 


17. 


18. 


19. 


20. 
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Area of the region enclosed between the curves 
x=y" -1and x =|y|J1—y? is 

(a) 1 (b) 4/3 

(c) 2/3 (d) 2 


The area bounded by the curve y= xe “;xy=0Oand 


x =c where cis the x-coordinate of the curve’s 
inflection point, is 
(a)1—3e~ 

(c)1-e? 


(b) 1—2e° 

(d) 1 

If (a,0);a> 0 is the point where the curve 

y=sin 2x- ./3 sin x cuts the X-axis first, A is the area 
bounded by this part of the curve, the origin and the 
positive X-axis, then 
(a) 4A +8 cosa =7 
(c)4A—8 sina =7 


(b) 4A +8 sina =7 
(d) 44-8 cosa =7 


The curve y = ax” +bx +c passes through the point (1,2) 
and its tangent at origin is the line y = x. The area 
bounded by the curve, the ordinate of the curve at 
minima and the tangent line is 


1 1 1 1 
(b) 12 (c) 3 


(a) — (d) 6 


24 
A function y = f(x) satisfies the differential equation 
dy 
dx 


bounded when x — 9. The area enclosed by 
y= f(x), y = cos x and the Y-axis in the 1st 


—y=cos x —sin x, with initial condition that y is 


quadrant 
(a) ¥2-1 (b) V2 
(c) 1 (d) 1/2 


If the area bounded between X-axis and the graph of 

y =6x—3x” between the ordinates x = 1 and x = ais 19 
sq units, then ‘a can take the value 

(a) 4 or —2 

(b) two values are in (2,3) and one in (—1,0) 

(c) two values one in (3,4) and one in (—2,—1) 

(d) None of the above 

Area bounded by y = f '(x) and tangent and normal 


drawn to it at the points with abscissae 7 and 27, where 
f(x)=sin x—xis 


22. 


23. 


24. 


m1 1 
ae eae 
m ha 

ea ars 


21. If f(x)=x-—1and g(x) =| f(|x|)—2, then the area 
bounded by y = g(x) and the curve x” —4y+8=0 is 


equal to 


(a) $42 » (b) (42 =3) 


(c) (v2 -3) 


Let S= \(s —— < rf 


S’={(x,y)e AX B:-15 AS1-1<S BSI}, 


then the area of the region enclosed by all points in 
SAS’ is 


(a) sas =. 


(a) 1 (b) 2 
(c) 3 (d) 4 
The area of the region bounded between the curves 


y =el| x|In| x||, x? +y? —2(| x|+] y])+120and X-axis 
where | x |< 1, if @ is the x-coordinate of the point of 
intersection of curves in 1st quadrant, is 


(a) 4l [“exinxdx+ [0-1 (a =1)?) 
(b) a [oexinxdx ime a = (a =1)* 
i af -[eexinxdx [0-1 @=1)")a 


(d)2 [,exinxdx + [a =f (a =1)* J 
A point P lying inside the curve y = ¥2ax— x” is moving 


such that its shortest distance from the curve at any 
position is greater than its distance from X-axis. The 


point P enclose a region whose area is equal to 
2 


ma’ a 
(a) a (b) a 
2 
(c) < (a) & *) a’ 


25. 


26. 


27. 
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Area of Bounded Regions Exercise 2 : 
More than One Option Correct Type Questions 


The triangle formed by the normal to the curve 
f(o= x —ax+2aat the point (2, 4) and the coordinate 


axes lies in second quadrant, if its area is 2 sq units, then 
acan be 


(a) 2 

(b) 17/4 

(c) 5 

(d) 19/4 

Let fand g be continuous function on a< x < band set 
p(x)= max {f(x), g(x)} and q(x)= min{f(x), gw}, 
then the area bounded by the curves y = p(x), y=q(x) 
and the ordinates x = aand x = bis given by 


b b 
(a) [| — g(x) dx (b) J |p) - q(x) ax 


b b 
(c) J fla) go} dx (d) { (p) -a(x)} dx 


The area bounded by the parabola y = x” —7x +10 and 
X-axis equals 
(a) area bounded by y = —x’ +7x—10 and X-axis 


28. 


(b) 1/6 sq units 
(c) 5/6 sq units 
(d) 9/2 sq units 
2 


2 
Area bounded by the ellipse * 4y dts equal to 
4 9 


(a) 6% sq units 
(b) 37 sq units 
(c) 127% sq units 


2 2 
(d) area bounded by the ellipse + a =1 


29. There is a curve in which the length of the perpendicular 


from the origin to tangent at any point is equal to abscissa 
of that point. Then, 
(a) x° + y” =2 is one such curve 


(b) y? = 4x is one such curve 


(c) x7 + y? = 2cx (c parameters) are such curves 


(d) there are no such curves 


Area of Bounded Regions Exercise 3 : 


Statement | and II Type Questions 


= Direction (Q. No. 30-34) For the following questions, 
choose the correct answers from the codes (a), (6), (c) and 
(d) defined as follows : 


30. 


31. 


(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I 


(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I 


(c) Statement I is true, Statement II is false 

(d) Statement I is false, Statement II is true 
Statement I The area of the curve y= sin” x from 0 to 
wt will be more than that of the curve y = sin x from 0 to 
Tl. 


Statement II_ x’ > x,if x>1. 
Statement I The area bounded by the curves y = x —3 
and y = kx +2is least ifk =0. 


Statement II The area bounded by the curves 
y=x"-3 and y=kx+2is Vk? +20. 


32. 


33. 


34, 


Statement I The area of region bounded parabola 
4 32 
y’ =4x and x? =4yis — squnits. 
3 
Statement II The area of region bounded by parabola 


2 


16 
y’=4ax and x’ =4by eae 


Statement I The area by region|x+y|+|x—y|S2is 8 
sq units. 

Statement II Area enclosed by region 
|x+y|+|x—y|S<2is symmetric about X-axis. 


Statement I Area bounded by y = x(x—1) and 
x, il 
=x(1-x)is -. 
Oi oe 


Statement II Area bounded by y= f(x) and y = g(x) is 
ii (f(x)— g(x)) dx |is true when f(x) and g(x) lies 


above X-axis. (Where a and bP are intersection of 


y= f(x)and y= g(x)). 


210 


Textbook of Integral Calculus 


Area of Bounded Regions Exercise 4: 


Passage Based Questions 


Passage I 
(Q. Nos. 35 to 37) 


ax sence: 


Let f(x)= such that y = —2is an asymptote of the 


curve y= f(x) The curve y= f(x)is symmetric about Y-axis 
and its maximum values is 4. Let h(x)= f(x)— g(x) where 
f(x)=sin* mx and g(x) = log , x. Let x91 5X9 5.--X_41 be the 


roots of f(x) = g(x) in increasing order. 
35. Then, the absolute area enclosed by y = f(x) and 
y = g(x) is given by 


r=0 
(>) Y i (-1)"* - A(x)dx 
r=0 " 
(@2y (-1)" «A(x)dx 
r=0 J 


1) * h(x )dx 


ary [a 


36. In above inquestion the value of n, is 


(a) 1 (b) 2 
(c) 3 (d) 4 
37. The whole area bounded by y = f(x), y = g(x) x =0is 
(a) 11/8 (b) 8/3 
(c) 2 (d) 13/3 
Passage II 


(Q. Nos. 38 to 40) 
Consider the function f :(—°%,°°)— (—°%, ©) defined by 


2 
f(x)= a 0<a<2. 


x? +ax+1 


38. ne of the following is true? 


24a)’ f"(1)+(2—a)’ f’(-1) =0 
: : as (2+) f”"(-1) =0 
(c) f)f(-1) =@-a)’ 
(d) FA) FC ener 


39. Which of the following is true? 
(a) f(x) is decreasing on (—1,1) and has a local minimum at 
x=1 
(b) f(x) is increasing on (—1,1) and has a local maximum at 
x=1 


(c) f(x) is increasing on (—1,1) but has neither a local 
maximum nor a local minimum at x = 1 

(d) f(x) is decreasing on (—1,1) but has neither a local 
maximum nor a local minimum at x = 1 


40. Let g(x )=[° Pa 


dt . Which of the following is true? 


(a) g’(x) is as on (—°9, 0) and negative on (0,0) 
(b) g’(x) is negative on (—°»,0) and positive on (0, °°) 
(c) g’(x) change sign on both (—-, 0) and (0,9) 

(d) g’(x) does not change sign on (—%, 0) 


Passage III 
(Q. Nos. 41 to 43) 


Computing areas with parametrically represented boundaries : 


If the boundary of a figure is represented by parametric 
equations 1.e.x =x(t), y= y(t), then the area of the figure is 
evaluated by one of the three formulas 


S =-[° y(t)-x’(t) dt 
s=[Px(n-y'at 


_ 1 B , , 
= 5) ,0r' ye at 


where a. and B are the values of the parameter ‘t’ 
corresponding, respectively to the beginning and the end of the 
traversal of the curve corresponding to increasing ‘t’. 


2/3 2/3 
41. The area enclosed by the asteroid (=| + (2) =1is 
a 


a 
(a) —a’n (b) <a 
(c) ana (a) van 


42. The area of the region bounded by an arc of the cycloid 
x =a(t—sint), y=a(1—cos t) and the X-axis is 
(a) 61a? (b) 31a” 
(c) 4na® (d) None of these 


2 
43. Area of the loop described as x = “(6 t)y= (6—t)is 


27 24 
aie ils 
27 21 
(c) > (d) = 


44, 


(A) 


(B) 


(C) 


(D) 


46. 


47. 


48. 


49. 


50. 


51. 
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Area of Bounded Regions Exercise 5 : 


Matching Type Questions 


Match the statements of Column I with values of 
Column IL. 


Column I Column II 
The area bounded by the curve (p) 2 
y=x+sinx and its inverse function 
between the ordinates x = 0 to x = 27 is 
4s. Then, the value of s is 
The area bounded by y=xe"! andlies —_(q) 1 


|Ix|=1, y=0is 

The area bounded by the curves yy =x} (r) 16 
and | y|= 2x is 5 
The smaller are included between the 1 

curves y/|x|+ 4/]¥| = Land |x|+ |y|=1is (s) 3 


45. 


(A) 
(B) 
(C) 


(D) 


Match the following : 
Column | Column II 

Area enclosed by y=|x|, |x|=1 and (p) 2 
y=0is 

Area enclosed by the curve y=sinx, —(q) 4 
x=0,x =m and y=0is 

If the area of the region bounded by (r) 27 
x’ < yand ySx+2is then kis 

equal to 

Area of the quadrilateral formed by (s) 18 
tangents at the ends of latusrectum of 


2 2 
ellipse of ellipse - + ie = lis 


Area of Bounded Regions Exercise 6 : 
Single Integer Answer Type Questions 


Consider f(x) =x* —3x +2. The area bounded by 
ly|=|f (|x|)|,x 2 1is A, then find the value of 3A +2. 
The value of c +2 for which the area of the figure 
bounded by the curve y = 8x* — x°; the straight lines 


ae 16. 
x =1and x =c and X-axis is equal to ae 1S veciziass 
3 


The area bounded by y =2—|2— xhy= is aes 
x 
then k is equal to ......... 


The area of the AABC, coordinates of whose vertices are 
A(2, 0), B(4, 5) and C(6, 3) is ......... 


A point P moves in XY-plane in such a way that 

[|x| ]+[|y|]=1 where [-] denotes the greatest integer 
function. Area of the region representing all possible of 
the point Pis equal to ............ ; 


Let f :[0,1]> 0 ; be a function such that f (x) is a 


52. 


53. 


polynomial of 2nd degree, satisfy the following 
condition : 


(a) f(0) = 0 


1 
(b) has a maximum value FS atx=1. 


If A is the area bounded by y = f(x); y = f '(x) and the 


line 2x + 2y —3=0in 1st quadrant, then the value of 24A 
is equal to ......... : 


a = 15 
Let f(x) = min isn 1x, cos! x, a, xe [0,1]. If area 
6 


bounded by y = f(x) and X-axis, between the lines x =0 


and x =1is . Then, (a— b) is «uu... : 


a-—X 
b(V/3 +1) 
Let f be a real valued function satisfying 
f ) = f(x) = fly)and tim £O**) 

y x0 x 


bounded by the curve y = f(x), the Y-axis and the line 
y =3, where x, ye Rt. 


= 3. Find the area 
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Area of Bounded Regions Exercise 7 : 
Subjective Type Questions 


54. 


95. 


56. 


97. 


58. 


59. 


60. 


61. 


2 


Find a continuous function ‘ f ’, 
(x* —4x")< f(x)s (2x? — x*) such that the area 
bounded by y = f(x), y= x* — 4x”, the Y-axis and the 
line x = t,(0<t< 2) is k times the area bounded by 

y= f(x), y=2x? — x? Y-axis and line x=t,(0< t < 2). 
Let f(t)=|t-—1|—|t|+|t+1|,Vte Rand 

g(x) = max {f(t):x+1St<x+2};V xe R Find g(x) 
and the area bounded by the curve y = g(x), the X-axis 
and the lines x = —3/2and x =5. 

Let f(x) = minimum {e*,3/21+e “},0< x<1.Find the 


area bounded by y = f(x), X-axis, Y-axis and the line 
x=1. 


Find the area bounded by y = f(x) and the curve 
y= 2 z where f is a continuous function satisfying 
1+x 


the conditions f(x)- f(y)= f(xy), Vx, yeER 

and f’(1)=2 f(1)=1 

Find out the area bounded by the curve 

y= ibe ‘(sin -'Vt) dt " * (cos! Vt) dt (0S x< 0/2) 
and the curve satisfying the differential equation 
y(x+y*)dx =x(y* — x) dy passing through (4, — 2). 
Let T be an acute triangle. Inscribe a pair R, S of 


rectangles in T as shown : 


S 
R 


Let A (x) denote the area of polygon X find the 


maximum value (or show that no maximum exists), of 


on where T ranges over all triangles and R, S 


over all rectangles as above. 


Find the maximum area of the ellipse that can be 
inscribed in an isosceles triangles of area A and having 
one axis lying along the perpendicular from the vertex 
of the triangles to its base. 


In the adjacent figure the graphs of two function 

y= f(x) and y =sin x are given. y = sin x intersects, 
y= f(x)at A(a@, f(a)); B(, 0) and C (27, 0). 

A; (i=1,2,3)is the area bounded by the curves y = f(x) 
and y=sin x. between x =Oand x =a@i=1 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


ii, 


AY 


between x =aand x = 7;i =2 between x = 7 and x = 27; i =3. 


If A, =1—sin a+(a-—1) cos a, determine the function 
f(x). Hence, determine a and A,. Also, calculate A, and A;. 


Find the area of the region bounded by curve y = 25* + 16 
and the curve y = b.5* + 4,whose tangent at the point 
x =1makeanangle tan — ' (40 In 5) with the X-axis. 


If the circles of the maximum area inscribed in the 


2 _ x —3and 


region bounded by the curves y = x 
y =3+2x — x’, then the area of region 

y—x? +2x+3<50y+x" —2x-3<0ands<0. 

Find limit of the ratio of the area of the triangle formed 
by the origin and intersection points of the parabola 
y= 4x” and the line y = a’, to the area between the 


parabola and the line as a approaches to zero. 
Find the area of curve enclosed by : 
|xty|+|x-y|<4|x|<ly2Jx?-2x41, 
Calculate the area enclosed by the curve 

4<x°+y? <2(|x|+]y|). 
Find the area enclosed by the curve [x] + [y]= 4 in Ist 
quadrant (where [.] denotes greatest integer function). 
Sketch the region and find the area bounded by the 
curves|y+x|<1,|y—x|<1 and 2x? +2y? =1. 
Find the area of the region bounded by the curve, 
al*! | y|+al*!~! <1, with in the square formed by the 
lines | x|<1/2,| y|<1/2. 
Find all the values of the parameter a (a< 1) for which the 
area of the figure bounded by the pair of straight lines 
y* —3y +2=0and the curves y = [a] x’, y= ; [a] x” is 
the greatest, where [.] denotes greatest integer function. 
If f(x) is positive for all positive values of X and 
f '(x)<0, f”(x)>0,V xe R", prove that 


iLO f fleyde< & feds |" fa) de fC) 
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Area of Bounded Regions Exercise 8 : 
Questions Asked in Previous 10 Years' Exams 


(i) JEE Advanced & IIT-JEE 


12 


73. 


74, 


75. 


76. 


77. 


78. 


Area of the region {(x, y)}<€ R’ :y=./|x +3], 
5y $(x+9)< 15} is equal to 


4 3 
(a) 6 (b) 3 (c) 2 


[Single Correct Option 2016] 


5 
(d) n 


gee 2 
Let F(x) =| 6 2cos‘t dt for all x € Rand 
x 


1 ; i 
f: 0 A —> [0, cc) be a continuous function. For 


ae c ‘} if F’ (a) + 2 is the area of the region bounded 


by x=0, y=0, y= f(x) and x =a, then f(0) is 
[Integer Answer Type 2015] 


The common tangents to the circle x* + y? =2 and the 
parabola y* = 8x touch the circle at the points P,Q and 


the parabola at the points R, S. Then, the area 


(in sq units) of the quadrilateral PQORS is 
[Single Correct Option 2014] 


(a) 3 (b) 6 (c) 9 (d) 15 


The area enclosed by the curves y = sin x + cos x and 
F : TT). 
y=| cos x —sin x| over the interval 0 4 is 


[Single Correct Option 2014] 
(b) 2/2(V2 -1) 
(d) 2J2(/2 + 1) 


(a) 4(V2 -1) 
(c) 2(V2 +1) 


If S be the area of the region enclosed by 


2 
y=e * ,y=0,x=Oand x =1. Then, 
[More than One Option Correct 2012] 


(a) s2t (b) szi-t 
é é 
1 1 1 1 1 
S<-J1+— a) Sis 4 a 
ossil+z) oss y+ z(1-3) 
Let f :[-1, 2] — [0, ce) be a continuous function such that 


f(x) = fQ— x), Vx € [-1, 2] If R, = [; xf(x)dx and Ry 


are the area of the region bounded by y = f(x), 


x =-—1,x =2and the X-axis. Then, 
[Single Correct Option 2011] 


(a) R, =2R, (b) R, =3R, (c) 2R,=R, (d) 3R,=R, 


If the straight line x = b divide the area enclosed by 
y=(1- x)’, y=Oand x =Ointo two parts R,(0< x< b) 


and R,(b< x<1)such that R, — R, = = Then, b equals 
4 


to [Single Correct Option 2011] 


1 
or 


79. Area of the region bounded by the curve y = e* and 
lines x =O and y =e is [More than One Option Correct 2009] 


(b) [Ine+1-y)dy 


(d) [in ydy 


(a) e-1 
1 
(c) e- I, e° dx 
80. The area of the region between the curves 


1+sin x 1-—sin x 
y= and y= 
cos x cos x 


7 Tw . 
lines x =0 and x = — is 


and bounded by the 


[Single Correct Option 2008] 


V2-1 4t 
() [ ——— 


(i+¢)J1-? 
(yf t 


o a+’) j1-2 


(a) f° + at 


9 a+?) V1-#? 
@f" At 


—_—— dt 
9 ate’) v1-? 


= Directions (Q. Nos. 81 to 83) Consider the functions 
defined implicity by the equation y*-3y+«=0 on 
various intervals in the real line. If x €(-o, —2) U(2, ©), 
the equation implicitly defines a unique real-valued 
differentiable function y =f (x). If x €(-2, 2), the equation 
implicitly defines a unique real-valued differentiable 

function y = g(x), satisfying g (0) =0. 
[Passage Based Questions 2008] 


81. If f(—10V2) =2 V2, then f” (— 10 V2) is equal to 


dt 


42 4/2 
(a) 7332 (b) 7332 
one qo? 
aS 73 


82. The area of the region bounded by the curve y = f (x), 


the X-axis and the lines x = aand x = b, where 
—o<a<b<—-2is 


(a) | —__* de + bf (b) ~ afta) 
e3[(flo’ —1] 


dx + bf(b) — af(a) 


(b) - ['—_* 
e3[(flo} —1] 


(©) ['—_* — de — f(b) + afta) 
“3[{ f(x} -1] 


b x 
oa Verney aa 


bf(b) + af(a) 
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(ii) JEE Main & AIEEE 


84. 


85. 


86. 


87. 


88. 


89. 


The area (in sq. units) of the region [2017 JEE Main] 
{(x, y):x20,x+y<3,x7 < 4y}and y<14+-Vx}is 


5 59 3 7 
(a) 5  e 


12 (c) 5 (d) rm 


The area (in sq units) of the region {(x, y): y” => 2x and 


2 2 ‘ 
x  +y $4x,x20,y2dis [2016 JEE Main] 


4 8 
eae ar 

4/2 n 22 
Si Oe 


The area (in sq units) of the region described by 
{(x, y):y* $2x and y> 4x — If is [2015 JEE Main] 


7 5 
ae by 
(a) a (b) Aa 
15 9 
as d) 2 
(c) ka (d) a 
The area (in sq units) of the quadrilateral formed by the 


tangents at the end points of the latusrectum to the 


2 2 


ellipse Se es 
9 2) [2015 JEE Main] 


(a) a (b) 18 
27 
(c) 5 (d) 27 


The area of the region described by 
A={(x,y):x? ty” Sland y* $1- x}is [2014 JEE Main] 


n 4 nm 4 
SG 
nN 2 nT 2 
O75 Ors 


The area (in sq units) bounded by the curves y = Vx, 


2y — x +3=0, X-axis and lying in the first quadrant is 
[2013 JEE Main] 


90. 


91. 


92. 


93. 


94. 


(a) 9 (b) 36 
(c) 18 (d) = 


The area bounded between the parabolas x* = Y and 
4 


x? =9y and the straight line y = 2is 


[2012 AIEEE] 
(a) 20V2 (b) tow 
(c) Zoe (d) 10V2 


The area of the region enclosed by the curves y = x, 


1 me so 
x =e, y =—and the positive X-axis is 
x [2011 AIEEE] 


(a) 1 sq unit (b) : sq units 


(c) ; sq units (d) ; sq unit 


The area bounded by the curves y = cos x and y= sin x 
31 
between the ordinates x =0 and x = — is 
2 [2010 AIEEE] 
(b) (4V2 +2) sq units 
(d) (4V2 +1) sq units 


(a) (4/2 -2) sq units 
(c) (4/2 -1) sq units 


The area of the region bounded by the parabola 

(y — 2)? = x —1, the tangent to the parabola at the point 

(2, 3) and the X-axis is [2009 AIEEE] 
(a) 6 sq units (b) 9 sq units 
(c) 12 sq units (d) 3 sq units 

The area of the plane region bounded by the curves 


x +2y? =Oand x +3y’ =1is equal to [2008 AIEEE] 


(a) ; sq units (b) ; sq unit 


(c) : sq unit (d) ; sq units 


Exercise for Session 1 


1. 1 sq unit 2. ae sq units 3. 4 sq units 
15 3 
4. : sq units 5. = sq units 6. ea sq units 


7. se sq units 


10. 3+16 log2 sq units 


Exercise for Session 2 


8. 2z sq units 


1. (d) 2. (a) 3. (c) 4.(d) 5. (a) 

6. (b) —-7.(a) 8. (a) 9.(c) 10. (b) 
11. (d) 12.(b)—13.(a)— 14.) 15. (b) 
16. (a) 17.(c) 18. (a) ~—-:19.(a)_—-20. (b) 
Chapter Exercises 

1. (d) 2. (b) 3. (b) 4.(c) 5. (b) 

6. (c) 7. (d) 8. (a) 9.(b) 10. (b) 
11. (b) 12.(b) = -13.(¢)—s*14.d)_— 15. (a) 
16. (a) 17.(a) ~=—-18. (a) ~—-:19.(c)_—-20. (b) 
21. (a) 22.(b)  23.(d)— 24. (c) ~— 25. (b,c) 
26. (a, b, d) 27.(a,d) 28. (a,d) 29. (a, c) 
30. (d) 31.(c) 32.4) 33. (6) 334.0) 
35. (a) 36.(b)  37.(a) 38. (a) 39. (a) 
40. (b) 41.(c) —42.(b) ~— 43. (a) 


44. (A) > (p); (B) > (Pp); (C) 


> (1); (D) > (8) 


45. (A) > (p); (B) > (p); (C) 


46. (7) 47. (1) 48. (4) 
50. (8) 51. (5) 52. (3) 
53. 3 esq units 54. f(x) = 


> (r); (D) > (7) 
49. (7) 


aa —ke + (2k - 


9. sq units 


4)x"] 


Answers 


55. 


| 2+ we 


4 
(2-4 } sa units s8.7+( = | sq units 
3 8\ 16 


» (A)max = 


. A; =1-sin1,4,=2-1 


4 
- 4 logs a |x units 


3 
2 
8 
: (2- = * | sa units 
[ 
Le 


-x-1, x<-—5/2 
4+x,-5/2<x<-2 

g(x= 2, -2<x<-1 
l-x,-l<x<-1/2 

1+ x, x>-1/2 


and area = mt sq units 


;)- 1 | 
— |sq units 
e | 


2 


. Required maximum ratio = = 


we 


sq units 


V3 74 
9 


16 


‘ af a ) sa nits 


sq units 


5 @=2° 4) <1 is units 
€[1, 2) 72. (c) 73. (3) 
: oy 77. (c) 78. (b) 
- (a) 83. (d) 84. (a) 85. (b) 
- (a) 89. (a) 90. (c) 91. (b) 


- (d) 


sin 1,4; =3m-2 


65. 2 sq units 


67. 5 sq units 


79. (b,c,d) 80. (b) 


75. (b) 
81. (b) 
87. (d) 
93. (b) 


x? y? 
Ea: 73 a 43 


=1 
Area of ellipse Ep, is 


6 
Solutions 


4. Area of bounded region by 
4|x —20177°'7| + 5| y —2017°°""| < 20, is same as area of the 


1. Here, [x + y]=[x]-1 region bounded ” 4|x|+5|y| $20. 
when x €[0,1) S[x+ y]=-1 > on ae =) 
-1<x+y<0 (i) Y, 
when xeé[l,2) > [x+y]=0 4 
Eo O<sxt+y<l ...(ii) 
which can be shown, as 
Lan xX=1 )x=2 >X 
x =5 fo) 
x 
\ \ 
\ 
\ \ \ 
Ye \ \ 
\ * \\ 4 
SORT TN 2 ae 2 
-. A My 5. Here, y = x° + 1andy =./x —1 are inverse of each other. 
My ag * The shaded area is given K units 
Ne Ts \xty=1 = Area of the region bounded by y = x” + Ly =,/x —1 and 
aN M a (x + y —1)(x+ y —3) =0, is 2K units. 
: ‘{x+y=0 =x744 
‘. ; Y y= 
Xty=-1 
. Required area =2 
: V2 4 
2. Required area = 2[ f(x) dx _ 
y= x 
Let, f(x) =t>x= f(t) 
dx = f’(t)dt 
A=2[_ d ‘ 
=2 t- f’(t)dt 
I, (t- f° @) xXty=3 
1 
xt+ty=1 
-2|(' f 9) -fi1 Float ji 
0 
[ a F 4 _ft _ 
=2) fa) -f. ae a) 6. Given, [, f(x) dx I, g(x) dx =10 
7 (A; + Az + Ay) —(Ag + Az + Ay) = 10 
=2] f(1) -; og (1+ t’) | A, — Ap = 10 ...(i) 
0 


1 | e 
——log2;=1-log2=1 = 
| = °s(5) 


(se) (23) 
3. Here, E,: v2 


=1 


cm 
oO 
l=} 
go 
72 
loa 
jo} 
2. 
Fe 
© 
= 
S 
n 
a 
oOo 
QO 
or 
c 
5 
ll 
bo 
Il 
ll 
oT 


2 
Now, 2 = 2 = p?? = 97ui2 me 


> faa" 


Ya 


which simplifies to 


S,_(a+b)> 2 


+b 


=a-—b equation of PQ 


Q(-b,b”) 


y =a’+x(a—b)-a’+ab 

y =(a—b)x+ab 

‘ = [',(a—b)x+ ab— x’) dx 
(a+b)° 


S2 


6 ab (a+b) 
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x >1,y increasing and 0 < x <1, y is decreasing 


a ee, ee 
A=| fin x-1) dx 


| 
L 
Her 


fi? fF fe 


=) =3 In £)4¢=2— 23 ln 
a Cae ae | 

elie ses . sin2) fa 12 3 In3 -(8-2—In2) 
Ai) [ 8 a) |"L | 
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1 


3 19 
=7-3]n2+3In3—3in2+>—3In343in2=——3 In2 


11. Given, g(x) =2x +1; h(x) =(2x+ 1)? +4 


A(x) = fLa(x)] 
(2x+1)?+4= f(2x+1) 


Now, 


ya 
(0,4) P(2,8) 
y=nx 
fo) oe 
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Let axt+1=t => f(t)=t'+4 
f(x) =x? +4 ...(i) 


Solving, y=mx and y=x'+4 
x’°—mx+4=0 
Put D=0; m=16 => m=H+4 


Tangents are y = 4x and y = —4x 
A=2f [(x? +4)—4x] dx = 2 (x—2)*dex 
0 0 
2 
= ie _2)°| a ae sq units 
I 8 


12. y=-v-x => y? =-—x, where x and y both negative 


x=—/-y =x’ =-y, where x and y both negative 
Ya 
E = >X 
4 " 
y=-x ‘ 

Since, A= ae where, a = b =— 

fae 

3 
p a ag. 

f(x) 


Integrating, In f(x)=x+C, f(0)=15C=0 


YA 
O x 
+1 
= ‘« yit=0 


f(x=e f(x) =e +k, f(0)=0 > k=-1 
flx)=e*—1 

‘ x x71 
Area= | (e —1+1)dx=[e*], =e-1 


14. A =2f ti - 2 _(y?_1)] dy =2 


, x 


For point of inflectiony”=0 => x=2 
ri 2 
A= | (xe ‘dx =[-xe™] 5+ | e* =(-2e*)—(e*)2 


= —2e* —(e* -1) =1-e* —2e7 =1-3e” 


16. (a, 0) lies on the given curve 


0 =sin2a—V3 sina = sina =0or cosa = V3 /2 


T 
> a= re (as a > 0 and the first point of intersection 
with positive X-axis) 
T/6 . cos 2x tia 
and A= Le (sin2x— V3 sin x) dx =| -——— + 3 cosx 
0 


1... 3 1 7 7 
-( t ( +3) = V3 = 2 cosa 

4 2 2 4 4 

= 4A+8cosa=7 
17. x=1;y =2 
2=a+b+t+c 
x=0,y=0 >c=0 >atb=2 
% 


dy 


Now, — 
De 


=2ax+b=1 
(0,0) 


b=1,a=1 


. 2 
Hence, the curve is y = x° + x 


0 0 
A =| (x? + x—x) dx =| 1(x") de= — squnits 
2 2 an 


18. IF=e* 
yer = [e*(cos x —sinx) dx. Put —x =t 
— -| e'(cos t+ sint) dt=—e' sint+C 
ye =e sinx+C 


Y, 


0 ce 


Since, y is bounded when x = » = C=0 


y =sinx 
T/4 
Area= | | (cosx —sin x) dx = /2-1 


6x° 3x? 3 


19. [= [ox- 3x) dx =~ = 3x" —x3 =x7(3-—x) 


A, = I(2)-I(1) = 4-2 =2 units 
A, = I(2)-—1(3) = 4-0 = 4 units 
Ag = (3) — 1(4) = 0 —(-16) = 16 units 


=> One value of a will lie in (3, 4). 


Using symmetry, other will lie in (—2, -1). 
2 

20. Required area, A= | * (sin x—x)+2n) dx 
1 


2 
= — —2sq units 
9 q 


21. g(x)=| flx|)- 


(|x| —3), x<-3 


2|=||x|-1—-2|=||x|—3| 
f Fa eat x<—'3 
—(-x-3), -3<x<0 
—(x —3), 0<x<3 
x —3, x23 


=4-(|x|-3), -3Sx<3= 


hael=3 x23 


—x—3, x<—-3 
x+3, -3<5x<0 
—x+3, OS x <3 
x -3, x23 


Now, x’ —4y +8=0 


(-2+2V2, 0) 


For point of intersection, 
x’ —4-—x+3)+8=0 


=> x°+4x-4=0 
—4+./16 + 16 
=> x= : =-2+2,2 


‘, Point of intersection is at x =—2+ 2/2 
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“. Required area = 2 a aC e63)= [= | i 


2 pnat 22 1/ aye 
=| (4— 4x — x’) dx ==] 4x — 2x? — — 

aso 2| 3 |, 

a aes 6 x? age 

6 

= =[12 9432) =e 84 22) S42] 

=" [—24 + 24/2 —6(4+ 8-82) —(-8 + 16/2) + 24/2 — 48] 
=e[- 24 + 24/2 —72 + 48V2 +56 — 40V2] 


== [322 40] =" (4/2 ae 4 a2 5) 


22. Shaded region represents S$ 4S’ a area enclosed is 2 sq 
units. 


(0, -1) 


[po a 
23. Required area is 2 I, ex In x dx+ I, (1- 


fi=@=1)?) de | 


24. y =V2ax—x* = (x-a)’+y’? =a’ 
Let P(h,k) be a point, then BP > PN 
For the bounded condition BP = PN =k 


Now, AP =a-k=y(h—-a) +k? 
2 

=> pe 
2a 
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2 


Boundary of the region is y = x — aa. 
a 


2 2 
2 
Required area = al. x—~_|dx= 
0 2a 3 
25. f(x) =2x—-a. At (2, 4), f(x) =4-a 
1 
(4—a) 
Let point of intersection with X and Y-axes be A and B 
respectively, then 


4a-18 
As(-4a+180) B= (0, } 
a-4 


Equation of normal at (2, 4) is (y — 4) = — (x-2) 


F 9 
Since, a > — as 
2 


Area of triangle = , (4a 13) (42 —18) | 
2 (a—4) 
=> (4a—17) (a—5) =0 
= a=5 or W7 
4 


26. Max (f(x), g(x)} = ; [1 F(x) + g(x) +1 £2) - g(X)|I 


Min {f (x), g(x} = ; (F(x) + g()| | F@) - a0] 


Area =f" [max {f(2x), g(x)} — min { f(x), 0} dx 


27. Area bounded by parabola y = x’ -7x+ 10 and X-axis is given 


by 
5 5 9 
fle —7x + 10| dx = in x? +7x—-10| dx = ; sq units 


2 2 
28. Area bounded by the ellipse =~ + = = 1 will be the same as 
a 
oy? 
the area bounded by the ellipse — + x =1and tab 
be a 


.. Required area = 7 (2)(3)= 67 sq units 
29. OP=x 


d 
If slope is = then equation of tangent is 
x 


yee Minos 
dx 


10 


Length of perpendicular from origin to this tangent is 
Y- ge 
dx 


2 
1+(2) 
x 


30. «.. 


31. 


33. 


34, 


viis(2) -yer(2) a9 


Bi 208 
> ceed y [homogeneous form] 
dx 2xy 
Pxt+y?] 
i tee || 2 | yx? 
dx y xy xy 2xy 


Since, option (a) is true (equation of circle). 

If option (a) is true (b) can’t be (It is parabola). 

If option (a) is true, option (c) is also true where c = 1. 

sin? x <sinx, V x €(0,7) 

Therefore, area of y = sin’x will be lesser from area of y =sin x. 
Statement II is obviously true. 

Hence, (d) is the correct answer. 


Let the line y =kx +2 cuts y = x” -3 at x = anda =8, area 
bounded by the curves =| Gi —y2) =| ities 2) —(x” —3)} dx 
a a 


2 3/2 
=> f(x) A 


which clearly, shows the Statement II is false but f(k) is least 
when k = 0. 


Hence, (c) is the correct answer. 


. As of region bounded by parabola y” = 4x and x” = 4y is 


sq units 


4 
4 ; [4 37 32 16 16 
| ax * | dx=|—x?2-~ | = = 
0 4 3 12 - 3 3 3 
Hence, Statement I is false. 
As the area enclosed by |x| + |y| < ais the area of square 
(i.e., 2a”). 


..Area enclosed by|x + y| + |x—y| <2is area of square shown as 


y my=x 


1 
Area=4 [2x2 x2) = 8 sq units 


Also, the area enclosed by |x + y|+|x—y| <2 is symmetric 
about X-axis, Y-axis, y = x and y =—x. 

.. Both the Statements are true but Statement II is not the 
correct explanation of Statement I. 


[ (fl) go} dx 


is true for all quadrants. 


.. Statement II is false. 
The area bounded by y = x(x-1) andy = x(1—~). 


y = x(x-1) 


m7 


‘ey =x (1-9) 


1 
Area enclosed = 2| x(1—x)dx=2 | 
0 2 


oe 


35. Since, absolute area 


=f" h(x) dx+ [™ —h(x) dx+ [f° h(x) dx 


=y fo" Cay Ae) dx 
r=0 7 


36. Also, 4) =x3>n=2 


: te 1 
37. Required area = | sin” txdx — [, log. x dx = ; 


YA 


>X 


2 
x x 


3 


3 


11 


2 
x =—axrl 
38. f(x) = ——_ 
x“ +ax+1 
For differentiation, better write f(x) as 
2ax 
(fee 
x“+ax+1 
2a(x” —1) 


39. 


Now, on differentiation f(x) = > 
(x + ax +1) 


fUst=f A) 
Then, the options (b) and (d) are eliminated. 
Again, for the differentiating Eq. (i) gives 
(x? +. ax+1)?-2x -(x?-1) 


oq 2k + ax +1) (2x +a) 
(x? + ax+1)! 

4a mq\ 44 

joe (2+a)° 


f(x) = 


reys 


Combining both f”(1) (2+ a)’ + f’(-1)(2—a)’ =0 


(x? -1) wg = WEFD) 
(x? + ax+1)* 7 (x? + ax+1)* 


f(x) =2a 


If is easily seen that f(x) decreases on (—1,1) and has a local 
minimum at x = 1, because the derivatives changes its sign 


from negative to positive. 


40. -. 


41. 
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; “(e*)e* 
(xy - LOS 
1+e 
2a -(e?* —1) 
(e** +.ae* +1)" 


& 
fe*)= 


Now, 


It is seen from the above that f’(e*) and so g’(x) is positive on 
(0,cc) and negative on (—-, 0). 


Clearly, x =a sin? Ly =a cos’ t, (0 <t<2m) 


an . 3 ae) : 
s=| a sin” t-a-3 sin“ t(—sin t) dt 
0 


n/2 
=-3q" x | sin‘t cos” t dt 
0 


5 \3 3 1 1 
Ae yin x Vn 
=-ga?x 4/2 __ 9422 2 _2 


esac 2X3X2x1 
2 
3 3 
2 = Tq? [absolute value] 


=-=ta 
8 


42. S= -["% (1 —cost)a(1—cost) dt 


on 
a -a" | (1-2 cos t+ cos”t) dt 
0 


2n 1+ 2t 
= a’| (1 2 cost ( = ) dt 
0 2 


2 

a an 
cos2t]> 

2 


=-3ta’ =3na’ 


on 
| [3-4cos t 
0 


{absolute value] 


t? 


t 1 1 
43. x =-(6-t)=-(6t-t’), y=—(6-t) =’? -0 
x if t) Fume at t) rs t’) 


ot 1 
Area =| — (6 —t)-—(12t — 13¢”)dt 
03 8 
1 76 fe 
=—| (t* + 24t? — 1007) dt =—|—+ 86 - 
840 8} 5 


ais + 1728 3240 |= BU ja 
8| 5 \5xe 5 


sq units 


44, (A) Required area = 4s 


s= [ret sin x) dx-["x dx 


2 mn 
=—-— cost + cos 0-— =2sq units 
2 2 


y=x 


y=f(x)=x+sin x 
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1 
(B) Required area = 2] xe* dx = 2[xe* —e*], =2 


Ya 


(C) y? = x* and|y|= 2x both the curve are symmetric about 
Y-axis 


4x° =x? >x=0,4 
4 16 
Required area = 2{ ; (2x—x*) dx = = 


(D) Vx + fly] =1 


Above curve is symmetric about X-axis 


A 
(0,1) 


> 
(1,0) 


ly] =1-Jx and Vx =1-,/|y| 
> for x > 0,y > 0, ./y =1-vx 


2. 
2Jy dx avx 
ay. |2 
dx y 
YY <9 

dx 


1 1 
Function is decreasing required area = J (evx —2x)= 2 


45. (A) The area = 2 unit 
(B) Area enclosed = [; sin x dx =2 


(C) The line y = x + 2 intersects y = x” at x =—1and x =2 


The given region is shaded region area 


15 


2 9 
| x dx= 
2 “1 2 
(D) Here, a? =9,b? =5, b® =a’ (1-e”) 


4 2 
2 ee 


> e 


9 3 


9 
x-intercept = 5 y-intercept = 3 


9 1 
aR eee orn ee eS 


46. Y, 


>X 


1 5 
Area is given by A = af (x —3x + 2) dx = 
5) 
> 3A+2=3-2 4257 
"ge 5 1 
47. Fore <1;{ (8x° —x°) dx == 
c 3 


8 
=> - 


J 8. cl 16 8 1 17 
> c + = + —= 

3 6 | ia oe ae 
=> c=-1 


Again, for c 2 1 none of the values of c satisfy the required 
condition that 


16 
[[@x? — 2°) de => => ¢F2=1 
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5 <2 3/%x; >0 
48. y= * ‘i and y = oma 51. Clearly, 
4-x; x —3/x x<2 


Required area = PORSP = Area PORP + Area PRSP 


mG 2) dx hfe x) a 


>X 


| (0,0) iM N (3/2,0) (2,0) 
(3/4,0) (1,0) 


Since, 2x + 2y =3; passes through A (. :) and B (;. : 


so bounded area A 
= Area OAB = 2 [Area OCM + Area CMNA - Area ONA] 


5 
49. AEE An ee) f1 3 3 1/3 1 1 lf! 15 

eee =A, xXx—x—+ ( + J (ex al” 

Equation of BCy —5= (x-4) sy =-x+4+9 72 as ps “ 
6-4 => 24A =5 

0-3 
Equation of CAy -3= A (x -—6) Sy =— > (x- 2) 52. f(x)= min{ sn” x, cos ',x 2 x €[0,1] 
R ined 1/2 _ 1 3 - 
Peeled 5 Area = | sin’' x, dx + — ole a" [ cos |x dx 
2\ 2 V3/2 


54 6 3-6 
= AG 2)dx +f (x —9) dx ae 2) dx 
F ; =(xsin"'x +41 x? yh? + nel 
5 f(e—22t Foe-92 P30 Ge -2)? | ; 
, 2 |, 4] 2 | aa x-V1-X°) Bi 
2 Fy 
V3) + V3 — 1 _v3=1 


[4’ — 0] “9 AU 2 2 


iw} 


> f92 2 3 
5 0] rie (-5)"] ; i = ; 
5 3 s _ __a- 
a aoe a er al) Se Care an an 
1 3 . 35 a=9,b=6 >a-b=3 

=: 5 16] ae a . 
53. Given, f|—|= - i 
50. If[|x|]=1and[|y|]=0, then1 <|x|<20<|y|<1 nee r(2) ae " 
> x €(-2,-1] U[1, 2), y €(-1, 1) 


If en Now, (2) = jn LENS) 


Putting, x =y=1, f(1)= 


h>0 h>0 


3 x [ as FERS) 


x70 x 


Ke) 


.)/s SX ne 


>X 


SW 
inn 


(e) 


Then, x €(-1, 1), y €(-2, yy U [1,2 
1 —(-1) 


— 
a 


Area of required region = 4 (2 — 1) =8 sq units 
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54. 


55. 
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> f (x) =3 log x+¢ 
Putting x=1> c=0 
=> f (x) =3 log x=y [say] 


Required area =| > x dy= | > 9y3 dy =3[e??]3., 
=3(e — 0)=3e sq units 
According to given conditions, 
[, LF G0 = G4 = 4x] de =k f (ex? = 2°) - f CO] dx 
Differentiable both the sides w.r.t. t, we get 
fa)-@ -4t)=k(@r -f)- FO) 
or (+k) f(@t)=2ke—-ke +t? 42’. 


= f= tt" — kt? + (2k — 4) 2} 


Hence, required f is given by; 


f (= [x4 kx? + (2k — 4) x] 


fs|t—1/=|¢| + e+ 1] 


[ o£ 1<-1 
2+t, -1<t<o 
ad fO= 2-t O<t<1 
t, t>1 
Ya 


= -12 0] i2 1 1% 2 


Casel 


&(x)=max {f(f):x+1<t<x+2} 
=f (x+1)=-x-1,x<-5/2 


1 5 
Case II Se rece eros 


g(x)=f(x+2)=4+x%,-—<x<-2 
Case III 0<x+2<1>-2<x<-l1 
g(x) =2 


CaseIV 1<x+2<3/25-1<x<-1/2 
g(x)=f(x+l)=1-x 

CaseV x+2>3/2>5x>-1/2 
g(x)=f(x+2)=24x 


f-—x-1, x<-5/2 
44+ x, -—5/2<x<-2 
Hence, g (x)= 2, -2<x<-1 
1- x, -1<x<-1/2 
24+, x>-1/2 


56. 


57. 


5 
Now, required area = | ee (x) dx 


=|... (2) dx + i 


ode} 


1 3 
= s sq units 
It is easy to see that, 
[ e*, 0<x< log (3/2) 
3/2, log (3/2) < x < log (2) 
1+e*, log (2) <x <1 


Let A be the required area. Then, 


(log 3/2) log2 3 
A=| : ev dx+ f° dx + 
0 


1 
7 | (it+e*) dx 
log 3/2 2 log 2 


a 
=(e* ve 3/2 + > (x) bos? 
2 


log 3/2 
-(; 1 | > log 2 tog?) [ : log 2 + >| 
=|2- ts [45 )— 2 Joa ami 
f (x +h) — f (x) 
h 
tim LEG +AIs)- fe) 
h>0 h 


sf) jp, FOLDED FE) gig 
h/x x 


SHA 
+(x-e "eee 


f’ (x)= lim 


7.0 ie 


a 0) O 


Integrating both the sides, we get f (x) = Cx’, since 
f@=+15>C=1, 


So, f(x)=x? 
2 
Now, sax? => x'+x7-2=0 
1+x 
=> e=1 3 x=Ht1 
[if 2 7 
Required area = 2 | 3 —x? |dx 
9 1i+x 
[ 3]! 1 
ature lt 
ail, l2 3] 


58. 


59. 


y(x+y°)dx=x(y? — x) dy 
=> xy dx+y* dx=xy' dy —x’* dy 


A 


snare honn4 --y=3n/16 


> 
i253 y 
> xd (xy) =x"y dy 3 ax 
x x 
2 
- abet z) = -S(2) 
(xy)? x x xy 2\ x 
At,x=4y=-2 
2 
So, ~=2( s) 4c = c=0 
8 2 2 
Hence, yi +2x=0 
So, f (x) =(-2x)” 


The second equation given is 


sin® x cos” x 
y= sin! Vi dt + i: cos | Vt dt 


1/8 /8 


=> y’=x-2sinxcosx+x-2cos x(—sin x) =0 


So, y is constant. 


‘ 1 
Put sin x = cos x = —= 


V2 


1/2 
Hence, y =|, (sin”! Jt + cos”! vt) dt 
1/8 


12 3 3 3 
~ (% )a-2.3=2%, and g(x) = 
18 \ 2 2 8 16 16 
’ 31 
So, we must find the area between y = f (x), y = ae 
1 
3 
30 1/ 3m 
At y=—3x= = P (sa 
4 16 2 ( 16 (say) 


30 


0 
Hence, area= [, ( ae + (2x)? dx 
1 


0) 
3m ee ai 1(3n)* 

= x+2°- = sq units 
16 4/3 8 \ 16 


A(R)+ A(S) _ ay + bz 
A(T) hx/2 
where h=a+b+c, the altitude of T. 


As in the figure 
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By similar triangles ee ; 
h bt+e ec 
a(b+c)x +p 
bo, ARF AG) _ h 
A(T) hx / 2 


== (ab + ac + be) 


We need to maximize (ab + bc + ca) subject toa+b+c=h 
One way to do this is first to fix a,sob+c=h-a. 

Then, (ab + be + ac) =a(h—a) + be 

and bc is maximized when b = c. We now wish to maximize 
2ab + b” subject toa + 2b =h. This is a straight forward 


calculus problem giving a = b =c = 1/3. Hence, the maximum 
ratio is 2/3 (independent of T). 


. Consider a coordinate system with vertex P of the isosceles 


APQR at (a, 0) and Q and R at (0, b) and (0, — b) respectively. 
A= a-2b=ab (i) 


Let the centre of ellipse be (, 0) and the axes be of lengths, 20 
and 2B. 


(x-a)" OL 


So, the equation of ellipse is 


Now, the line PQ is tangent to the ellipse. To apply condition 
of tangency, let us take a new system x’ y’ whose origin is at 
(@, 0). 


Then, x =x’ +Qandy=y’. 
2 7 2 


So, the ellipse becomes a +721 
a 


B? 
, , 


and the line PQ becomes = 


a 
2 2 
$0, (1-2) =a*(-2) 6° 
a a 
= B? =? ( co } ii) 


Now, area of ellipse=taB => A? =77x’B’ 


Using Eq. (ii), A” = 1°0"b? ( ia = f (x) (say) 


yaa "| 20. - | 
a 


607 


f’@=0 => 20 
a 
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Sines: f°" ay =n? 6 ( 2-22 ) ants? =(- ve 
a 
(at a =a/3) 
2 242 
a 2 a 2 2 TA : ; 
So, = <b" | 1 = using Eq. (i 
s($] 9 ( 5) 27 ! B Fa. 
Hence, (A) max _uA _v3n sq units 
3/3 9 


61. A, =|." {sin x — f (x)} dx =— [cos =|, Ff (x) dx 


=—(cosa-1)-[ f (x) dx =1-sina+(a—1)cosa (given) 


> — cosa ~ | f (x) dx =-sina+(a-—1) cosa 
> e(- f (x) dx =-sina+acosa 


— \, f (x) dx =sin a—acosa 


Differentiating w.r.t. a. 
f (a) =cos a—(cosa—asina)=asina 
f (x) =x sin x 

Now, y=sinxand y= f (x) intersects at 


=> asina=sina >(a-—1)sina=0 
= a=1 [as sina = 0] 
Hence, A, =1-sin1 


A=f" (x sin x —sin x) dx =m —1-sin1 
27 

As = | | xsin x —sin x|dx=3m —2 
TT 

62. Forx=1ly=b-5*+4=5b4+4 

d 

and a. 78 logs => 5b log 5 =40 log5 => b=8 
x 


The two curves intersects at points where 
8-5% +4=25* + 16 


=> 5°°*-8-54+12=0 > x=log; 2, x =log, 6 
Hence, the area of the given region; 


log ; 6 Pe % 
=| {8-5* + 4—(25% + 16)} dx 
log; 2 


log ; 6 - - 
=| (8-5* —25* —12) dx 
log 5 2 
1 6 
[ g.5* 5x |e 
= 12x | 
log, 5 log, 25 er 
— 516s 36 g.5 lbs © 


- 12 (log ; 6 — log , 2 
log. 25 log, 5 (log s 652) 


5lo8s 4 g.5 lbs 2 


+ 
log. 25 ~— log, 5 
— 36 48 4 16 

= : 12 [logs 3] + 

2log.5 log.5 2(log.5) (log, 5) 
aw log; 3 =4 log; e* — 4 log, 25 

log, 5 

pice © Ieee 
= oO — |sq units 

85 l 27 | q 


63. By the symmetry of the figure circle(s) of maximum area will 


have the end point of diameter at the vertex of the two 
parabola. 


1 1 
=> Radius of circle = 5 x AB= ‘i x8 = 4 units 


3 
So, the area of shaded region = 4 x | (3 + 2x — x’) 
1 
; 16 : 
area of circle = 4 ( rag 4t sq units 


3 
a 


64. Area of AAOB =2x{ 2S xa! |- : 


~a/2 


/2 3 
Area= Area OCBD — \, 4x? dx = = - - = = 


Area of triangle 


m 
x0 Area between the line and parabola 


1 
65. Required area = ; x 2X2=2 sq units 
Ya 


(+1, 2) (1,2) 


[ (V2) 
2 


7 
66. Required area = 4 x | (m —2) la sq units 


67. 5 sq units 


69. 


70. 


AY 


3 WL 

2 L| 

WL, 

0 1 2 3 TD) e 


1 7 
Area of the circle = 1 x > = = sq units. 
. Tt : 
Required area = ( 2- : sq units 


al #l.j piiegitl-* <4 (i) 
Clearly, this region is symmetrical about X and Y-axes. 
Let x < 0, Eq. (i) gives, 

2*-y+2* <1 


x1 
= gic ager 
2% 2 
Ya 
x=1/2 


Clearly, bounded region in the first quadrant is OABC. The 
required area is 4 times the area of the region OABC. 


1/2 
1/2 _ 1 g°* 
Required area = 4 I, (2 . +) dx=4 [- a : 
n 


0 
-|40 oN?) Jog ait 
n 


Pair of lines y? —3y +2=0 
=> Lines are y =2,y =1. 
Let [a]J=b 


71. 
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b 
Now, curves are y = bx’ and y= > x? 


Ya y = bx° 


Bounded area = 2 


[Ge = addy | 
fea 


= ae 1 ye] 
b 3/2 Vb 372 | 


ll 
i) 


=—*_ (2-1) y™)?=—_ Wa -1) ev2 


4 
3Jb 3b 
Area will be maximum when b = [a] is least. 
Asa=2 = [d]least =1 = 1S a<2 
Since, f ’ (x) < 0 = f (x) is a decreasing function and also 


f(x) >0= f (x) is concave upwards. 
Hence, the graph of the function y = f (x) is as follows : 


Ya 


> X 


123 45 n-1n 


(ii) 
Let S; denotes the shaded area in figure (i). 


= S.=fQ)+f@+...+fM= VY FO-FM) 


r=1 


From the figure (i) it is clear that, S; < f, . f (x) dx 


- ts ee 
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=> 


y Fo<|" f@de+ 60) 


Let S, denotes the area of the shaded region in figure (ii). 


...() 


1 1 , 
> s.=(5/0+£@ )+26@+ Foye... x ~9 (-4,0) A E(-3,0)/OD 6 x 
1 
ea ter FU) 
=[(F0)+ f@)+ FG) +...+ fa-)+ f@)] a 
= (f (1) + f (n)) .. Required area = Area of trapezium ABCD 
= y f(r)- + FHS 1 f (n) a — Area of ABE under parabola 
r=l 2 2 — Area of CDE under parabola 
From figure (ii) it is clear that; - ; (a +.2)6) -f al (e+ 3) dxf NG +F3) dx 
Su>| f(x) dx r 3 ; 
n 1 hn 15 |(-3-—x)*” (x +3)°” 
> EPO Cie], f (x) dx : 3 3 
a . ; o wlkg - 1 
=) fr)>]. i epee OU ie Ee) =15 21) 4) 2g p]a 1521615 18 3 
= ; 1 - 2° 3 3 2°53 3° 2 8 2 
fc I ees 2 PY) tl) 73. Since, F’(a) + 2 is the area bounded by x = 0, y = 0, y = f(x) 
From Eqs. (i) and (ii), we get and x =a. 
1 A n a “flx)dx = F’ (a) + 2 
M+)" feae<y foy<f." fed ar+ fo, I 
r=l Using Newton-Leibnitz formula, 
72. Here, {(x, y) € R?: y =x +3], 5y <(x + 9) <15} fla) = F(a) and f(0) = F’(0) (i) 
x? / 
y 2 yfxt3] Given, F(x)={* *""2cos*tat 
=n y2 | Vx +3, when x2—3 On differentiating, 
(reas Wee ees F’(x) = 200s» + *) 2% —2cos’x-1 
2s x +3, when x >-3 6 
or yey 3 — x, when x <—3 Again differentiating, 
Shown as F’(x)=4 feos! + *) —2x coo x + 2) sin( x2 + *) ax} 
y2=-x-3 AY 
yP=x+3 + {4 cos x-sin x} 
= feos + *) — 4x? cos{ x! + *) sin( x + =) 
6 6 6 
x ~X + 2sin2x 
3 0 (tn 
F’(0) = 44 cos (=) =3 
¥ i 6 
Also, 5y $(x +9) $15 f(0) =3 
> (x + 9) 25y and x <6 ; 2 
ee aorak 74. Let equation of tangent to parabola be y = mx + — 
m 
1Y It also touches the circle x” + y? =2. 
= 2 
(0, 9/8) |=) —__* a2 
| ml+m 
P= | *X 4 2 4 2 
(-9, 0) 0 => mt+m =2 > m +m -2=0 
oer => (m? —1)(m? + 2)=0 
> m=+1,m’ =-2 [rejected m? =—2] 


o {(x,y) eR? :y =x + 3], Sy <(x +9) $15} 


So, tangents arey =x+2,y=—x-2. 
They intersect at (—2, 0). 
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Since, x? <x when x € [0,1] 
> ~x?>-x or e* De® 
Je axe e * dx 
=<, 1 : 
— S >-(e*), =1-- ...(i) 
e 
Also, [eax < Area of two rectangles 
Equation of chord PQ is -—2x =2 = x=-1 . i ; , 
Equation of chord RS is 0 = 4x -2) > x=2 s (1x35 [ +5) 
«. Coordinates of P, Q, R, S are 1 1 1 
ei gt ied _ 
P(-1,1), Q(-1, -1), R@, 4), $2, —4) stot +) 7) 
: (2+ 8) x3 ‘ 
*, Area of quadrilateral = ————— = 15 sq units 1 1 ( 1 ) 
: 1 2S21 from Eqs. (i) and (ii 
75. To find the bounded b f(x) and (x) ee 2 : | = ” 
. To find the bounded area between y = f(x) andy = g(x 2 . 
between x =ato x =b. ee jit arias eal) 
y ; b b 
Using f f(x)dx=[ f(a+b—x) dx 
2 
R =| — x) f(l—x) dx 
2 oo 
R= ) (1 — x) f(x) dx ...(ii) 
O| om ‘ 


-. Area bounded = ft g(x) — f(x)]dx + it f(x) - g(x) ]dx 


b 
= | LF (x) - a(x)|dx 
T 
Here, f(x) =y =sinx + cosx,when0<x< = 
T 
cosx—sinx, 0<x<— 
and = g(x) =y =| cosx —sinx|= , 
sin x — cosx, <x< 
could be shown as 4 2 78. 
Y 
WB f(x) y=sinx + cosx 
= V2 sin (x+ n| 


n/4 n/2 


wT /4 
.. Area bounded = I {(sin x + cos x) 


+ Irak 


u/4_ T /2 
=| asin xdx + | 2cosxdx 
0 Tt /4 


—(cosx —sinx)}dx 


sin x + cosx) —(sinx — cosx)}dx 


wT /4 mu /2 


m/4 
= 4-2,/2 =2./2(V2 —1) sq units 
76. Graph for y =e* 


=—2[cosx],"° + 2[sinx] 


79. 


[f(x) = fl — x), given] 
Given, R, is area bounded by f(x), x =—land x =2. 


2 
R= [ f(x) dx 
On adding Eqs. (i) and (ii), we get 


...(iii) 


2R, =| ° fe) x) dx (iv) 
From Eqs. (iii) and (iv), we get 
2R, = R, 


Here, area between 0 to Dis R, andbto1 +i R,. 


ik (i — x)? dx—f. i=) deen 


4 
" fa—x) fa-x3?T 1 
[3 |, | -3 [74 
= - 5 [0 8)" 1] + 5 [0-0 -b)']=2 
a oe ee 
== COS Pa 
ee 
= (-b) =. 
1 1 
> Ca, > =~ 


Shaded area = e — (i. eds =1 


Also, [, e+ 1-y)dy [pute+1-y=t= —dy =di] 


Y 
e yee 
it 
1 
x 
0 1 
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m/4{ /1+sin x 1-sinx 
Required area = | i dx 
0 cos x cosx 


[ 1+sinx 1 -sinx | 
s > >0 
cosx cosx | 
x 
2tan— 2tan— 
1+ L= 
2 2 
aia 1+ tan” — 1+ tan” — 
=|, 2 2 dx 
1-tan’— 1—tan’— 
1+ tan?~ 1+ tan? — 
x x 
nid 1+ tan 1—tan 
=| 2 2 dx 
0 x x 
\2 tan 1+ tan 
2 2 
x x 
1+ tan——1+ tan— 2 tan — 
nm/4 T/4 2 
= dx={ dx 
0 9X 0 2x 
1—tan*— 1 — tan“ — 
2 2 
1 
Put tan == => —sec’ * dx =dt 
_ op tan— 4t dt 
o ath) ji-t 
v2-1 4t dt 
As | [. tan — = V2 -1] 
G44) a)l =e? 
Given, y?-3y + x=0 
d d 
=> aay 23 Seis (i) 
dx dx 
a dy\ . d? 
=3y"| <7 146 ( 4 $22 0 ...(ii) 
dx dx dx 
At x=-10 V2, y =2v2 
On substituting in Eq. (i) we get 
dy dy dy 1 
3(2/2)° - 341-0 > 
( ) dx dx dx 21 


Again, substituting in Eq. (ii), we get 


d’ 1 2 d? 
sora? © + 6 av2)-(-1) -3.99 
dx 21 dx 
d’y 122 
> 21-—  =-—,| 
dx (21) 
d*y -12/2_ -4V2 
~ 2 3 3.42 
dx (21y) 7-3 


82. Required area = [y dx = [Fe dx = [ f(x): xP - ['Feox dx 


= bf(b) — af(a) — f Fx)x dx 


= 6f(6)~ afte) + J a 
Ce ee | 
Oe Fy FOP = 


83. Let I = [,¢@ dx = [g(x)]by =g(1)- g(-1) 


Since, y>-3y+x=0 
and y =8 (x) 
{g(x)} —3g(x) + x =0 
Atx=1,  {g(1) -39(1)+1=0 
At x =—1, {g(—1)} —3g(-1)-1=0 


On adding Eqs. (i) and (ii), we get 
{gQ)}’ + {g(— 1} -3 {g 1) + g(- 1} = 0 
= [g()+ g(-1D]Kg@)}’ + {g(- D}’ - g@)g(-1) - 3] =0 
>= g(1) + g(-1) =0 
= g(1) =- g(-1) 
T= g(1) — g(-1) = g(1) -{-g(1)} = 20) 


2 
84. Required area = [; (1+ Vx)dx + [; (3 — x)dx — i dx 


Yp 7 
(0, 3) aay 14x 


X’< 


85. Given equations of curves are y” = 2x, 
which is a parabola with vertex (0, 0) and axis parallel to 
X-axis. 
And x+y =4x 

which is a circle with centre (2, 0) and radius = 2 

On substituting y? = 2x in Eq. (ii), we get 

x°4+2x=4x = x°=2x 

> x=Oorx=2 

=> y=0ory=+2 


Now, the required area is the area of shaded region, i.e. 


YA 


yy 
fa circle 
4 


. Area 0 
Required area = 


[vex dx 


(i) 


[from Eq. (i)] 


...(ii) 


[using Eq. (i)] 


CY x0 2dx = t— says “al 


“as [2/2 -0]= (= =| sq units 


86. Given region is {(x, y): y? <2x andy > 4x —1} 


y® <2x represents a region inside the parabola 


y? =2% veal) 
and y = 4x — 1 represents a region to the left of the line 
y=4x-1 ...(ii) 
The point of intersection of the curve (i) and (ii) is 
(4x —1)?=2x 
=> 16x" +1-8x =2x 
> 16x’ -10x +1=0 
1 
=> x=-,- 
2 8 


‘ : 1 
*, The points where these curves intersect, are (3) and 


(3) 


>X 


i [yet oy 
Hence, required area =| wl apse dy 


f ") sed 


{3 3 AF 1.15 3. 9 
4l2 38) olss 4 8 16 32 
87. Given equation of ellipse is 

2 2 

x y r 

—++=1 ...(i) 

9 5 ( 

a’ =9,b° =5 5 


Now, 


feel 


(+ 2, 0) and Coe 
a 


Foci = (tae, 0) = P 


5 —5 
+. Extremities of one of latusrectum are (2 ;) and (2 =} 


5 
*, Equation of tangent at (2 ;) is, 
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YW’ 
or 2x+3y =9 wii) 
9 
Eq.(ii) intersects X and Y-axes at (2. o and (0, 3), respectively. 
.. Area of quadrilateral = 4 x Area of APOQ 


1.9 
=4x(5x2 x3}=27 sq units 


88. Given, A = {(x, y): x? + y* <1landy? <1- x} 


AY 
X’< > xX 
(-1,0) (0,1) 
yY 
1. al 
Required area = +2] (1 *\dy = 242 y 
q ris [; ( y=) [ 3 ) 
ecae 
2. 3 
89. Given curves are y = Vx 42:(1) 
and 2y—x+3=0 ...(ii) 


On solving Eqs. (i) and (ii), we get avx —(Vx)?+3=0 


=> (Vx) —2Vx -3=0 
=> (Vx —3) (Vx +1)=0 
> Vx =3 [Vx =—1is not possible] 
=> y=3 
; 3 3 5 
. Required area = I, ( line — curve) dy = Ip {(2y + 3)-—y*}dy 
[ 2 yt 
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90. Given Two parabolas x” = 7 and x” =9y 


To find The area bounded between the parabolas and the 
straight line y = 2. 


The required area is equal to the shaded region in the drawn 


figure. 
Me 
A y= Ax? 
alge 
Y=9 a 3n/2 
y=2 O n/2 
R ired m/4 7 d 5u/4 d 
Xx equire area= | (cosx —sin x) dx + len (sin x — cos x)dx 
3/2 
+] (cos x —sin x) dx 


51/4 
The area of the shaded region (which can be very easily found 


by using integration) is twice the area shaded in first quadrant. 


Required area = 2 Kea - a dy =2 I, é iv) dy 93 


cy 


=[sinx + cosx]*/* + [-cosx—sinx] 


= (4/2 —2) sq units 


51/4 
1/4 


3m /2 


+[sinx + cosx]eni7 


. The equation of tangent at (2, 3) to the given parabola is 
x=2y-4 
[y32P* 49 


=5 _ 93/2 0)= 
| 372 | 3 ( ) 3 
y=0 


1 
91. Given, y=x,x=eandy=-—,x>0 
x 


Since, y=xandx20 => y20 


.. Area to be calculated in I quadrant shown as yt V- 2)? = («= 1) 
Y 3 
.. Required area = I, {(y —2)? +1-2y + 4}dy 
ly -2) ik 
a 2) aay? +5y| 
3 
0 
— 15+ Buby units 
Xs 3 3. 4 
94. Given, equations of curves are x+3y" =1 .. (i) 
a a 
Area = Area of AODA + Area of DABCD and erey =O -+ (ii) 
at (1x1) + i de ie On solving Eqs. (i) and (ii), we get 
2 1x y =tlandx=-2 
1 
— ; + (log |x|); “. Required area = [ics —x)dy 
1 
= = + flog |e| ~ log 1} [:- log Jel = 1] 
at ape units 
2 2 
92. Graph of y =sinx is 
tY 
7 an/2/(_ 
ae on j2 an a 2 2 i 2 
= 1 = _ = _ 
a4 -|[/a-sy?-+2y%ay]=|f0-y<y| 
1y’ 


37 


r 
and graph of y = cosx is =|2{ a-y')dy]- ay , | = 
0 


1 4 ; 
2 ( ai =— sq units 
3 3 
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A differential equation can simply be said to be 
an equation involving derivatives of an unknown 
function. For example, consider the equation 


a + xy = x? 

dx 
This is a differential equation since it involves the 
derivative of the funtion y(x) which we may wish to 
determine. We must first understand why and how 
differnetial equations arise and why we need them at all. In 
general, we can say that a differential equation describes 
the behaviour of some continuously varying quantity. 


Scenario 1 : A Freely Falling Body 
A body is release at rest from a heigh h. How do we 
described the motion of this body? 


The height x of the body is a function of time. Since the 


2 
acceleration of the body is g, we have as £ 
dt’ 


This is the differential equation describing the motion of 
the body. Along with the initial condition x(0) =h, it 
completely describes the motion of the body at all instants 
after the body starts falling. 


Scenario 2 : Radioactive disintegration 
Experimental evidence shows that the rate of decay of any 
ratioactive substance is proportional to the amount of the 
substance present, 


Session 1 


ie. —=-Am 


where m is the mass of the radioactive substance and a 
function of t. If we know m(0), the initial mass, we can use 
this differential equation to determine the mass of the 
substance remaining at any later time instant. 


Scenario 3: Population Growth 

The growth of population (of say, a biological culture) in a 
closed environment is dependent on the birth and death 
rates. The birth rate will contribute to increaseing the 
population while the death rate will contribute to its 
decrease. It has been found that for low populations, the 
birth rate is the dominant influence in population growth 
and the growth rate is linearly dependent on the current 
population. For high populations, there is a competition 
among the population for the limited resources available, 
and thus death rate becomes dominant. Also, the death rate 
shows a quadratic dependence on the current population. 


Thus, if N(t) represents the population at time t, the 
different equation describing the population variation is of 
the form 

. AN -A,N? 

dt 


where A, and A, are constants. 


Along with the initial population N(0), this equation can 
tell us the population at any later time instant. 


Solution of a Differential Equation 


These three examples should be sufficient for you to realise 
why and how differential equations arise and why they are 
important. 

In all the three equations mentioned above, there is only 
independent variable (the time ¢ in all the three cases). 
Such equations are termed ordinary differential 
equations. We might have equations involving more than 
one independent variable : 


ee :, ; seat He 
where the notation — stands for the partial derivative, i.e. 


oF Ox 


the term — would imply that we differentiate the function 


x 
f with respect to the independent variable x as the 


variable (while treating the other independent variable y as 


a constant). A similar interpretation can be attached to —. 


Such equations are termed partial differential 4 


equations but we shall not be concerned with them in 
this chapter. 


Consider the ordinary differnetial equation 


dx? dx 
The order of the highest derivative present in this 
equation is two; thus we shall call it a second order 
differential equation (DE, for convenience). 
The order of a DE is the order of the highest derivative 
that occurs in the equation 


Again, consider the DE 


The degree of the highest order derivative in this DE is 
two, so this is a DE of degree two (and order three). 
The degree of a DE is the degree of the highest order 
derivative that occurs in the equation, when all the 
derivatives in the equation are made of free of 
fractional powers. 


2 2 
ay 1+x ay =k 
dx dx? 


is not of degree two. When we make this equation free of 
fractional powers, by the following rearrangement, 


2 2 2 
id 1+ ik-x a 
dx dx? 
we see that the degree of the highest order derivative will 


become four. Thus, this is a DE of degree four (and order 
two). 


Finally, an n™ linear DE (degree one) is an equation of 
the form 


n n-1 
d d 
V +a +.+Gq 1 +a,y=b 
ba a dx 
where the a/s and b are functions of x. 


Solving an n™ order DE to evaluate the unknown function 
will essentially consists of doing n integrations on the DE. 
Each integration step will introduce an arbitrary constant. 
Thus, you can expect in general that the solution of an 
n" order DE will contain n independnet arbitrary 
constants. 


By n independent constants, we mean to say that the most 
general solution of the DE cannot be expressed in fewer 
that n constants. As an example, the second order DE 

S. +y=0 

dx? 
has its most general solution of the form 

y=Acosx + Bsin x. .(1) 

(verify that this is a solution by explicit substitution). 


Thus, two arbitrary and independent constants must be 
included in the general solution. We cannot reduce (1) toa 
relation containing only one arbitrary constant. On the 
other hand, it can be verified that the function 


x+b 
y =ae 
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is a solution to the second-order DE 
d°y _ 


dx? 
but even through it (seems to) contain two arbitrary 
constants, it is not the general solution to this DE. This is 
because it can be reduced to a relation involving only one 


arbitrary constant : 


+b b 


= x = x = x = b 
y=ae~ =ae*.e’ =ce* (wherec=a-e’) 


Let us summarise what we have seen till now : the most 
general solution of ann" order DE will consist of n 
orbitrary constants; conversely, from a functional relation 
involving n arbitrary constants, an n™ order DE can be 
generated (we shall soon see how to do this). We are 
generally interested in solutions of the DE satisfying some 
particular constraints (say, some initial values). Since the 
most general solution of the DE involves n arbitrary 
constant, we see that the maximum member of 
independent conditions which can be imposed on a 
solution of the DE is n. As a first example, consider the 
functional relation 


y=x" +c,e* +c,e°* (i) 


This curve’s equation contains two arbitrary constants; as 
we vary c, and c,, we obtain different curves; those curves 
constitute a family of curves. All members of this family 
will satisfy the DE that we can generate from this general 
relation; this DE will be second order since the relation 
contains two arbitrary constants. 


We now see how to generate the DE. Differentiate the 
given relation twice to obtain 
y’ =2x +2c,e* +3c,e>* (ii) 
y” =2 +4c,e"* +9c,e°** ...(iii) 
From Eggs. (i), (ii) and (iii), c; and c, can be eliminated to 
obtain 


e-* e>* x? -y 

2x 3x , 

2e 3e 2x-y 

4e2* 9e>* 2 -y” 
a a a -y 
= 2 3 2x-y’ 
4 9 2-y” 


=> 6-3” -18x + 9y’ +8x —4y’-442y” +7x" —6y =0 
...(iv) 


This is the required DE; it corresponds to the family of 


curves given by Eq. (i). Differently put, the most general 
solution of this DE is given by Eq. (i). 


=> y” —5y’ + 6y =6x* -10x +2 
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As an exercise for the reader, show that the DE 
corrersponding to the general equation 


y = Ae”™* + Be* +C 
where A, B, C are arbitrary constants, is 

yy” -3y”" +2y’ =0 
By expected, the three arbitrary constants cause the DE to 
the third order. 


Example 1 Find the order and degree (if defined) of 
the following differential equations : 


2 3 
(i) y=1+ yy re yy ra yy + 
dx) 2!\dx 3!\ dx 


ee edy/dx 
dy 
— —=lIny. 
dx z: 


Hence, its order is 1 and degree 1. 


(ii) The given differential equation can be rewritten as 


Hence, its order is 3 and degree 2. 
(iii) Its order is obviously 2. 


Since, the given differential equation cannot be 
written as a polynomial in all the differential 
coefficients, the degree of the equation is not defined. 


Example 2 Find the order and degree (if defined) of 
the following differential equations : 


, {d*y —_fdy . d’y _. (dy 
(i) he ms (ii) ae sn 
d 


(iii) = Bx +5 
dx 


Sol. (i) The given differential equation can be rewritten as 


3 2 
ay) _ [+3] 
dx” dx 


Hence, order is 2 and degree is 3. 

(ii) The given differential equation has the order 2. Since, 
the given differential equation cannot be written as a 
polynomial in the differential coefficients, the degree 
of the equation is not defined. 


(iii) Its order is obviously 1 and degree 1. 


Linear and Non-linear 
Differential Equation 


A differential equation is a linear differential equation if it 
is expressible in the form 


n n-1 n-2 
ag a y +a, a y z y 
n n-1 n-2 
dx dx dx 


where do, 4, 4,...,a, and Q are either constants or 
functions of independent variable x. 


Kt tae 
dx 


Thus, if a differential equation when expressed in the form 
of a polynomial involves the derivatives and dependent 
variable in the first power and there ae no product of 
these, and also the coefficient of the various terms are 
either constants or functions of the independent variable, 
then it is said to be linear differential equation. otherwise, 
it ia non-linear differential equation. 


3 2 
The differentiable equation ay 6 ae 4y =0, is 
dx* dx? 


a non-linear differential equation, because its degree is 2, 
more than one. 


3 2 
e.g. The differential equation, (=) +2 (2) +9y =x, 
dx 


is non-linear differential equation, because differential 


coefficient ra has exponent 2. 
x 


e.g. The differential equation (x? + y*) dx —2xydy =Oisa 
non-linear differential equation, because the exponent of 
dependent variable y is 2 and it involves the product of y 


and By. e.g. Consider the differential equation 


dx 
2 
ey = a +6y =sin x 
dx? dx 


This is a linear differential equation of order 2 and degree. 


Formation of Differential Equations 


If an equation in independent and dependent variables 
involving some arbitrary constants is given, then a 
differential equation is obtained as follows : 

(i) Differentiate the given equation w.r.t. the 
independent variable (say x) as many times as the 
number of arbitrary constants in it. 

(ii) Eliminate the arbitrary constants. 


(iii) The eliminant is the required differential equation. 
i.e. If we have an equation f (x, y,c;,C2,...,C,) =0 


Containing n arbitrary constants c,,C),C3,...,C,, then by 
differentiating this n times, we shall get n-equations. 


Now, among these n-equations and the given equation, in 
all (n + 1) equations, if the n arbitrary constants 
C1,C2,C3,.-.,C, are eliminated, we shall evidently get a 
differential equation of the nth order. For there being n 
differentiation, the resulting equation must contain a 
derivative of the nth order. 


Algorithm for Formation 
of Differential Equations 


Step I Write the given equation involving independent 
variable x (say), dependent variable y (say) and the 
arbitrary constant. 

Step II Obtain the number of arbitrary constants in Step 
I. Let there be n arbitrary constants. 

Step III Differentiate the relation in step I, n times with 
respect to x. 

Step IV Eliminate arbitrary consstants with the help of n 
equations involving differential coefficients obtained in 
step III and an equation in step I. 


The equation so obtained is the desired differential 
equation. The following examples will illustrate the above 
procedure. 


Example 3 Form the differential equation, if 
y* =4a(x+b), where a,b are arbitrary constants. 
Sol. Differentiating y” = 4a(x +b) w.rt. x, 


ap ie. po ay 
dx dx 


Again, differentiating w.r.t. x, we get 


2y 


which is the required differential equation. Thus, the 
elimination of arbitrary leads to the formation of a 
differential equation. 


Example 4 Find the differential equation whose 
solution represents the family xy = ae* + be *. 


Sol. xy =ae~ + be * ..-(i) 


Differentiating Eq. (i) w.r.t. x, we get 
el psa? — be ~* (ii) 
dx 
Differentiating Eq. (ii) w.r.t. x, we get 
2 
get gel ye) 


=ae~ +be ~ (iii 
dx? dx dx (it) 
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Using Eqs. (i) and (iii), we get 


Which is the required differential equation. 


Example 5 Find the differential equation whose 


solution represents the family c (y +c)* =x°. 


Sol. Differentiating c(y +c)? = x° ..-(i) 


We get c [2(y +c)] a = 3x” but from Eq. (i), we have 
x 


2x dy 2 
(y +c) =~ =3x 
(y+e) dx 
3 
=> 2x 8 2x ay 
yte dx yte dx 
2x | dy 2x | dy 
=> —|—j=yte c= — - 
3 =| f 3 =| - 


Substituting c in Eq. (i), we get 
[ 2x (2) | 2x dy on a 
l 3 \dx | 3 dx 


Which is the required differential equation. 


Example 6 Find the differential equation whose 
solution represents the family y = ae** +be*. 


Sol. y =ae** + be* (i) 
Differentiating the given equation twice, we get 
2 


ay = 3ae°* + be* and o = 9ae>* + be* 


x dx 
From the three equations by eliminating a and b, we obtain 
d’y 4d 
aes _ ey: 3y =0 
dx’? dx 
Remark 


The order of the differential equation will be equal to number of 
independent parameters and is not equal to the number of all the 
parameters in the family of curves. 


Example 7 Find the order of the family of curves 


y=(cy+c,)e° +c3e 

Sol. Here, the number of arbitrary parameters is 4 but the 
order of the corresponding differential equation will not 

be 4 as it can be rewritten as, y =(c, +c, +3 e*)e*, 
which is of the form y = Ae*. Hence, the corresponding 


differential equation will be of order 1. 


Example 8 The differential equation of all 
non-horizontal lines in a plane is given by 


2 2 
ie ae (b) LX <0 
dx? dy? 
2 2 
os : =Oand < *=0 (d) All of these 
x ly 
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Sol. The equation of the family of all non-horizontal lines in 
a plane is given by, 
ax + by =1 (where a #0) _...(i) 
Differentiating w.r.t. y, we get 


dx 


a—+b=0 (asa #0and be R) 
dy 
Again, differentiating w.r.t. y, we get 
2 
f% Wo (asa # 0and be R) 
dy 
2 
=> ae 7 (as a #0) 
dy 


‘. Differential equation of all non-horizontal lines in a 
2 


. a ‘ 
plane is “= = 0. Hence, (b) is the correct answer. 
d 


Example 9 The differential equation of all 
non-vertical lines in a plane is given by 


2 2 
a) 4 = (o) ¥ =0 
x ly 
d?x d’y 
(c) re =Oand re =O _(d) All of these 
ly Ix 


Sol. The equation of the family of all non-vertical lines in a 
plane is given by ax + by =1, where b #0 andae R. 


Differentiating both the sides w.r.t. x, we get 


gop 5 (as b #0 andae R) 
dx 
Again, differentiating both the sides w.r.t. x, we get 
2 
piv <9 (as b #0 andae R) 
dx 
2 
> oy =0 (as b #0) 
dx 
.. Differential equation of all non-vertical lines in a plane. 
2 
=> a =0 
dx 


Hence, (a) is the correct answer. 


Example 10 The differential equation of all 
straight lines which are at a constant distance p 
from the origin, is 
(a) (y + xy1)? =p? (I+ yi?) (b)(y — xy?) =p? (14 ya)? 
(c) (y - xy)? =p° (1+ yt) (d) None of these 
Sol. As, we know xcosa+ysina=p ..-(i) 
Represents the family of straight lines which are at a 
constant distance p from origin. Differentiating Eq. (i) w.r.t. 
x, We get 


; d 
cos +sina -°” =0 
dx 


1 : 1 
=> tanga =—-— or singd= 
V1 Vl+yr 
and cos a = — 2 (ii) 


Jl+y; 


From Eqs. (i) and (ii), we get 
= wit + y == p 
Ji + yy Ji + yy 


= (y—xy,)’= p’(1+ y?) is required differential equations. 


Hence, (c) is the correct answer. 
Example 11 The differential equation of all circles of 
radius r, is given by 
(a) (1+ (y;)7}° =r?y3 
(9) 1+ (yi)?}P =r?y3 
Sol. Equation of circle of radius r, 
(x-a) +(y-b) =r? ..-(i) 


(Here, a, b are two arbitrary constants) 


(b) (1+ (y1)?}? =r?y3 
(d) None of these 


Differentiating Eq. (i), we get 


2(x —a)+2(y—b)y, =0 (ii) 
Again, differentiating Eq. (ii), we get 
1+(y—b)y. + y =0 
2 
is G=he= 3 sda 
y2 
Putting (y — b) in Eq. (ii), we get 
2 
page ae 


ye 
From Eqs. (i), (iii) and (iv), we get 
2\2 02 2y2 
EE, wy Gm) =p? 
y2 y2 
~ (1+(y)') = r’y2 


Hence, (c) is the correct answer. 


Example 12 The differential equations of all circles 
touching the x-axis at origin is 


(a) (y? - x’) = 2xy [2 
dx 


(b) (x? - y2) © = ayy 
dx 
(c) (x? — y*) = 2xy (2) 
dx 
(d) None of the above 
Sol. The equation of circle touches x-axis at origin. 
= (x08 (ya)? =a? 


or x? + y” —2ay =0 (i) 


Differentiating w.r.t. x, we get 


of ty og ng 
dx dx 
=> ay ee ee 
dx dy 
= i=-—_ (ii) 


| r+y(2)| 
x+y’ 2y . =0 
dy 
(a) 
or i apt Tao.) 
dx 


Hence, (b) is the correct answer. 


Example 13 The differential equation of all circles in 

the first quadrant which touch the coordinate axes is 
a) (x — y)* (1+ (y’)*) = (x + yy’)? 
b) (x + y)? (1+ (y’)?) =(x + y’)? 
c) (x— y)* (1+ y’) =(x + yy’)? 
d) None of these 
Sol. Equation of circles touching coordinate axes is 

(x - a)? +(y—-a)’ =a’ ...(i) 
Differentiating, we get 
2(x -a)+2(y-a)y’ =0 
_xtyy" dy 


; where y’ = — ...(ii 
1+y’ 3 dx ) 


_ or 


>X 


From Eqs. (i) and (ii), 


2 
eet aly 
1+y’ 


2 2 
xtyy’) _[xtyy’ 
1+y’ 1+y’ 


eae sh 
1+y’ 1+y’ 1+y’ 

= (xy) (y’)? +(y- x) =(x + yy’? 

= (x —y)? (1+ (y’)’) =(x + yy’)? 


Hence, (a) is the correct answer. 
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Example 14 The differential equation satisfying the 
2 y? 
b> +a 


curve tf = 1, where A being arbitrary 


a? +), 
unknown, is 

(a) (x + yy) (xy, - y)=(a* - b*) yy 

(b) (x +i) (xX- yi) = 

(c) (x — yy) (xy1 + y) =(a? — b*) yy 

(d) 


d) None of these 


x“ y? : 


—* 4" 21 
ath be +r 
Differentiating both the sides, we get 
dy _ 
b° +A dx 


Sol. Here, 


2x 2y 


0 
a+an 


=> x(b? +A)+y(a? +A) y,=0 
+ ae [eae | 
x + Vi 
xb” + a’yy, 
x + yi 
(a’ —b’) x 
x + Yi 
p24 oe 
x + V1 
From Eqs. (i), (ii) and (iii), we get 


at+h=a’- 


> a+rA= 


ii) 


Also, ...(iii) 


x? (x+yy) , ¥° (x+y) 


=1 
(a -b’)x (a’-b’) yy, 


= (x + yy) (xy - y) = (a? — b?) yy 


Hence, (a) is the correct answer. 


Example 15 The differential equation of all conics 
whose centre lies at origin, is given by 
(a) Bxy2 + x7 Ys) (Y — XV1) = 3XV 2 (Y — XV1 ~ X” Yo) 
(b) Bxy; + x*y2) (¥1 — X¥3) =3xy1 (y — xV2 - x’ ys) 
(C) Bxy2 + X75) (Yi = XY) = 3x1 (Y= XV - X°Ya) 
(d) None of the above 
Sol. Equation of all conics whose centre lies at origin, is 
ax” + 2hxy + by® =1 (i) 
Differentiating Eq. (i) w.r.t. x, we get 
2ax + 2hxy, + 2hy + 2byy, =0 
> ax +h(y+ xy,)+ byy, =0 
Multiplying by x equation becomes, 
ax’ +h (xy + x”y,) + bxyy, =0 (ii) 
Subtracting Eqs. (i) and (ii), we get 
h (xy — x°y,) + b(y* — xyy,)=1 
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> (hx + by) y — xy, (hx + by) =1 — xy,- x? 
; - b(y - xy)=2 
=> (hx + by) (y — xy,) =1 (y — xy) 
> hx + by = ..-(iii) —xy,- x? 
y= = b= 2 AP AV) 
(y — xy) 


Again, differentiating w.r.t. x, we get a? on : 
Again, differentiating both the sides w.r.t. x, we get 


__ = x2 = 1) 
aaa (y — xy)" on TM = 3xy2 = ys, B(y— mV - X"V2) HY2 
XV» (y- xy)” (y- xy)" 
or h + by, = ———— ...(iv) 
(y= xy)? => (3xy2 + x”y3) (y — x1) = 3xV2 (y — x1 - X"y2) 
y y 
From Eqs. (iii) and (iv), we get Hence, (a) is the correct answer. 


Exercise for Session 1 


1. The differential equation of all parabolas whose axis of symmetry is along X-axis is of order. 


(a) 2 (b) 3 (c) 1 (d) None of these 
2. The order and degree of the differential equation of all tangent lines to the parabola x? =4yis 
(a) 1,2 (b) 2, 2 (c) 3, 1 (d) 4, 1 
2 2 2 
3. The degree of the differential equation as +3 (2) =x7log es is 
dx dx dx 
(a) 1 (b) 2 (c) 3 (d) Not defined 
4. The degree of the defferential equation satisfying the relation y1+ x? + ./1+ y? =A(x./14 y? -y./1+ x )is 
(a) 1 (b) 2 (c) 3 (d) 4 
d?y) (ay)? d? 
5. The degree of the differential equation = + (2) =xsin Be is 
dx dx dx 
(a) 1 (b) 2 (c) 3 (d) Not defined 
6. The differential equation of all circles touching the y-axis at origin, is 
a)y?-x?=2yY% (by y? - x? = 2y & (xray say (d) x? ~ y? = xy & 
dx dy dx dy 
7. The differential equation of all parabolas having their axes of symmetry coincident with the axes of x, is 
()Wotvr=yty — (b) Wot ye =0 (C) Wo + Vi = Ys (d) None of these 
8. The differential equation of all conics whose axes coincide with the coordinate axes, is 
(8) Xo + XYP — YW = 0 (b) Wo + YF — Wy =0 
(C) XVYo + (X-y)y, =0 (d) None of these 
9. The differential equation having y =(sin"' x)? + A(cos~' x) + B, where A and B are arbitrary constant, is 
(a) (1 x?) Yo — xy, = 2 (b) (1- x?) yo + Yr = 0 
(c) (1— X) Yo + xy, = 0 (d) None of these 


10. The differential equation of circles passing through the points of intersection of unit circle with centre at the 
origin and the line bisecting the first quadrant, is 


(a) yy (x? + y? — 1) + (x + yw) =0 (b) (y, — 1) (x? + y? - 1) + (x + yy) 2(x-y)=0 
(c) (x? + y? - 1) + yy2 =0 (d) None of these 


Session 2 


Solving of Variable Seperable Form, 
Homogeneous Differential Equation 


Solving of Variable 
Seperable Form 


Solution of a Differential Equation 


The solution of the differential equation is a relation 
between the variables of the equation not containing the 
derivatives, but satisfying the given differential equation 
(i.e from which the given differential equation can be 


derived). 


Thus, the solution of 2 =e* could be obtained by simply 
Pa 


integrating both the sides, i.e. y = e*+ C and that of, 
2 
D = prt qisy=p = + qx + C, where C is arbitrary 
P's 


constant. 


(i) A general solution or an integral of a differential 
equation is a relation between the variables (not 
involving the derivatives) which contains the same 
number of the arbitrary constants as the order of the 


differential equation. For example, a general solution 
2 


of the differential equation aes =— 4x is 


x = Acos 2t + Bsin 2t, where A and Bare the 
arbitrary constants. 


(ii) Particular solution or particular integral is that 
solution of the differential equation obtained from the 
general solution by assigning particular values to the 
arbitrary constant in the general solution. 


For example, x =10 cot 2t +5 sin 2t is a particular 
2 


solution of differential equation = =— 4x, 
dt 


Differential Equations of the 
First Order and First Degree 


In this section we shall discuss the differential equations 
which are of first order and first degree only. 


A differential equation of first order and first degree is of 


the form sayz f(x,y). 
dx 


Remark 


All the differential equations, even of first order and first degree, 
cannot be solved. However, if they belong to any of the standard 
forms which we are going to discuss, in the subsequent articles 
they can be solved. 


Equations in Which the 
Variables are Separable 


The equation - = f(x, y) is said to be in variables separable 
x 


form, if we can express it in the form f(x) dx = g(y) dy. 


By integrating this, solution of the equation is obtained 


which is, J f(x) dx =| gly) dy+C 


Example 16 Solve 
sec? x tan y dx + sec? y tan x dy =0. 


Sol. Dividing the given equation by tan x tan y, we get 


This is variable-separable type 
2 2 
Integrating, [ SE dnt i aul dy=C’ 
tan x tan y 

In| tan x |+ In| tan y|= In C; where C’ = InC 
or In| tan x- tan y|=In C; (C > 0) 
> |tanx-tany|=C 
This is the general solution. 


Example 17 Solve Waets +x?e), 
x 


=> e’ dy=(x’ +e") dx 


dy a 
Sol. Here, — + 
dx e% ef 


This is variable-separable form, 
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‘, Integrating both the sides, 


3 
fe? dy=f (x? +e*) dx => ease we 


Which is the general solution of the given differential 
equation, where C is an arbitrary constant. 


d 
Example 18 Solve Jit x2 + y24x2y? + xy y 


Sol. The given differential equation can be written as 


Ja+y) 04x?) = 17 2 


dx 


= alt x? dx _ ydy 
x jit+y? 


This is the variable-separable form. 


.. Integrating both the sides, we get 


f lt x? ay 
x 


= yy 
J jity’ ay 


=> -| Fh FS ie oe 


This is the general solution to the given differential 
equation. 


dy dy 
Example 19 Solve y — x —=a| y*+—|- 
Xa pie 9 oive Y—-X x oly t) 


Sol. Rewriting the given equation as 
y-ay® Gag” 
dx 
dy _ dx 
y(1—ay) (x +a) 


This is the variable-separable form. 


=> 


Integrating both the sides, we get 


dy dx 
J ewer 


y(1~ay) 
x f 1. a dy ={ dx 
y il1-ay xta 
> Iny -“In(1-ay)+ nC =In(a+ x) 
= in (CPDE= OW?) tac) 
y 


or Cy =(a+ x)(1-— ay) is the general solution. 


Example 20 Solve e®/ 


x=0,y =3. 


Sol. This is an Example of particular solution. 


= xX+1, given that when 


e(tviax) 4 


—=0. 
dx 


dy 
=! +1 
cs n(x + 1) 


fay = fin (x + 1) dx (integration by parts) 
Le. y=xIn(x +1)-f * dx 
xt+1 
Le. y=xIn(x+1)-—x+In(x+1)+C 


This is the general solution. 


To find the particular solution, put x = 0, y =3 in the 
general equation. 


3=0-0+0+C 
C=3 

“. The required particular solution is, 
y=(x+1) n(x +1)-x+3 


Differential Equations Reducible 
to the Separable Variable Type 


Sometimes differential equation of the first order cannot 
be solved directly by variable separation but by some 
substitution we can reduce it to a differential equation 
with separable variable. “A differential equation of the 


form me = f(ax + by +c) is solved by writing 
x 


ax +by+c=t.” 


d 
Example 21 Solve ~ =sin? (x+3y)+5. 
x 


Sol. Let x + 3y =t, so that Wa ed 
dx dx 


The given differential equation becomes, 


1( dt . dt ; 
[se -1]=sin'(e)+5 = 7 = 3sin’t + 16 
bc 


3\ dx 
dt 
> /—— = Ja 
3sin* t+ 16 
2 
t dt 
oy ee eee 
3 tan” t + 16sec’ t 
2 
t dt 
ee ee 
19 tan” t+ 16 
du 
=> {—— = x + C; where tan t = u 
19u° +16 
=> sec’ t dt = du 
1 d 1 V19 -1{ v19 
> J i > tan : +C 
19/ 2,16 19 4 4 
19 


1 if 419 
> ar) fn [2 tan (3y + »| +C 


d 
Example 22 Solve (x+y)? eae. 

dx 

2 dy 2 : 

Sol. (x+y) =a (i) 
dx 
Put piy=1aeo at or x .(s 7 
dx dx dx \dx 


.. Eq. (i) reduces to t? ‘é - 7 =a 
dx 


. dt . : . ; 
ie. t? — =a’ + t’, separating the variable and integrating. 
Xe 
a a’ 
faxv=f ; > at =| Let 
ao+t a +t 


-—1{t 
x=t-—atan '(EJ+e 


1.€: xextynatan(**”) 4c 
a 


x+y 


ie. y=atan | ( — C is the required general solution. 


a 


Example 23 Solve 
(2x + 3y —1)dx+ (4x+ 6y — 5) dy =0. 


Sol. (2x + 3y — 1) dx + (4x + 6y —5)dy =0 wi) 
Substitute u=2x+3y-1 
du _, , 3dy dy _1(du 2 
dx dx dx 3\dx 
.. Eq. (i) reduces to 
1 (du 
u + (2u —3)-—| —-2]=0 
3 \ dx 
1 du 
1.¢e u 2u — 3)+—(2u -3 =0 
( ) 3 | re 
ss pee a 3) M4 <9 
3 3 dx 
Writing this in the variable-separable form 
= ) du = dx 
u-6 
J dx =| clay du 
u-6 
1@=[ 2(u—6)+9 
(u — 6) 


x+C=2u+9In|u-6| 
x+C=2(2x +3y—-1)+9In|2x+3y-7| 
3x + 6y —2+9 In|2x + 3y —7|=C is the general solution. 


Remarks 


Sometimes transformation to the polar coordinates facilitates 
separation of varibales. It is convenient to remember the 
following differentials. 


1.x dx+ ydy=rdr 
3. ax? + dy? =dr? + rd & 


2.x dy - y dx =r* d0 
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2 


xdx+ydy  ja*-x?-y 


Example 24 Solve 


xdy-ydxk Yo x?4y? 
Sol. Let x =r cos 0,y =r sin 0 
So that x+y? =r? (i) 
and tan0 =~ (ii) 
x 
From Eq. (i), we have d(x? + y”)=d(r’) 
Le. xdx+ydy=rdr ... (iii) 


From Eq. (ii), we have d ( = = d (tan 0) 
% 


x dy—ydx 


2 
x 


ie. x dy—ydx =x" sec’ 0 dO =r’ cos’ @ sec’ @ dO...(iv) 


= sec’ 8 dO 


Using Eqs. (iii) and (iv) in the given equation, we get 
in _ 
[2p 
Le. sin[£]=0+c or r=asin(0+C) 
a 


or Vx? +y? =asin {C + tan '(y/x)} 


It is advised to remember the results (iii) and (iv). 


2 2 
= 


a 
2 
r 


rdr _ 
r? dO 


Homogeneous 
Differential Equation 


By definition, a homogeneouos function f(x, y) of degree 
n satisfies the property 


flax, hy) =" fle. y) 
For example, the functions 
fi(my)ax? ty? 
fils ylax? txyty’ 
f(x,y) =x°e*” + xy? 


are all homogeneous functions, of degrees three, two and 
three respectively (verify this assertion). 


Observe that any homogeneous function f(x, y) of degree 
ncan be equivalnetly written as follows : 


fos y=" (| = (2) 
at y 


Forexample, f(x, y) = xi+y? 
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Having seen homogeneous functions we define 
homogeneous DEs as follows : 


Any DE of the form M(x, y) dx + N (x, y)dy =0 
oe AY Mx. y) 
dx N(x, y) 


N(x, y) are homogeneous functions of the same degree. 


is called homogeneous if M (x, y) and 


What is so special about homogeneous DEs? Well, it turns 


out that they areextremely simple to solve. To see how, 


we express both M(x, y) and N(x, y) as, say staf) and 


x 


n(2) . This can be done sicne M(x, y) and N(x, y) are 
Ee 


both homogeneous function of degree n. Doing this 
reduces our DE to 


rufa) a 
dy _— M(x, y) _ x) _ x =P) 


ROE) 


= M(t), 
N(t) 


Now, the simple substitution y = vx reduces this DE to a 
VS form 


(The function P(t) stands for 


> ——=vtx— 
Thus, os p » | transforms to 
dx x 


peg oes 
dx 
dv _ dx 
P(v)-v x 


This can now be integraed directly since it is in VS form. 


=> 


Let us see some examples of solving homogeneous DEs. 


Alogorithm for Solving 
Homogeneous Differential Equation 
StepI Put the differential equation in the form 

dy _ o(xy) 

dx (x,y) 


Step II Put y = vx and uae vtx wy in the equation in 
dx dx 


step I and can out x from the right hand side. The 


equation reduces to the form v + x “ = f(v). 
x 


Step III Shift v on R.H.S and seperate the variables in v 
and x. 


Step IV Integrate both sides to obtain the solution in 
terms of v and x. 


Step V Replace v by » in the solution obtained in step IV 
x 


to obtain the solution in terms of x and y. 


Following examples illustrate the procedure. 
Example 25 Solve y dx + (2,/xy — x) dy =0. 
Sol. ydx+ (2,/xy —x)dy=0 (i) 


This is homogeneous type. Substitute y = ux 

= meal 4 
*, Equation ux dx + (2 yx? u —x)(udx + x du) =0 
ie. x-{udx +(2Vu -1)udx + x du(2Ju —1)} =0 
Le. dx (2u>? —ut+u)+x du(2Ju-1)=0 


Separating the variables, bd + 2vu-1 du =0 
x 


Integrating both the sides In| x|+In|u|+ oe C 


Ju 
1 x y 
or In| xu} +—==C or In + J—=C |vus=e 
[au] + iy | fe [4-2] 


Which is the general solution. 
Example 26 Solve (x* + y”) dx — 2xy dy =0. 


2 2 
Sol Hee ze ae ag 
dx 2xy 2 


With y = ux, ay 
dx 


=ut+x “ , so that the differential 
x 


equation becomes 


xdu 1+tu 
=> = _ 
dx 2u 
xdu 1-wu? 
=> = 
dx 2u 
=> J ot du= a 
1-u % 
> — log |1—-u? |=log| x|—log|C | 
> x(1—u’)=C 
x2 — 2 
=> AT ae (» #=2) 
x x 


Hence, x” — y? = xC, is the required solution. 


2d 
Example 27 Solve i ae “ee 
X 


Xx x? 


Sol. The above equation is homogeneous so that we put y = ux. 


d d 
=> 2 vege =utu? = 2utoxe =u4+w? 
dx dx 
du 2 du dx 
=> 2x =u -u> = 
dx ue—-u 2x 


sy fia faau=2 {2 


= log| u~1|~ log |u| == log x | + log |C | 


> tog] “—*] = tog CV 

=> p LeGde ay JF eee 
u y 

=> y-x=CvVx-y 


Which is the required solution. 


Example 28 Solve 
(i429 e" \dv4 2 e*/" (1- x /y) dy =0. 
Sol. The appearance of x / y in the equation suggests the 
substitution x = vy or dx =vdy+ydv. 
.. The given equation is 


(1+2e")(vdyt+tydv)+2e" (1-v)dy=0 


ie. y(1+2e")dv+(vt+2e")dy=0 
1+2e" d 
ie. S dv+ 20 
vt2e” y 
1+2e” d 
Integrating, J eter gy +f Yao 
vt2e” y 


log|v +2e” |+log|y|=log|C | 


=> (v+2e")y=C [==] 
y 
> [E20 |y=c 
y 
> (x + 2ye*!”)=C, is required solution. 


Example 29 Show that any equation of the form 
y f(xy) dx+ x g(xy) dy =0 


can be converted to variable separable form by substi- 
tuting xy =v. 
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Sol. Since, xy=v,y=— and d(xy)=dv 
x 


Le. xdy+ydx=dv 
ae iy-a( 2-287 
x x 
Le. x dy=dv—-~ dx 
x 


© floyd + g(v)| dv dx | =o 


EOE Op x ctvayain 


dx £(v) dv Lg 
x vif (v)—g(v)} 


Which is in variables separable form. 


le. 


Reducible to Homogeneous Form 
Type | 


Many a times, the DE specified may not be homogeneous 
but some suibtale manipulation might reduce it to a 
homogeneous form. Generally, such equations involve a 
function of a rational expression whose numerator and 
denominator are linear functions of the variable, i.e., of 


the form 
d ax +by+c . 
Vaf y ...(i) 
dx dx +cy+f 


Note that the presence of the constant c and f causes this 
DE to be non-homogeneous. 


To make it homogeneous, we use the substitutions 
xX +h 
yoYtk 
and select h and k so that 
ah+bk+c= "| 


..-(ii) 
dh+ek+ f =0 


This can always be done [i ‘ # “) . The RHS of the DE in 
e 


@) now reduces to= f{ SUED SEED 4S) 


d(X+h)+e(¥t+k+f) 
(Using Eq. (ii)) 


This expression is clearly homogeneous! The LHS of Eq. (i) 
dy dY dx Since d 


: y. ad =1,the 
ax dx 


is ay which equals 
dx 


LHS S equals =. Thus, our equation becomes 
x 
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dy _ (= + ) (iii) 


dX dX + eY 
We have thus succeeded in transforming the 
non-homogeneous DE in Eq. (i) to the homogeneous DE in 
Eq. (iii). This can now be solved as described earlier. 
dy 2y-x-4 
Example 30 Solve the DE 2 =~» ~~“. 
dx y-—3x+3 
Sol. We substitute x > X +h and y ~Y +k where h,k need 
to be determined 
dy daY (2Y—X)+(2k—-h-4) 
dx dX (Y -3X)+(k-3h+3) 


h and k must be chosen so that 


2k-h-4=0 
k-3h+3=0 
This gives h = 2 and k = 3. Thus, 
x=X+2 
y=Y +3 
Our DE now reduces to 
dy 2-X 
dX Y~-3X 
Using the substitution Y = vX, and simplifying, we have 
(verify), 
Bi -3 ie —dX 
vo Sv +1 x 


We now integrate this DE which is VS; the left-hand side 
can be integrated by the techniques described in the unit of 
Indefinite Integration. 


Y 
Finally, we substitute v = =e and 
X=x-2 
Y=y-3 


to obtain the general solution. 


Type Il 
Suppose our DE is of the form 
dy _ eee) 


dx dx +ey +f 


We try to find h, k so that 
ah+bk+c=0 
dh+ek+ f =0 


What if this system does not yield a solution? Recall that 
this will happen ify = eg. How do we reduce the DE to a 
e 


homogeneous one in such a case? 


Let 4 = p =A (say). 
de 


Thus, 
ax+by+c dx +ey)+c 
dx+ey+f dxteyt+f 
This suggests the substitution dx + ey = v, which will give 
d+e ay = 
dx dx 
dx e\dx 


Thus, our DE reduces to 


ate a) =ArX 


e\ dx vtf 
dv Aev+ec 
=> — =———_ +d 
dx vtf 
_ (Ae +d)v+(ec+d) 
v+f 
> wef) dv = dx 


(Ae+d)v+ec+df 
which is in VS form and hence can be solved. 
dy x+2y-1 
Example 31 Solve the DE 2 = ~~“ —. 
ax x+2y+1 


Sol. Note that h, k do not exist in this case which can reduce 
this DE to homogeneous form. Thus, we use the substitu- 


tion 
x+2y=Vv 
d d 
=> 133° = 
dx dx 
Thus, our DE becomes 
(2 Py ee 
2\ dx v+t1 
dv 22-2 3v-1 
=n a 
dx v+t+l1 vt+1 
+1 
> y dv = dx 
3v-1 
1 4 
= 1+ dv = dx 
3 3v-1 


Integrating, we have 


1 4 
—-|v+—In(3v-1)/=x+C 
Al ; ( | 1 


Substituting v = x + 2y, we have 


x +2y += In (Bx + 6y 1) =3x + Cy 


2 
> pee ieee DS 


Example 32 The solution of the differential 
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(b) per z yryy? +v2 x? 


Xx 


1 
(jay Ye 


x 
(d) None of the above 


Sol. The given differential equation can be written as 


x 


2 2 
y? (2) + 4x? pie GF + 2x”) 1+(2) 
d dx 


. d siny+x  , 
equation te - y is 
dx sin2y —xcos y 
¥ 
(a)sin* y=xsiny + +C 
re 
(b) sin’ y= xsin y-— + 
Pe: 
(sin’ y=x+siny +—+C 
— 
(d) sin? y=x-—siny +——+C 
y y 5 
Sol. Here, dy _ Sa lies 
x  sin2y—x cosy 
d iny+ 
=> cosy a SOY putsin y=t 
dx 2siny-x 
dt _ t+x 
=> = , put t = vx 
dx 2t-x 
xdv _wtx  vti 
dx 2vx-—x 2-1 
dv _vt+l vt1-w'+y 
x—= v= 
dx 2w-1 2v-1 
2v? — d 
or - Yo dya™ 
—2v°+2v+1 x 


On solving, we get 
2 


; . x 
sin® y=xsiny+——+C 
2 
Hence, (a) is the correct answer. 


Example 33 The equation of curve passing through 
(1, 0) and satisfying 


dy : 2 2 dy)’ are 
ya tax} =(yo+2x")/ 1+] | |, is given by 


=> aie 2 
dx x 2\x 
Let y= vx 
d 
> pige 
dx dx 
.. Eq. (i) becomes 
Vv 1 2 
vtx—=vit-v' +1 
x. 2 
d d. 


> V2 log|v + 4/v? +2|=log| xC | 
ytay? + 2x? 
x 


= 2 log = log | xC |, 


putting x =1andy =0 
= c= (v2)? 


P k 
.. Curves are given by ——*+————-_ = 


Hence, (a) is the correct answer. 
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Exercise for Session 2 


2 
1. The solution of Y = Oey) , is given by 
dx (x+2)(y -2) 
. 2(y -2) 
(a) (x + at ( 1+ ) = 40% (yrs at [t+ 202) age 
x X + 2) 
9 2(y -2) 
(c) (x + 2 (14 2U=2) | ake ane (d) None of these 
X+ 


2. \f(y? -2x*y)dx + (2xy? — x°)dy =0, then the value of xy ,/y? — x, is 
(a) y? + x (b) xy? 
(c) any constant (d) None of these 


3. The solution of dy /dx =cos (x + y)+sin(x + y), is given by 


(a) log 1+ tan( << ) =x+C (b) log] 1+ tan(x + y)|=x+C 
(c) log|1- tan(x + y)|=x+C (d) None of these 
4. The solution id =(x +y—-1)+ ae. is given by 
dx log (x + y) 
(a) {1+ log (x + y)} — log{1+ log (x + y)}=x+C (b) {1- log (x + y)} — log{1- log (x + y)}=x+C 


(c) {1+ log (x + y)}? — log {1+ log(x + y)}=x+C (d) None of these 


5. The solution of (2x? + 3y? —7) xdx — (3x? + 2y? —8) ydy =0,is given by 
(a) (x? + y? - N=(x? + y? -3)°C (b) (x? + y? - 17 = (x? + y’? - 3)? C 
(c) (x? + y? - 3)= (x? + y?-1)°C (d) None of these 


(x —17 +(y —2) tan” 2) 


6. The solution of Lo , is equal to 


(xy -2x - y +2) tan“ (x2) 
x-1 


(lee 1) + 98 ta [ X=? | 2 (x — 1) (y — 2)= 2 (x — 1)? log (x - 1) 
x- 


(b) {(x - 1)? + (y - 17} - 2(x-1) ly 2)tar-*| Y=2 )=2 (0-18 loge 
x 


(be + HF tart X=2 2 (x -— 1) (y -— 2) =logC (x - 1) 


(d) None of the above 
7. The solution of ay -( ia Bal i is 
dx 2x+y+3 
(a) (x + 3)? - (y- 3)? =C (x-y+ 6) (b) (x + 3)? -(y- 3)? =C 
(c) (x + 3) + (y - 3)' =C (d) None of these 
dy _—cos x (3cos y —7sinx —3) , 


8. The solution of  =— ,is 
dx siny (3sinx —7cos y +7) 


(a) (cos y — sinx — 1)? (sinx + cos y- 1)? =C (b) (cos y — sinx — 1)? (sinx + cos y- 1)? =C 


(c) (cos y — sinx — 1)? (sin x + cos y - 1)’ =C (d) None of these 


9. 


10. 


11. 


12. 


13. 


14. 


15. 
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A curve C has the property that if the tangent drawn at any pointP on C meets. The coordinate axes at A and B, 
then P is the mid point of AB. The curve passes through the point (1, 1). Then the equation of curve is 


(a) xy = 1 (b)~=1 

y 
(c) 2x = xy - 1 (d) None of these 
The family of curves whose tangent form an angle : with the hyperbola xy = 1, is 
(a) y =x -2 tan’ (x)+K (b) y=x + 2 tan! (x)+K 
(c) y = 2x — tan” (x) +K (d) y = 2x + tan"(x)+K 


A and B are two separate reservoires of mater capacity of reservoir are filled completely with water their inlets 
are closed and then the water is released simultaneously from both the reservoirs. The rate of flow of water out 
of each reservoir at any instant of time is proportional to the quantity of water in the reservoir at that time. One 


hour after the water is released, the quantity of water in the reservoir A is 13 times the quantity of the water in 


reservoir B. The time after which do both the reservoirs have the same quantity of water, is 


(a) logs 4(2) (b) loas4{ 3] 
(c) loav2{ 3) (d) None of these 


A curve passes through (2, 1) and is such that the square of the ordinate is twice the rectangle contained by the 
abscissa and the intercept of the normal. Then the equation of curve is 


(a) x? + y? = 9x (b) 4x? + y? = 9x 
(c) 4x? + 2y? = 9x (d) None of these 

x(1+ y”) 
A normal at P (x,y) on a curve neets the X-axis at Q and N is the foot of the ordinate at P. If NQ= (te x2), : 

+X 

Then the equation of curve passing through (3, 1) is 
(a) 5(1+ y?) = (1+ x?) (b) (1+ y?) = 5(14+ x?) 
(c) (1+ x?) = (1+ y?).x (d) None of these 


The curve for which the ratio of the length of the segment intercepted by any tangent on the Y-axis to the length 
of the radius vector is constant (k), is 


(a) (y+ yx? -y? x1 =e (b) (y+ Vx? + y? x4 =e 
(C) y-Vx?-y? =e (d) (y-yx? + y?)x** =c 
A point P(x, y) nores on the curve x7’? + y2/3 = a7/3 a 50 for each position (x, y) of p, perpendiculars are drawn 


from origin upon the tangent and normal at P, the length (absolute valve) of them being P,(x ) and P>(x) 
brespectively, then 


(a) 21 GP2 9 (by GP1 Pe <9 
dx dx dx dx 
gy TP Oe 5g d) 2P1 Pe > 9 


dx dx dx dx 


Session 3 


Solving of Linear Differential Equations, 
Bernoulli's Equation, Orthogonal Trajectory 


Solving of Linear 
Differential Equations 


First Order Linear 
Differential Equations 


A differential equation is said to be linear if an unknown 
variable and its derivative occur only in the first degree. 


An equation of the form 

d 

+ P(x) y= Q(x). 

dx 
Where P(x) and Q(x) are functions of x only or constant 
is called a linear equation of the first order. 


To get the general solution of the above equation we 


proceeds as follows. By multiplying both the sides of the 


above equation by e pe , we get 

oho dy ofP _ | Pdx 

+yP-e"  =Qe 
dx 
oe lhe . dy 4 - — (el) = O i 
dx 

F : Pdx Pdx 
ie. —(ye J )=Q-e J 


.. Integrating, we get ye 


fPax =foe!*ax +c 


Pd 
Here, the term a * which converts the left hand 
expression of the equation into a perfect differential is 
called an Integrating factor. In short it is written as IF. 


Thus, we remember the solution of the above equation as 
y (IF) = fo (IF) dx + C. 


Algoritm for Solving A Linear 
Differential Equation 


StepI Write the differential equation in the form 
dy / dx + Py =Qand obtain P and Q. 


Step II Find integrating factor (IF.) given by LF. = ae 


Step III Multiply both sides of equation in Step I by LF. 


Step IV Integrate both sides of the equation obtained in 
step III. w.r.t x to obtain y (LF.) = fo. (I.F.) dx +C 


This gives the required solution following examples 
illustrate the procedure. 


d 
Example 34 Solve + 2y =COs x. 
IK 


Sol. It is a linear equation of the form 
d 
+ Py = Q(x) 
dx 
where P =2and Q=cos x 
Then IF= gl = Pa ae" 


Hence, the general solution is y (IF) = J Q (IF) dx 


Le. yee =| e?* cos x dx +C 
ee* 
y-e* = —— [2 cos x + sin x] +C 
dy y 


Example 35 Solve —+— =log x. 
p ee 


Sol. It is a linear differential equation of the form 


® + py = Q(x) 
dx 


Here, P22 D2 ibex 
x 


Then IF = Oe = ne ax _ glogx 


=x 


Hence, the general solution is 


y (IF) = [ Q (IF) dx +c 


Le. yx = [dog x)xdx+C 
Le. yx = (log x)- maith. Zc 
Le. pe ee as 

2 4 


dy _ y 
dx 2yln yty-x 


Example 36 Solve 


Sol. The equation can be written as 


TI i pede 

dy y y 
ie. OF es eiage i 

dy y 


1 
In this equation it is clear that P = — and Q =(2 In y + 1). 


y 


Which are function of y only because equation contains 


derivatives of x with 
respect to y. 


reel” = yy er 


.. The solution is; x (IF) = fee In y + 1) (IF) dy 
ie. xy = [(2Iny +1)-ydy=y’ ny+C 


. Cc 
ie. x=ylny+— 


Note |n some cases a linear differential equation may be of the 


form a + Bx =Q,where F and Q, are function of y alone. In 
JY 


such a case the integrating factor is af oo 


d 
Example 37 Solve cos’ x ~ —y tan2x=cos" x, 


x 
T nm \ 33 

where | x|<— and y| — |=——- 
4 6 8 


Sol. The given equation can be written as 


*Y ~ sec? x - tan 2x + y = cos? x 


dx 


2 tan x 
f sec’ x dx 


Fc ely tn te Bee? we a tan? x -1 


I 
dt 


=e’t, wheret =tan’ x-1 
=e™ltl =|¢|=|tan? x-1| 
It is given that | x |< “and for this region tan” x <1. 
IF =(1- tan? x) 
*. The solution is 
y(1- tan” x)= Jcos® x (1— tan” x) dx 


= [(cos? x — sin” x) dx 


sin 2x 
+C 


= [(cos 2x) dx = 
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Now, when oe pe 
6 8 
$8(1 at Beo cat 
8 3 2° 2 
= sin 2x 
4 2(1— tan” x) 
Woy ; 
Example 38 Solve a y ’ (x) = 6(x)- 0’ (x), where 


(x) is a given function. 
Sol. Here, P=('(x) and Q= (x) ’ (x) 
IF= tee — po(x) 
“. The solution is 
ye = focx) -' (x) 0%) dx = i) t-e' dt, 

where (x) =t 

ye) =e (t-1)+C 
Le. yer) = {o(x) — 1} e%) +C 


Bernoulli's Equation 


Sometimes a differential equation is not linear but it can 


be converted into a linear differential equation by a 
suitable substitution. An equation of the form 


d n 
4 Py=Oy ; 
dx 


Where P and Q are functions of x only, is known as 
Bernoulli’s equation (for n =0 the equation is linear.) 


(n 40,1) 


It is easy to reduce the above equation into linear form as 


below : 


Dividing both the sides by y”, we get 


ie 4y | pyt-n =Q 
dx 


Putting y' "=z and hence, (1—n)y" aoe 

dx dx 
equation becomes = +(1-—n) Pz =(1—n) Q which is linear 
in z. 
Here, IF agree 


.. The solution is, 
—n) Pd 
: fa n) Pdx 


=f (—n)-Q- lO“) ae 


the 
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Example 39 Solve (y log x —1) y dx = x dy. 


Example 41 Solve dy _yo(x)-y 
dx ) 


Sol. The given differential equation can be written as 


gers yay ieee a0) a given function. 


dx Sol. The equation can be written as 
Dividing by xy , hence dy _ (x) y= y” 
Bh, Dir: Se 
y de xp x o. -2 dy (x) 1_ 1 
1 1 dy_ dv dx x) y x) 
Let Vo j 4 a 
y y dx dx Léet ==; So that, - — 2 = 
dv 1 1 y y’ dx dx 
So that —-—v=--—logx : 
dx x x . dz (x) _ 1 
Which is the standard linear differential equations, with dx W(x) (x) 


fps d 


1 1 
P=-—,Q=-—logx BS 
x Q x IF=e %) = ¢M 9) = wx) 


IF- fruxdx -Inx _ nxt _ 1 ; . 1 
8 . “. The solution is z - 0(x) = [= -O(x)dx=x+4+C 
sg (x) 
The solution is given by (x) _ eu (x) _ 
1 1 il log x Teen oie onc" 
v= [— ——log x |dx =- 5 ax y 
x KN x 
log x 1 1 logx 1 Remark 
= ‘ le . 3 dx = “ + ¥ +C Another type of equation which is reducible to the linear form is 
yy 
— + Plx)- = 
=> v=1+ log x + Cx = log (ex) + Cx ry) dx Ky) = Qa) 
1 An equation of this type can be easily reduced the linear form by 
or —=log(ex)+Cx or y flog (ex) + Cx}=1 taking z = f(y). 
° d 
dy : Example 42 Solve sec? y Y + 2x tan y=x’, 
Example 40 Solve a RY dx 
xX 
ee 2 Sel tecmny eee tiede ye 
Sol. Dividing by y*, we get dx dx 
~2 dy 4 1. mea Thus, the given equation reduces to 
oy @ +2x-z=x? 
Let : Zz : 
e —= ; 
y . Feel? ae 
So that - = = = .. The solution is, z- et = fx? 6? dx 
y’ dx dx 
we e 1 
“. The given equation reduces to Le. tany-e” = . ie e* (2x) dx = _ IG -e dt, 
ae where t = x” 
dx ; 
— x dx Le . x? =_ ~p' et 
IF=e! oe tan y-e =e e)+C 
*. The solution is uhh oe. sk : 
ge * af ye XP decent 4 Le. tan y =Ce + -e* (x° -1) 
ie. dia cer’? tan y= Ce"* +5 (x1) 


y 


Example 43 Solve v. X(x+ y)=X? (xty)P=1 
x 


Sol. The given equation can be written as 


[ Bar Jeeta tyaa ey) 


ie. PY) pinay ey 
dx 
ie. (x+y)? ETD) ext gah? = 4" 
dx 
Let(x + y) * =z so that oe 
dx dx 
The given equation reduces to 
1 dz 3 
—--—+xz=x 
2 dx 
dz 
1.€ — —2xz =-— 2x 
dx 
IF- — 2x dx ~x2 


.. The solution is 


ze * =[-2x3-e* dx =(x? +1)e"* +C€ 


1 
~=Ce* $x? 41 
(x+y) 


Example 44 Solve sin y- o =cos y(1— Xxcos y). 
x 


Sol. The given differential equation is 


Sic meg Ganey) 
dx 


: dy a 2 
or sin y — — cos y=— x cos” y 
dx 
Dividing by cos” y, we get 


d 
tan y-sec y-—" —sec y= — x 
x 


dy _ dv 
Let secy=v => secy tan y-—=— 
dx dx 
So that cA ee 
dx 


Which is linear differential equation with P= -1,Q=- x 


ifs elrax - el ie ure 


The solution is given by 


=e *(x+1)+C 
or v=(1+x)+Ce* 


or sec y =(1+ x) +Ce* 
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Orthogonal Trajectory 


Any curve, which cuts every member of a given family of 
curves at right angles, is called an orthogonal trajectory of 
the family. For example, each straight line passing through 
the origin, ie, y = kx is an orthogonal trajectory of the 

2 


family of the circles x’ + y”? =a’. 
Procedure for Finding the 
Orthogonal Trajectory 
(i) Let f(x, y, c) =0 be the equation of the given family of 
curves, where c is an arbitrary parameter. 
(ii) Differentiate f =0; w.r.t. ‘x’ and eliminate ‘c’, i.e. form 
a differential equation. 


(iii) Substitute — on for Hy in the above differential 
dy x 
equation. This will give the differential equation of 
the orthogonal trajectories. 
(iv) By solving this differential equation, we get the 


required orthogonal trajectories. 


Example 45 Find the orthogonal trajectories of the 
hyperbola xy = C. 


Sol. The equation of the given family of curves is xy =c_...(i) 


Differentiating Eq. (i) w.r.t. x, we get 


x dy ce 
—+y=0 . (iL 
ro (ii) 
Substitute — kad for ai in Eq. (ii), we get 
dy dx 
sp seg _..(iii) 
dy 


This is the differential equation for the orthogonal 
trajectory of given family of hyperbola. Eq. (iii) can be 
rewritten as x dx = y dy, which on integration gives 


x? -y' =C. 


This is the family of required orthogonal trajectories. 


Example 46 Find the orthogonal trajectories of the 
curves y =Cx?, 


Sol. Here, y= cx’ ...(i) 
Differentiating w.r.t. x, we get 
dy 7 
— = 2cx oid 
ae (ii) 


Eliminating c from Eqs. (i) and (ii), 


1 dy 2 
=| —— |x 
: (+2) 
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> 2y=x ay ...(iii) 
dx 

This is the differential equation of the family of curves 

given in Eq. (i). 


Now, to obtain orthogonal trajectory replace dy by - = in 
dx dy 

Eq. (iii). 
> 2y=-x ba 

y ay 
or 2y dy =— x dx 
Integrating both the sides, we get 

2 
x 
y t= - 2 +Cy 


=> x’ +2y* =C,, is the required family of orthogonal 


trajectory. 


Example 47 Find the equation of all possible curves 
that will cut each member of the family of circles 
x? + y* —2cx =Oat right angle. 
Sol. Here, x? +y" —2cx =0 (i) 
Differentiating w.r.t. x, we get 


2x + 2yy, — 2c =0 


> c=xt+yy, ...(ii) 
From Eqs. (i) and (ii), we eliminate c 

=> x? +y? —2(x + yy,) x =0 

or ough yh ogg ag 


This is the differential equation representing the given 
family of circles. To find differential equation of the 


: ‘ dy dx 
orthogonal trajectories, we replace —- by — —. 
x dy 
=> y’ —x? = 2xy wa 
dy 
> y? dy =x? dy — 2xy dx 


_ yd (x*)— x* dy 


y? 


=> dy 


2 
=> -ay=a{=| 
y 


Integrating both the sides, we get 


2 
x 


a aera => x*+y?+Cy=0 


Represents family of orthogonal trajectory. 


Example 48 Find the orthogonal trajectory of the 
circles 
x? + y? — ay =0. 
Sol. Here, x’? +y’ -ay=0 ..(i) 
Differentiating, we get 
2x + 2yy, — ay, =0 


= ge (ii) 
V1 
Substituting ‘a’ in Eq. (i), we get 
20+ 
x2 +y° = (x Yi) y <9 
V1 
=> (x’ —y") y — 2xy =0 


This is the differential equation of the family of circles 
given in Eq. (i). 


“. The differential representing the orthogonal trajectory is 
obtained by replacing es by — oy 
dx dx 


2 


y?) & ~axy =0 
dy 


Le. (x 


> 2axy dy — y’ dx =— x’ dx 


xd(y*)-y’ dx _ rn 


Integrating both the sides, we get 


y? + x° = Cx, is required family of orthogonal trajectories. 


Exercise for Session 3 


10. 


tan'' x 


The solution of (1+ x2) +y=e 
Ix 


=4 4 
(a) 2ye'™ x = @7 tan Xxac 


—4 4 
(c) 2ye' y = @? tan y +C 


The solution of oy + - 3 
dx 1-x 


y =x Jy, is given by 
(a)3.Jy + (1- x2) =C (1- x?)"4 


(c) 3 Jy - (1- x2) =C (1- x?)3/? 


The solution of o +x sin2y =x° cos? y,is 
x 


(a)e*’ = (x? -‘1e* tany+C 


x 


(c)e* tany = (x2 - 1) tany+C 


, iS given by 
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(b) yel"' Ye e2 tan’ x re 9: 


(d) None of these 


()S + (1- x2) =C (1— x2)9/2 


(d) None of these 


2 


(b) ex” tan y = 3 (x? -eX +C 


(d) None of these 


The solution of 3x (1— x?) y? dy /dx + (2x? — 1) y? =ax? is 


(a) y> =ax+C/1- x? 
(c) y? =ax+C./1- x? 


The solution of dy Re log y = y 
dx x 


5 (log y)’, is 
x 


1 


(a)x=> logy + (b) x2 + logy =C 
x 


The solution of M+ yt (x) fx)-F'(x)= Oy #f(x)is 
Ix 


(a) y =f(x)+ 14+.ce7%™) 
(c) y =F(x)—14+ ce") 


(b) y? =ax + Cx ,/1- x? 


(d) None of these 


1 = 


(c or 
xlogy 2x? 


(d) None of these 


(b) y-ce"™) 
(d) None of these 


The solution of (x?) dy /dx -sin y —-2x -cos y = 2x —2x°, is 


The Curve possessing the property text the intercept made by the tangent at any point of the curve on the 


4 


(b) (x? = 1) siny = —x? +C 
4 2 

dG? —Aisinyvs =" 20 

(d) ( )siny ne 


y-axis is equal to square of the abscissa of the point of tangency, is given by 


(a)y? =x+C 
(c) y =-x? +ex 


The tangent at a point P of a curve meets the y-axis at A, and the line parallel to y-axis at A, and the line 
parallel to y-axis through P meets the x-axis at B. If area of AOAB is constant (O being the origin), Then the 


curve is 
(a) cx? -xy+k=0 


(c) 3x2 + 4y? =k 


(b) y = 2x? + cx 
(d) None of these 


(b) x? + y? =cx 


(d) xy — x*y? +kx =0 
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The value of k such that the family of parabolas y = cx? +k is the orthogonal trajectory of the family of ellipse 


x?+2y?-y =C, is 


(a) Yo (b) y3 


(C) Ya (q) vs 


Session 4 


Exact Differential Equations 


Exact Differential Equations 


A differential equation of the form 

M (x,y) dx + N (x, y) dy =0 is said to be exact (or total) if 
its left hand expression is the exact differential of some 
function u (x, y). 

ie. du=M-dx+N-dy 

Hence, its solution is u(x, y) =c (where c is an arbitrary 
constant). But then there is a question that how do we 
confirm whether the above mentioned equation is exact. 
The answer to this question is the following theorem. 


Theorem The necessary and sufficient condition for the 


differential equation M dx + N dy =0 to be exact is 


The solution of M dx + N dy =0is, 


M dx + [(terms of N not containing x) dy =C 
'y —constant 


provided = = = : 
dy Ox 


Example 49 Solve (x* — ay) dx+(y” — ax) dy =0. 
Sol. Here, we have M = x” — ay and N = y’ — ax 
am __ | _aN 
oy Ox 
Thus, the equation is exact. 


*, The solution is, i 


y-constant 


=. 


(x? -ay)dx +f y’? dy=C 


3 3 
=> 2S gy +e 
3 3 


2 
Example 50 Solve (2x log y) dx + [rs sy") dy =0. 
bi 


2 
Sol. Here, we have M = 2x log y and N = + 3y" 
¥. 


OM _ 2x 
dy y 
and aN = and hence the equation is exact. 
x oy 


*. The solution is, 


i (2x log y) dx + f 3y” dy=C 
y-constant 


> x*logyt+tyi=C 


Equations Reducible 
to the Exact Form 


Sometimes a differential equation of the form 

M dx + N dy =0 which is not exact can be reduced to an 
exact form by multiplying by a suitable function f(x, y) 
which is not identically zero. This function f(x, y) which 
then multiplied to a non-exact differential equation makes 
it exact is known as integrating factor. 


One can find integrating factors by inspection but for that 
some experience and practice is required. 


For finding the integrating factors by inspection, the 
following identities must be remembered. 


1. xdy+ydx =d (xy) 
2. x dx ty dy = d(x" +y") 


4, <9 @ -4[) 


2 


x x 

A. ye ty -4( =) 
y y 

5 x dy—ydx _dy ** =< oe(2)] 
xy y x x 


5. yaxaxdy_, ie (2) 
xy y 


x dy —ydx (2) 


_— 2 

oe Orr | 

oak: ite ee ee . 

. d x? x 
g. KF _atin(xty)] 

x+y 

xdy+ydx 

9. d (In (xy)) == 


10. d © n(x? +y") _xdx+ydy 
2 x+y? 
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wu a/-2)axavty a Example 54 Solve 
me x’ y" y +sin x cos? (xy) x , 
dx + +sin y |dy =0. 
iy: y y 2 2 
o.d\2 = dy —e” dx cos* (xy) cos* (xy) 
x ae Sol. The given differential equation can be written as 
dx+xdy . . 
e* e* dx —e*d VOTO + sin x dx + sin y dy =0 
13. d =! ; y cos” (xy) aed 


y 
ra saad « ge > sec’ (xy) d (xy) + sin x dx +sin y dy =0 
14. d(x" y)=x y (my dx +nx dy) d (tan (xy)) + d(- cos x) + d(- cos y) =0 


15. d(f(x,y))" = f'(x%y) => tan (xy) — cos x —cosy=C 
=n (f(x.y))" dy 
X+ Y — 4 
2 2 dx _ 2 ae 
Example 51 Solve (x* — ay) dx+(y* — ax)dy =0. Example 55 Solve ae X°+2y°+ ss 
Sol. The given differential equation is yx ae 
2 2 = 
a a Sol. The given equation can be written as 
3 3 
=> {= ] [5 -atanr=0 xdxt+ydy_ydx-xdy y’ 
3 3 (x? +??? y x 
3 3 24 42 
Integrating, we get ~- +2 --axy=k > i *Y) af _ 4( = 
a a (x" +y") xly Ly 
3.3 
= x" + yy" —3axy =3k =C Integrating both the sides, we get 
x? : = 1 +C 
Example 52 Solve (2x log y) dx+] —+ 3y* |dy =0. (x? +y?) — (x/y) 
_ 
1 
Sol. The given differential equation is > a ae 
; x x+y 
x 2 
(log y) 2x dx + — dy +3y° dy =0 ; 
y Example 56 The solution of 
= (log y)d(x”) + x d (log y) + d(y’)=0 gota) 
y 2 5 as -~0j 
ee de heya =i e {xy“ dy + y°dx}+ {ydx — xdy}=0, is 
2 3 (a)eY +e/% +C=0 (b)e% -e/¥ +C=0 
=> x logy+y =C / / 
xy y/X — XY _ py/X _ 
(integrating both the sides) ee eC ee (dye . Tost 
aCe) 
Example 53 Solve x dx+ y dy =x dy -y dx. Sol. Here, e 7 -y* {xdy + ydx}+ {ydx — xdy}=0 


Sol. The given equation can be written as 


a(x + yt)= xt a(2) 
2 x 


=> e -y* - {xdy + ydx} + e*!” {ydx — xdy} =0 


or e -{xdy + ydx} + e*/? iyde ~ xAyt _ 9 
y 
2x* d 4 

5 d(x? +y*) _ [2 or Palaver a{ Z)=0 

x+y x+y? y 
- d(x? +y")_ 2d(y/x) or d(e”)+d(e*/”)=0 

x+y’ 1+(y/x) Integrating both the sides, we get 

e% +e7/7+C=0 
=> log(x? + y*)=2tan*[Z] +-¢ 
x Hence, (a) is the correct answer. 
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Example 57 The solution of 
x?dy — y*dx+ xy* (x-y) dy =O, is 


Integrating both the sides, we get 
2 
isl ples |e aera 
|x y| 2 


Hence, (a) is the correct answer. 


Example 58 The solution of the differential equation 


ydx — xdy + xy? dx =0, is 


(a)~+x2 =A (b)X4+~ =a 
y y 2 
2 
(J+ =A (d) None of these 
2y 


Sol. Given equation is, ydx — xdy + xy’ dx =0 
Which could be converted into exact form 


ie. + xdx =0 


- eG) 


Integrating both the sides, we get 
2 


x xX 
— + — = constant 
y 2 
2 
XIX 
or —+—=A 
y 2 


Hence, (b) is the correct answer. 


Example 59 The solution i differential equation 
xdy (y7e% + e*/Y) = ue —y’e”), is 


) x? /y =log(e*/” +A) 
= log (e*/Y +2) 


(a) xy =log (e* +A) 
(c) xy = log (e*/Y +A) (d) xy? 


Sol. The given equation is 
(xy?e™) dy + (xe*!”) dy =(ye*!”) dx — (y3e*”) dx 


=> ye (xdy + ydx) = e*!Y (ydx — xdy) 


=> ey (aay met” [| 
yr 

=> e(a(ayym etal = | 
y 

=> d(e”) =d(e*!”) 


Integrating both the sides, we get 
ev =eX/V 4H 


=> xy = log (e*/” + A) 
Hence, (c) is the correct answer. 


Example 60 The solution of the differential 
equation 


Uy + xy | x+y))dx+(y [xy (x+ y)— x) dy =0, is 
(a) +y* rae 
Y 
2 2 i 
(oS + 2tan"! FE = 
y 
x? +y? aq. 10 
(c) + 2tan aC 
V2 Vy 


(d) None of these 


Sol. The given equation can be written as 
(ydx — xdy) + x [xy (x + y)dx +y Jxy (x + y)dy =0 
> (ydx — xdy) +(x + y)./xy (xdx + ydy) =0 


= 24.43 
_ ydx ba 241) Fal? +y J-° 
y y y 2 
2 52 
=> a(#)+a{2 om (E+) Eo 
y 2 y y 


. eye 
-  fés2hafoe( 


Integrating both the sides, we get 


2 2 
+ _ 
as AY bp [2G 
2 y 


Hence, (b) is the correct answer. 
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Exercise for Session 4 


1. 


10. 


The solution of xdy + ydx + 2x°dx =0,is 
4 _ 14 = x? x4 _ 
(a) xy + x" =C Grete * =C Ot (d) None of these 
y 


The solution of, ydx — xdy + (1+ x*)dx + x* sin y dy =0, is given by 


(a)x + 1-y? + cosy+C=0 (b) y+ 1-x?+xcosy+C=0 
(c)X + 1-y+cosy+C=0 (a)%+1-x+4cosy+C=0 
yY y x xX 
The solution of (1+ x x? + y?)dx + (-1+ ./x? + y”) ydy =0,is 
(a)2x -y? + £02 + y*? =c (b) x—y + £0 + y?)? =6 
(c) 2y — x? + : (x? + y?)?/4 =C (d) None of these 
: xdy y soo 
The solution of, 3 7 =|— 3 1| dx, is given by 
x?4y x? ay 
fytar-'| ¥ |+x=0 (o) tar" ¥ +x=0 (o)tanr*( XJ + xy =C (6) tarr*( ¥ J+ x2 =C 
y x x x 


The solution of ye*!” dx =(xe*!” + y? sin y) dy, is given by 
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(a)e*'Y =-cosy+C  (b)e*!/” + 2cosy=C (c)e*/Y =x cosy+C (d)e*'Y =2cos ye”! +C 


The solution of x sin ( y Jy -| y sin( y —x dx, is given by 
x x 
(a) logx — cos (- logC (b) log x — sin (%) =C (c) log (*) — cos (%) =logC (d) None of these 
x x y x 


xdx + ydy _ Ja? -x?-y? 


The solution of 5 , is given by 

xdy — ydx x-+y 
(a) sin”! (/x? + y?2) =a tan”! (Z|+e (b) sin”! (\/x? + y?) = 4 tant a }re 

x a x 
2 2 
(c) sin’ | aes - tan" f y \+ C (d) None of the above 
a x. 
The solution of (1+ e*/”) dx + e*!” c - *) dy =0,is given by 
y 
(a) x - ye!’ =C (b) x + ye*!Y =C (cjy-~e"” sc (d) None of these 
Ws 
x+ydyl/dx xsin?(x?+y?) 

The solution of = 3 , is given by 

y -x dy/dx y 

2 
(a)— eat x? + y*)=[ +C (b) tan (x? + y?) = x2y2 +C 
y 

(c) cot (x? + y2)=~%+C (d) None of these 
The solution of ay 2 ! x» 1S given by 

dx xXx (1+logx+logy) 


(a) xy (1+ log (xy))=C — (b) xy” (1+ log (xy)) =C (c) xy (1+ log (xy))? =C (d) xy (14 (log xy)*) =C 


Session 5 


Solving of First Order and Higher Degrees, Application of 
Differential Equations, Application of First Order 


Differential Equations 


Solving of First Order 
and Higher Degrees 


Differential Equation of First Order 
and Higher Degrees 


A differential equation of first order is of the form 

f(x, y, P) where P = dy / dx. If in the equation degree of P 
is greater than one, then the equation is of first order and 
higher degree. 


The differential equation of first order and higher degree 
can be written in the form 


P" + F,(x,y) P""' +...+ F,_1(x, y) P+ F,(x, y) =0 
The differential equations of these category can be solved 
by one or more of the following methods : 

(i) Equations solvable for P. 
(ii) Equations solvable for y. 
(iii) Equations solvable for x. 
(iv) Clairaut’s equations. 


Now, we shall discuss these cases. 


(i) Equations Solvable For P 


If the equation 
P" +F,(x,y) P"' +...+F,_1(x,y) P+ F,(x, y) =0, 


is solvable for P, then LHS expression can be resolved 
into n linear factors and hence can be put in the form 


(P— fi(x, y))(P — f(y). (P— fal y)) = 0. 
Equating each of these factors to zero, we get n differential 
equations of the first order and first degree. 


d d d 
&Y = (x,y), = fala, yrs = fale) 
dx dx dx 


Let the solutions of these obtained equations are 


Oi (x, ¥, C1) =0, 2 (X,Y, C2) =0,..-5 On(%, Ys Cn) =O 
respectively. 


Hence, the general solution is given by 


(x,y, €), 2(x, Y,C),-++5 (x, ¥,c) =0 


Here, the arbitrary constant c,,cy,...,c, are replaced by a 
single arbitrary constant c because every first order 
equation has only one arbitrary constant in its solution. 


Example 61 Solve (p — x)(p—e*)(p—1/y) =0; 
where sy 
dx 


‘ : 1 
Sol. The component linear equations are p = x, p=e*, p=— 


“? 
+Cy 
2 


If ae thendy=xdx > y= 
dx 


If & = ¢*, then dy=e* dx => y=e*~+C, 
x 


2 


If OY a” thes ydipendie > artes 


dx y 


*. The required solution is 


2 ie) 
[y-Sscly-e+o[Z-xec]x0 


Example 62 Solve x*p* + xyp—6y’ =O. 
Sol. The given equation is 
xp? + xyp — 6y" =0 
Solving as a quadratic in p, we get 


ee (— xy t4/x?y? + 24x"y?) _2y  3y 
ae 


x x 


2 
If p us , then a wet => ee 

x x x y x 
> (a) Ml apaya Ge 

| x? | 
Ifp= Y then “Y = 3y ,@ aa 
dx x y x 

=> xy=C, 


. The required solution is (y — Cx”) (x*y — C) =0. 


Example 63 Solve xy? (p* +2)=2py’ +x’. 
Sol. The given equation can be written as 
(xy"p* — x°) +2(xy’ — py®)=0 
=> x (y"p* — x*) + 2y* (x — py) =0 
=> (py — x) {x (py + x) -2y"} =0 
If py — x =0, then y dy—xdx=0>y’-x’=C, 


2 


dy 4 
If xyp + x” — 2y” =0, then 2y — — = =-2x 
dx x 
dt 4 
> —-—f=-—2x, 
dx x 
4 
—| —dx 1 
where t = y” Ree! =e tmx so 
4 
x 
1 1 
ts soution st [ + |= f-2x- dy 
4 4 
x x 
t 1 
ie. gia Fe ie. y=x?+Cy x! 


x" x 
Hence, the required solution is 


(y? — x° -C)(y? — x? 


Cx*)=0 


(i) Equations Solvable For y 


Equation that comes under this category, can be expressed 
in the form 

y = g(x, p) 
(i.e. an explicit function y in term of x and p)...(i) 


Differentiating Eq. (i) w.r.t. x, we get 


Which is a differential equation of the first order 
containing x and p. Let us suppose that its solution is 


0(x, p,c) =0 ...(ii) 
Then, the solution is obtained by eliminating p between 
y = g(x, p) and (x, p, c) = 0. However, if eliminating of p is 
difficult express x and y as a function of the parameter p. 


Example 64 Solve xp* — 2yp+ ax =0. 


Sol. The given equation can be written as, 


xp ax : 
= + sual 
ner (i) 
dy_p,x dpa ax dp 
dx 2 2 dx 2p 2p’ dx 
d 
= p(p? —a)=x(p? —a)-P 
dx 
— GF egy eis 


dx <x 
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(The equation p* — a=0 gives us singular solution in 
which we are not interested). 


The substitute p in Eq. (i), we get the required solution 


a 
2y = Cx? + — 
- C 


Example 65 Solve y = 2px - p’. 


Sol. Differentiating the given equation w.r.t. x, we get 


dy dp dp 
“stp pie 4 py —- 
dx . dx err 
dp 
or 2(x - p)—+p=0 
dx 
or Oe 2 ed 
dp p 
It is a linear equation in x and p. 
2 
—dx 
IF=e ? =e78P =p? 


2 
‘. The solution is xp? = J p’-2dp= A p +c 
Thus, the solution of the given equation is 


2 = 
x=-pt+Cp ° where p is parameter. 
3 


(iii) Equations Solvable For x 


This type of equation can be put in the form 


x = g(y, p) ld) 


Differentiating w.r.t. y, we get 


which is a differential equation of 1st order containing y 
and p and its solution is 


OY, pc) =0 
Then, the solution is obtained by eliminating p between 
x = g(y, p) and Wy, p, c) =0. However, if eliminating of p is 
difficult express x and y as a function of the parameter p. 


Example 66 Solve y =2px+y’p°. 


Sol. Solving for x, we get 


yy p* 


x=— 
2p 2 


Differentiating Eq. (i) w.r.t. y, we get 


dy 2p 2p* dy ee a 
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1. . a 5 1 dp 
or + yp =—y| —>+yp |-— 
Pp 2p 2p dy 
or (1+ 2yp3) p= y (1 +2p%y)- PB 
dy 
or Wap epee 
P y 
Substituting this in the Eq. (i), we get 
2 2 
xa e => y? =2Cx+C? 
2¢ 2 


(iv) Clairaut's Equation 


The differential equation y = px + f(p) is known as 
Clairaut’s equation. The solution of equation of this type 
is given by y =cx + f(c). 

Which is obtained by replacing p by c in the given 
equation. 


Remark 


Some equations can be reduced to Clairaut’s form by suitable 
substitution. 


id . 
1+ p? 


2 


Example 67 Solve y = px+ 


Sol. Its solution is, y = cx + 


1c 


Example 68 Solve ,/1+p* = tan (px — y). 


Sol. The given equation is 


1+ p? = tan (px - y) 
or px - y= tan” (1+) 
or y = px — tan”! (1+ p’) 
y =cx -tan7' (1+?) 


Example 69 Solve y” log y = pxy +p’. 


Sol. Let log y = t. Then = ay = at 
ydx dx 


Its solution is, 


So, oO aie ag 
dx y 


Substituting these in the given equation, we have 
yt=y-pxyt py? or t=pxtp? 
Which is in Clairaut’s form. 
Thus, the required solution is 
t=cxtc? or logy=cxtc? 


(c being an arbitrary constant.) 


Application of Differential 
Equations 


Differential Equation of First Order 
But not of First Degree 


1. The most general form of a first order and higher 
degree differential equation is 
p' +P, p" +P pp" +......+P, =0 where P,, Py, 
eek , P, are function of x, y and p = dy/dx. Ifa 1st 
order any degree equation can be resolved into 
differential equation (involving p) of first degree and 
1st order, in such case we say that the equation is 
solvable for p. 
Let their solution be 
£1(x,y, C1) X £2(X, y, C2) Mixes Bale Vs Cn) =0, 
(where C1, Co, ....0+ ,C,, are arbitrary constant) we 
take c, =Cy =.....=c, =c because the differential 
equation of 1st order 1st degree contain only one 
arbitrary constant. So solution is 
81(X, Ys €) X Bax, VC) X.--X n(x, €) =0 
2. The most general form of a first order and higher 
degree differential equation is 
p" +P, p"' +P, p"? +...+P, =0, where P,, Py, 
ee , P, are function of x, y and p = dy/dx. If 
differential equation is expressible in the form 
y = f(x, p), then 
dy _ dp 
Step 1 Differentiate w.r.t. x, we get p =f] x, p,— |. 
dx dx 
Step 2 Solving this we obtain (x, p,c) =0. 
Step 3 The solution of differential equation is 
obtained by eliminating p. 


Application of First Order 
Differential Equations 


Growth and Decay Problems 


Let N(t) denotes the amount of substance (or population) 
that is either growing or decaying. If we assume that 

dN /dt, the time rate of change of this amount of 
substance, is proportional to the amount of substance 
present, then 
ONY se or GN sp ...(i) 
dt dt 

Where k is the constant of proportionality. We are 
assuming that N(t) is a differentiable, hence continuous, 
function of time. 


Example 70 The population of a certain country is 
known to increase at a rate proportional to the 
number of people presently living in the country. If 
after two years the population has doubled and after 
three years the population is 20000, estimate the 
number of people initially living in the country. 

Sol. Let N denotes the number of people living in the country 


at any time f, and let Ny denote the number of people 
initially living in the country. Then, from Eq. (i) 


ee 
dt 
Which has the solution N = Ce“ ...(i) 


Att =0, N = Nj; hence, it follows from Eq. (i) that 
Ng = Ce* or that C = No. 


Thus, N = Nye“ alii) 
At t = 2, N =2N, . Substituting these values into Eq. (ii), we 
have 


1 
2Ny = Noe from which k = 5 In 2 = 0.347 


Substituting this value into Eq. (i) gives 

N = Ny,e04?! ...(iii) 
At t = 3, N = 20000. Substituting these values into Eq. (iii), 
we obtain 


20000 = Noe? 347) 


Example 71 A certain radioactive material is 
known to decay at a rate proportional to the 
amount present. If initially there is 50 mg of the 
material present and after two hours it is observed 
that the material has lost 10% of its original mass, 
find (a) and expression for the mass of the material 
remaining at any time t, (b) the mass of the material 
after four hours, and (c) the time at which the 
material has decayed to one half of its initial mass. 


Sol. (a) Let N denotes the amount of material present at time 


t. Then, from Eq. (i) 

dN 

—-kN=0 

dt 
This differential equation is separable and linear, its 
solution is 


N =Ce™ ...(i) 


At t =0, we are given that N = 50. Therefore, from 
Eq. (i), 50 = Cek or C =50. 


Thus, N=50e" (ii) 
At t = 2, 10% of the original mass of 50 mg or 5 mg has 
decayed. Hence, at t = 2, N =50—5 = 45. Substituting 


these values into Eq. (ii) and solving for k, we have 
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1, 45 
45=50e"* or k=—In—~=-—0.053 
2 50 


Substituting this value into Eq. (ii), we obtain the 
amount of mass present at any time t as 


N =50e 0:3! ...(iii) 
Where t is measured in hours. 
(b) We require N at t = 4. Substituting t = 4 into Eq. (iii) 


and then solving for N, we find N = 50e~ 9?) (4) 


(c) We require t when N = 50/2 = 25. Substituting N = 25 
into Eq. (iii) and solving for t, we find 25 = 50e- °° 


1 
or -0053t= In—- or t=13h 
2 


Example 72 Five mice in a stable population of 500 
are intentionally infected with a contagious disease to 
test a theory of epidemic spread that postulates the 
rate of change in the infected population is 
proportional to the product of the number of mice who 
have the disease with the number that are disease 
free. Assuming the theory is correct, how long will it 
take half the population to contract the disease? 

Sol. Let N(t) denotes the number of mice with the disease at 


time t. We are given that N(0) =5, and it follows that 
500 — N(t) is the number of mice without the disease at 
time t. The theory predicts that 


ae (500 — N) (i) 
dt 


Where k is a constant of proportionality. This equation is 
different from Eq. (i) because the rate of change is no longer 
proportional to just the number of mice who have the 
disease. Eq. (i) has the differential form 


dN 


—kdt =0 ..-(ii) 
N(500 — N) 
Which is separable. Using partial fraction decomposition, 
we have 
1 _ 1/500 a 1/500 
N(500-N) N  500-N 
Hence, Eq. (ii) may be rewritten as 
Pole ! dN — kdt =0 
500\ N 500-N 
It solution is : J : + ! dN [kat =C 
500°\ N 500-—N 
éi 1 (n| N|—In]500— N])— kt =C 
500 
Which may be rewritten as 
=500(C + kt) 
500 — N 
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_N = e 00(C + kt) ...(iii) 
500 — N 


500(C + kt) _ 500 kt 500C 


But e 


(iii) as 


. Setting C; =e” ~, we can write Eq. 


N 
= Ce 0 ...(iv) 
500 — N 
Att =0, N =5. Substituting these values into Eq. (iv), we 
find 
4 
* =, ck =, 
495 
So, C; = 1/99 and Eq. (iv) becomes 
N 1 
af e s00kt ...(v) 
500-N 99 


We could solve Eq. (v) for N, but this is not necessary. We 
seek a value of t when N = 250, one half the population. 
Substituting N = 250 into Eq. (v) and solving for t, we 


obtain 
1 
1=— eK. in 99 = 500kt 
99 


or t = 0.0091/k time units. Without additional 
information, we cannot obtain a numerical value for the 
constant of proportionality k or be more definitive about t. 


Geometrical Applications 


Let P(x,, y;) be any point on the curve y = f(x), then 


slope of the tangent at P (= tan y) = (2) and 
(x1,91) 


x 


hence we find the following facts. 
41.1) 


Fig. 4.2 
(i) The equation of the tangent at P is, 


y-y= ay (x — x,) when it cuts x-axis, y =0. 
dx 
dx 


*, x-intercept of the tangent = x, —y, (=) 
y 


y-intercept of the tangent = y, — x, ve 


(ii) The equation of normal at P is, 
1 
= x 
yet dy | dx) 


x1) x and y-intercepts of 


normal are; x; + y; oy and y,; +x, ae 
dx d 


(iii) Length of tangent = PT =| y, | i + (dx / dy). yn) 


(iv) Length of normal = PN =| y, | ap +(dy / dx) & a 


(x91) 


(vi) Length of subnormal = SN - V1 — | 
(41,91) 


e | 
(vii) Length of radius vector = ,/x 7 +y 


Example 73 Find the curve for which the area of the 
triangle formed by the x-axis tangent drawn at any 
point on the curve and radius vector of the point of 
tangency is constant equal to a", 

Sol. Tangent drawn at any point (x, y) is 


(v) Length of subtangent = ST _| V1 ~ 
| y 

dy 

d. 


yoyo" 2 
dx 


YA 
P(x, y) 
x 
O (X, 0) 
When ee es 
dy 
Area of A = 2a? (given) 
Le. |. xy |o2a2 
| 2 | 
ie | ay — y? | 2 2a? 
| dy | 
d. 
Le xy -y? ~ = +22 
dy 
2 
Le. cole ar eal 


1 
--d 
wee 9? a1 
y 
1 2a” 1 
.. The solution is x:—= [+ --dy 
y y y 
aq? yn? 
—=t lat & +C, ie. x =Cy + — 


Example 74 Find the curve for which the intercept 
cut off by any tangent on y-axis is proportional to the 
square of the ordinate of the point of tangency. 


Sol. The equation of tangent at any point (x, y) is 


rage" (e249) 
dx 


When X =0;Y =y-x a = y-intercept 
X¢ 


It is given Y «y*.ie. Y =ky? 
(k being constant of proportionality) 


Le. ice miae 
dx 
2 
ie. ee = ie 
dx x x 
ie. oa gy ve E 
dx x y x 
Let —=z so that La ME gi 
y y de de dx x 
1 
Pe! = cl =x 


> Saye ce 
y 
=> x =kxy+Cy 
=> x-Cy=kxy > gee ei 
ky k x 
> Pi Ue 1 [where = c, and - £=c, | 
x yy k k 


Example 75 For any differential function y = f(x) 


2 d 3 2 
the value of ey el ex is equal to 
dx? \ dx} dy? 
dy 2 dy 
2y re 
(a) 2y dx (D)y dx 
2 
(c) y oy + [cs (d) None of these 
dx dy* 
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-1 
Sol. We know, ay = ed , differentiating both the sides 
dx dy 
a“ d’y _ dx “ d ( dx ) dy 
dx* dy dy \ dy }) dx 
dx) d 2x _dy 
dy “dy? dx 


d’y d’x ( dy 


=n = 
dx? dy’ \ dx 

2 342 
ae d°y +( dy dx 
dx” dx dy’ 


Hence, (d) is the correct answer. 


dy dy (dy) 
Example 76 The solution of y = x —+— —| — 


; dx dx \dx 
Is 
(a) y =(x-1)? (b) 4y = (x +1)? 
((y- 1)? = 4x (d) None of these 
Sol. The given equation can be written as 
y=xptp-p’; where gu oe ..-(i) 
dx 
Differentiating both the sides w.r.t. x, we get 
xdp 2 dp 
+ 2 
dx ae - dx 
OP hep acho 
dx 
: dp F = 
.. Either —=0Oie. p=C ..-(ii) 
dx 
or x+1-2p=0 ie, p=>(x +1) lili) 


Eliminating p between Eqs. (i) and (ii), we get 
y=Cx+C-C? 
As the complete solution and eliminating p between Eqs. (i) 
and (iii) 
1 1 1 ‘ 
a a ar) 
ie, 4y =(x +1)’ as the singular solution. 


Hence, (b) is the correct answer. 


ae 77 The solution of 
dy 
ia O, is 
oe C,) (x+logy+y* +C,)=0 
b) (y +x? ~C,) (x log y—C,) =0 


( 
( 
(c) (y +x? —C,) (x +log y-—C2)=0 
(d) 


d) None of the above 
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Sol. The given equation can be written as 


p? +(x + y) p+ 2ay = 0,where p = 

x 

ie. (p+2x)(pt+y)=0 

y p + 2x =0, otherwise p + y =0 

= © dei or DY en 
x dx 

+ fiveafedcnc, o [Be farne, 

y 

=> ytx?=C, or logy+x=C, 
(y+x?-—C,)=0 

or (x + log y—C,)=0 

= (y + x” —C,)(x + log y-—C,) =0 


is the required solution. 


Hence, (c) is the correct answer. 


Example 78 A curve y = f(x) passes through the 
origin. Through any point (x, y) on the curve, lines are 


drawn parallel to the coordinate axes. If the curve 


divides the area formed by these lines and coordinate 
axes in the ratio m:n. Then the equation of curve is 


(a) y=Cx™/” (b) my* =cxm/n 
(c) yy? =cx™/ (d) None of these 
Sol Area of OBPO _ m 
: Area of OPAO n 
ya 
B : 
j P(x,y) 
O A 7 


, al Ae ae 
i ydx if 


Differentiating w.r.t. x, we get 


n(x 2 +y)=(m-+m)y 
dx 


=> nxy=(m+t+ n) | ydx 


dy 
> nx —=m 
dx . 
=> Lie ay integrating both the sides 
nox y 
y= Cxm/n 


Hence, (a) is the correct answer. 


Example 79 The equation of the curve passing 
through the points (3a, a) (a> 0) in the form x = f(y) 
which satisfy the differential equation; 

a’ dx _x y 


—-+-—=—++-2, is 
xy dy y x 
1+ey-* 1+e-* 
(a)x=y+a oe (b)x=y+a oe 
1- 2e%~ 1-e%~ 
+ey-k 
(c)y=x+ta (d) None of these 
ter" 
2 dx x y 
Sol. Here, =—+ 2 
xy dy y x 
= 2 = D (x? + y? — any) 
dx 
dy dy dv 
2 2 
> 5 io -- =a’, put x-y=v .. 1- = 
ame dx . - dx dx 
> (1-2 )-@ 
dx 
2 
=> joeaee vey a dx 
a dx v-a 
> 1+ dv = dx 
Integrating both the sides, we get 
galipa = eee 
2 |vta| 
> (x-y)+ og y J-e+e 
-yta 
> yt+Ce= log $=2=8 | (i) 
x-yta 
It passes through (3a, a) 
> a+ C=Stog( +] 
2 3 
=> c=- a+ Stog( * | 
= e ( **ee? | 
2 
y=S (2+ log) + og =2=2 
2 x-yta 
> xy 4 ey-* where k = "(2+ log 3) 
xX—yra 2 


x-y_1te* 


a 1-e* 


y-k 
> x=yta _— ; , where k = “ (2 + log 3) 
1-e” 2 


Which is required equation of curve. 


Hence, (b) is the correct answer. 


Example 80 The family of curves, the subtangent 
at any point of which is the arithmetic mean of the 
coordinates of the point of tangency, is given by 


(a) (x -y)* =Cy (b) (y — x)? =x 
(c) (x - y)? = Cxy (d) None of these 
Sol. Let the family of curves be y = f(x) 
tan 0 = ata) 
1(TP’) 
YA 
y=f\x) 
c > x 
tan 0 = ae) 
1(TP’) 
f(x) 
I (subtangent) = ~~ 
f (x) 
es SEY (given) 
y 2 
,__2y 
xt y 
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= dy 2y _ dx _xty 


dx xty dy  2xy 


It is a homogeneous differential equation. 
ou Put x = vy 
Differentiating w.r.t. y, we get 


png et (ii) 


In Eq. (i) replacing o by Eq. (ii), we get 
y 


dv _vyty_l1+v 


vt 
ee 2y 2 
dv li+v 1l+v-2v 1-v 
=> y — y= = 
dy 2 2 2 
> z ae 
1l-v y 
Integrating, alee EY | ies jade Cte Sa) 
—2log|y—x|+2log|y|=log|y|+ log C, 
= log|y — x |? = log| y|- log C, 
> log | y — x |? = log| y| + log C, 


where log C = — log C, 

= log| y— x |’ = log| yC | 

=> (x —y)’ = Cy,is the required equation of family of 
curves. 


Hence, (a) is the correct answer. 
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Exercise for Session 5 


The equation of curve for which the normal at every point passes through a fixed point, is 
(a) a circle (b) an ellipse 
(c) a hyperbola (d) None of these 


If the tangent at any point P of a curve meets the axis of x in T. Then the curve for which OP = PT, O being the 


origin is 
(a) x =Cy? (b) x =Cy? orx =C/y? 
(c) x =Cy orx =C/y (d) None of these 


. According to Newton’s law, the rate of cooling is proportional to the difference between the temperature of the 


body and the temperature of the air. If the temperature of the air is 20°C and body cools for 20 min from 100°C 
to 60°C, then the time it will take for it temperature to drop to 30°C, is 

(a) 30 min (b) 40 min 

(c) 60 min (d) 80 min 


Let f(x, y) be a curve in the x-y plane having the property that distance from the origin of any tangent to the 
curve is equal to distance of point of contact from the y-axis. If f (1,2) =0, then all such possible curves are 

(a) x? + y? = 5x (b) x? - y? = 5x 

(c) x*y? = 5x (d) All of these 

Given the curves y =f(x) passing through the point (0, 1) and y = (ig f(t) passing through the point| 0.5 } The 


tangents drawn to both the curves at the points with equal abscissae intersect on the x-axis. Then the curve 
y =f (x), is 


(a) f(x)=x? 4x41 (b) f (x) = ~_ 


e 
(c) f(x) =e (d) f(x) = x -e* 


. Acurve passing through (1, 0) is such that the ratio of the square of the intercept cut by any tangent on the 


y-axis to the Sub-normal is equal to the ratio of the product of the Coordinates of the point of tangency to the 
product of square of the slope of the tangent and the subtangent at the same point, is given by 


(a) x = @t2v¥/* (b) x =etv¥/* 
(c)y =e*vY!* 4 (d) xy+e”’* -1=0 


Consider a curve y =f(x)in xy-plane. The curve passes through (0, 0) and has the property that a segment of 
tangent drawn at any point P(x,f(x)) and the line y =3 gets bisected by the line x + y = 1 then the equation of 
curve, is 


(a) y? = 9(x-y) (b) (y— 3)? = 9(1-x-y) 

(c) (y+ 3° = 9(1-x-y) (d) (y—3)? -9(14+ x+y) 

Consider the curved mirror y = f(x) passing through (0, 6) having the property that all light rays emerging from 
origin, after getting reflected from the mirror becomes parallel to x-axis, then the equation of curve, is 

(a) y? = 4(x-y) or y? = 36(9+ x) (b) y? = 4(1-x) or y? = 36(9- x) 

(c) y? = 4(1+ x) or y? = 36(9- x) (d) None of these 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


Ex. 1 The order of the differential equation of family of 
curves y =C, sin’ x + C,cos"'x+C, tan”! x + C, cot | x 
(where C,,C,,C3 and C, are arbitrary constants) is 

(a) 2 (b) 3 

(c) 4 (d) None of these 
Sol. Here, y =Csin''x + C,cos x + C3tan'x + C, cot 'x 
>y=Csin' x+ cf sin x] + C3 tan™! x+ c= —tan™! | 


=(C, —C,)sin“ x + (C; — C,) tan" x + (C; - C1) 
There are only two independent arbitrary constant order of the 
differential equation is 2. 


Hence, (c) is the correct answer. 


© Ex. 2 The solution of the differential equation 
dy _ 1 


= is 
dx xy(x* siny* +1) 


(a) x*(cosy” — siny” — 2ce~”’) =2 
(b) y?(sinx? — cosy? — 2ce~”’) =2 
(c) x*(cosy” — siny? — ey” )=4c 


(d) None of the above 


d 
Sol. Here, oe xy(x’siny? + 1) 
dy 
1 dx 1 si 
——-—s y=ysin 
oo 2 Y =ysiny 
1 2 dx dt 
Let, —z=t>4TFET 
x x’ dy dy 
dt =e” 
=> © + aby =y-siny, LF. el Pyne” 
dy 


So, required solution is 
2 eee 2 12. 9 2 
t-e” = fay siny” xe” aoe (siny” — cosy“) + C 


2 
at =(siny” — cosy”) + 2C e” 


=> 
Wein a2 2 -y" 
> 2=-x*(siny” — cosy“ + 2ce” ) 
2 2 os 2 -y?\ _ 
=> x“(cosy” —siny” —2ce” )=2 


© Ex. 3 The curve satisfying the differential equation 


3 
dy = y(xty") and passing through (4, — 2) is 


dx x(y*— x) 
(a)y? =—2x (b) y = —2x 
(c) y> =—-2x (d) None of these 
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Sol. Here, (xy* — x’)dy =(xy + y*)dx 
= — y*(xdy — ydx) — x(xdy + ydx = 0) 


> x'y'a{2] —xd(xy)=0 
x 


dividing by x*y’, we get 


> Xa (2) Ld 2)=0 
x (x) x’y y 
Ps 
= (2) + {+)=0 
2 \x xy 


Now integrating, we get 


It passes through (4, —2) 


1 1 

=> —=—-=c => C=0 
8 8 

“. y> =—2x is required curve. 


» Ex. 4 Spherical rain drop evaporates at a rate propor- 
tional to its surface area. The differential equation corre- 
sponding to the rate of change of the radius of the rain drop, 
if the constant of proportionality is K >0, is 


dr dr 
—+kK=0 b)—-—K =0 
@— (b)- 


d 
(c) o=Kr (d) None of these 
dt 
Sol. GY ce Bay? 6) 
dt 
But V= és mr? 
3 
=> ae 4nr? cl (ii) 
dt dt 
dr 
Therefore, —=-K 
dt 


Hence, (a) is the correct answer. 


» Ex. 5 A function y = f(x) satisfies the differential equa- 
tion f(x)+ sin2x —cos x +(1+ sin? x) f’(x) =0 with initial 
condition y (0) =0. The value of f(1/6) is equal to 

(a) 1/5 (b) 3/5 

(c) 4/5 (d) 2/5 


Sol. y sin2x — cosx + (1+ sin’ x) “ = 0 where y = f(x) 
Pa 


dy sin 2x cos x 
¥ 2 |v 2 
dx 1+ sin* x 1+ sin’ x 
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| sin 2x de jit 
1+ sin? 


IF=e 2x =e aein(it sin’ x) 
=1+sin’x (by putting 1 + sin’? x =?) 
y (1+ sin’ x) =f cosx dx 


y (1+ sin’ x) =sinx + C;y(0)=05 C= 0 


i Tl 2 
Therefore, y= = ~ sy ( ) = 
1+ sin’ x 6 5 


Hence, (d) is the correct answer. 


Ex. 6 The general solution of the differential equation 


Y = * is a family of curves which looks most like which 


of the following? 


Sol. 


fay = fa — x) dx 


y? 2 
—=x-—+C 
2 2 

x? + y? -2x=C 

(x-1)? +y?=C+1=C 


Hence, (b) is the correct answer. 


Remark 


Family of concentric circles with (1, 0) as the centre and 
variable radius. 


Ex. 7 Water is drained from a vertical cylindrical tank 
by opening a valve at the base of the tank. It is known that 
the rate at which the water level drops is proportional to the 
square root of water depth y, where the constant of propor- 
tionality k >0 depends on the acceleration due to gravity and 
the geometry of the hole. If t is measured in minutes and 


1 : : ; F 
k =—, then the time to drain the tank, if the water is 4m 
15 


deep to start with is 


(a) 30min (b)45 min (c)60 min  (d) 80 min 


Sol. =~ ky[y; when 1=0;y =4 


[=a 


fy 


t 
[2Jy li =-kt=-— 
15 
t 
0-4=-— 
15 
> t =60 min 


Hence, (c) is the correct answer. 


Ex. 8 Number of straight lines which satisfy the differ- 


2 
ential equation oy +x (*) —y=0is 


dx dx 
(a) 1 (b) 2 (c) 3 (d) 4 
Sol. pete ae 
dx 
=> kx + b=k+ xk? => k=k’ andb=k 


k=0 or k=1 


Hence, (b) is the correct answer. 


Ex. 9 Consider the two statements : 
Statement I y = sinkt satisfy the differential equation 
y”’+9y =0. 
Statement Il y =e“ satisfy the differential equation 
y’+y’-6y=0. 
The value of k for which both the statements are correct is 

(a)—3 (b) 0 ()2 (d) 3 

Sol. Statement I y =sinkt, y’=k cos kt; y” =—k’sinkt 


—k*sinkt + 9 sinkt =0 


sinkt [9 —k?]=0 k=0,k =3,k=-3 


Statement II y =e", y’=ke'; y” =k’e™ 
ke + kek —6ek = 0 
elk? +k -—6] =0 
(k + 3) (k-2)=0 
k=-3 or 2 


Common value is k = — 3. 


Hence, (a) is the correct answer. 


x 


Ex. 10 se fear = 


(where c is an arbitrary constant) is 


the general solution of the differential equation 


hl dee as o(2) , then the function (2) is 
y y 


dx x 
2 2 7 . 
x x 
o> O > © O53 
y ig . x 
Sol. Ine + In|x|=~ 
y 
Differentiating w.r.t. x, — = = mn 
x ¥. 
2 
y dy 
— Se 
tye y dx 
. 2 
a ae => 0 *)--% 
dx x x? y - 


Hence, (d) is the correct answer. 


© Ex. 11 iff ty(t) dt = x* +(x), theny as a function of 
x IS 
(a)y=2-(2+a’)e ? (b)y=1-(2+a2)e 2 


(jy =2-(1+a@)e ? 


(d) None of these 


Sol. Differentiating both the sides, we get 
xy (x) =2x — y(x) 


d d 
Hence, a ae =-2x ye) = 2 yo =| 
dx dx 
—x2 
IF= Pa e2 
=x? -x? 
ye * =|-2xe ? dx 
x? x? 
Let e 2 =t => -xe 2? dx=dt 
I= fede 
x? x? 


Ifx=a > a’ +y=0-> y=~—a’ (from the given equation) 
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Hence, =a =24+Ce2:Ce2 =-(2+a’) 


C=-(2+a’)e %;y=2-+a7)e ? 


Hence, (a) is the correct answer. 


| 2 
Ex. 12 The differential equation aa i deter- 
dx y 
mines a family of circles with [IIT JEE 2007] 
(a) variable radii and a fixed centre at (0, 1) 
(b) variable radii and fixed centre at (0, —1) 
(c) fixed radius 1 and variable centres along the x-axis 


(d) fixed radius 1 and variable centres along the y-axis 
Sol. -: oe 


dx  y 
= {2 


= ee ee 
oe l-y° =x+C 
> —Jl-y?=x+C > 1-y?=(x+C)’ 


> (x+ Cty? =1 


Therefore, the differential equation represents a circle of fixed 
radius 1 and variable centres along the x-axis. Hence, (c) is the 
correct answer. 


More than One Correct Option Type Questions 


Ex. 13 A curve y = f(x) has the property that the 
perpendicular distance of the origin from the normal at any 
point P of the curve is equal to the distance of the point P 
from the x-axis. Then the differential equation of the curve 

(a) is homogeneous 


(b) can be converted into linear differential equation with 
some suitable substitution 


(c) is the family of circles touching the x-axis at the origin 
(d) the family of circles touching the y-axis at the origin 


Sol. Equation of normal 


1 
Y-y= (X — x) my +my=X-x 
m 


X +my —(x+ my)=0 


P(, y) 


O 


x+my 


a1 + m 


Perpendicular from (0, 0) = =y => x’ +2xym=y’ 


= homogeneous 


Also, pj gay 
dx 


d dt dt 
Put y’ =f; aya x D4 x at 
dx dx dx 
dt 1 popes ; F : 
ae t = — x which is linear differential equation. 
x x 


Hence, (a), (b) and (d) are the correct answers. 


Ex. 14 A differentiable function satisfies 
f(xy= [ { f(t) cost — cos (t — x)} dt. Which is of the follow- 
ing hold good? 


(a) f(x) has a minimum value 1- e 


(b) f(x) has a maximum value 1- e7' 


(c) f” () =e (d) f’(0) =1 
Sol. f(x) = [ro cos t — cos (t — x)} dx 


z [ f(t) cos t dt J, cost- t) dt i flx)dx= [ fla-x) ax| 
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f(x) = [re cos t dt —sinx 


Differentiating both the sides, we get 


f(x) = f(x) cosx — cosx 


; d 
Let fle) =y; fe) == 
dx 

d 

= y cosx =— cosx (L.D.E.) 

dx 

IF= oo) cos x de as sin x 
Therefore, y -e Six — le™ * cosx dx; 
gine He =C+ e My = CesiB® 4. 

If x = 0; y=0 (from the given relation) 
> =-1 
Therefore, f(x) =1-e%"* 


(when x = 1/2) 
(when x = — 1/2) 


Now, minimum value = 1 — e 


Maximum value =1-e? 


f(x) =— e™* cosx 
Therefore, : (0) = 
“x)= Sed x eM * _ pS X cin x] 


i) 


Hence, (a), (b) and (c) are the correct answers. 


» Ex. 15 Let + y = f(x) where y is a continuous func- 
x 


el <x< 
tion of x with y(0) =1and f(x) = ey Se - Which 
e*, ifx>2 
is of the following hold(s) good? 
(a) y(1) = 2e" (b) y‘()=-e" 
(c) y(3) = - 2e* (d) y’(3) = - 2e~° 
Sol. BY gap ea) = IF=e* 
dx 
ye* = fevFlx) dx +C 
Now, if0 <x <2, then ye* = fer e* dx+C 
> yew =x+C 
x = 0, y(0) =1,C =1 
yew=x4+1 (i) 
1 2 1 
y _ sytj=2 = y’=* hs 
€ e e 
e=2e. .=€ 1 
4 Se 
( ) e e e 


As y is continuous. 


lim = lim (e? + Ce™*) 
x32 e x2 
3e° =e" +Ce*? => CH=2 
for x >2 
y =e" + 2e™~ 
Hence, y(3) = 2e 34 e? =e (2e7! + 1) 
y’ =-2e* 
y'() = -2e> 


Hence, (a), (b) and (d) are the correct answers. 


» Ex. 16 Acurve y = f(x) passes through (1, 1) and 


tangent at P(x, y) cuts the x-axis and y-axis at A and B 
respectively such that BP: AP =3:1, then [IIT JEE 2006] 


(a) equation of curve is xy’ — 3y =0 
(b) normal at (1, 1) is x +3y =4 


1 
(c) curve passes through (2 :) 
(d) equation of curve is xy’ + 3y =0 
Sol. Equation of the tangent to the curve y = f(x) at (x, y) is 
Y-y= a (X — x) 
dx 


5 >X 
*. Thus, cuts the x-axis at A and y-axis at B. 
d 
oa dy 
A| —4&— ., 0 | and a{o-x2+y] 
dy dx 
dx 
BP: PA=3:1 
sired 
: x +1x0 
4 (dy/dx) 
4 
=> 9 ped 
dx 
dy 
7 a 
=> fects 
CG 
=> yry 


*« Curve passes through (1, 1)... C = 
*. Curve is x*y =1 which also passes through (2 :| : 


Hence, (c) and (d) are the correct answers. 


JEE Type Solved Examples : 
Statement | and II Type Questions 


© Ex. 17 Let asolution y = y(x) of the differential equa- 


tion xx” —1dy —y .y* —1dx =0 satisfy y(2) =e 


[IIT JEE 2008] 
2 1 
Statement I y (x) = sec [se 'y- ) : 
6 


Statement II y (x) is given by a 2v3 1 : : 
yo x Vo x? 


(a) Statement | is true, Statement II is also true; Statement 
Il is the correct explanation of Statement I. 


(b) Statement | is true, Statement II is also true; Statement 
Il is not the correct explanation of Statement I. 


(c) Statement I is true, Statement II is false. 
(d) Statement | is false, Statement II is true. 


Sol. -. xx? -1 dy -y Jy? -1 dx =0 


Which can be rewritten as it = ay 


xafx? —1 -y y?-1 


JEE Type Solved Examples : 
Passage Based Questions 


Passage 
(Q. Nos. 18 to 20) 


A curve y= f(x) satisfies the differential equation 
d 
(1+ a es + 2yx= 4x? and passes through the origin. 
Ne 


18 The function y = f(x) 


(a) is strictly increasing, Vx ER 

(b) is such that it has a minima but no maxima 
(c) is such that it has a maxima but no minima 
(d) has no inflection point 


19 The area enclosed by y = f '(x), the x-axis and the 
ordinate at x = 2/3 is 


(2 ine 22x @_in2 
3 3 


(a) 2In2 = 
3 


20 For the function y = f(x) which one of the following 


does not hold good? 

(a) f(x) is a rational function 

(b) f(x) has the same domain and same rage 
(c) f(x) is a transcendental function 

(d) y = f(x) is a bijective mapping 


Chap 04 Differential Equations 273 


dx =| dy 
xyx?-1 yy? -1 


x=sec  y+C 


Integration yields, i 


-1 
> Sec 


> sec (2) =sec! (2/3) + C 


TT Tl 
=> =—-+C > CH= 
3 6 
4 2 T 
Thus, sec! x =sec! y + = 
+1 T 
> y =sec | sec oe 
_ 1 _ 1 
( yd *) 1 v3 ee 
cos | cos : + 1 : 
x 6 x 2 x? 2 
1 1 
1 3 x2 
> —=—+ 
y 2x 2 


Hence, (c) is the correct answer. 


Sol. (Q. Nos. 18 to 20) 
dy 2x 4x? 
+ = 
dx F + s) : 1+ x" 


J oF de 


1+ 
IF=e°"* 


2 
= ents") a 4 x2) 
ans 
y(l + x?) = fax? dx=——+C 


Passing through (0, 0) =C =0 
3 


_ 4x 
4 3(1 + x”) 
dy 4 (1 + x?) 3x” — x? -2x 
dx 3 (1+ x’)? 


_4 3x7 + x4 = 4x°(3 + x”) 
3) +x’)? 3(1 + x’)? 
d d 
Hence, Y 500 «#0; =0atx=0 
dx dx 
and it does not change sign => x = 0 is the point of inflection 
y = f(x) is increasing for all x € R. 
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3 


xo y > 00; X —— co; y —— 00 2 4 pl x 
=--- dx 
3 3401+ x? 
Ya 
Put 1+x°=t > 2xdx=dt 
2/3 2 p2(t-1 
ae a 
: on 3 34 ¢ 
2 2 f2 1 
22 Ma 
fe a a t 
2 2 2 
=. zu Int} = [(2 —In2) -1] 
= 2 
Area enclosed by y = f '(x), Seas on GRENSEaE a =2 2 tna]=2 m2 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


» Ex. 21 Lety = f(x) be a curve passing through (4, 3) 
such that slope of normal at any point lying in the first 
quadrant is negative and the normal and tangent at any 
point P cuts the Y-axis at A and B respectively such that the 
mid-point of AB is origin, then the number of solutions of 
y = f(x) andy =[5 —|x\I, és 
So/. Equation of tangent at any point (x;,, y,) of curve y = f(x) is 

(y — 1) = f(a (x — x), 80 B (0, yy — 4 f(24)) 


*. number of solutions for y = f(x) and y =|5 —|x|| 


: ‘ 1 
Equation of normal at (x, y:) is (y, yi) = Fie)” X;) SO, . number of solutions are 2. 
‘t 
A= [a y, + Z| mid point of AB is origin, so © Ex. 22 A real valued function, f(x), f : fo 4 — Rt 
x 
i satisfies the differential equation xf ’(x)=1+f(x){x? f(x)7'} 
2 — 7 = = 
a s(t va Fa| and (4) = Ee then lim f(x), is 
4 TT x0 


Thus diffe tial ati f curve y = , 1S 
us differential equation of curve y = f(x), i Sol. Here, xf’(x)=1 + x2f%x)— fo 


dy). d 
(2) -aY_x=0 x f(x) + FX) _, 
ie) a = TER 
Thus dy a7 = x? oF y? Integrating both sides 
ss jeoee. ae 
In first quadrant, x > 0, y > 0, ° > 0, 1+ (x f(x))’ 
x 
Tt 4 
2 2 => tan '(xf(x) =x + C,as (=) =—, 
+ fx° + 
So ae is Y put y =x 4 7 
dx x > 7 p 
=> tan 1=—+ 
dv _ vx + x1 + v? 4 
> vt ta = % => C=0 
= f dv =f dx x f(x) = tanx 
1+y? x a fxs tan x 
2 
x 
lvi t =—-1 
on solving we get y ‘ na lim f(x) = lim tanx = 


x0 x30 x 


Ex. 23 If the area petinded yA Gia be and 


the X-axis is A sq units where f(x) =x +—x? + Pi a3 
3 3. 3 
+ cee x’ +... 00,|x|<1,Then the value of[ 4A] is (where[-] 


3 
isG.1.F) 
Sol. Here, Pst e oF at age 2S ig x... oo 
3 3.5 
d 
=1+ of £cafta)] 
= f(x) =1 + x |xf’(x) + f(x) 


=> (1— x") f(x) =1+ xf(x) 


Subjective Type Questions 


Ex. 24 Fora certain curve y = f(x) satisfying 
2 
<y =6x —4;, f(x) has a local minimum value 5 when x =1. 
Ix 
Find the equation of the curve and also the global maximum 
and global minimum values of f(x) given that0 < x <2. 
d’y dy 


Sol. Integrating, —; =6x — 4, we get — = 3x* —4x+C 
dx dx 


when oat a setieiosd 
dx 
dy 


=3x°-4x4+1 ...(i) 
dx 


Hence, 


Integrating, we get 
y=x —2x7? + x4 C,, when x =1, y =5, 
so that C, =5 


Thus, we have yar 2x? + x45 


1 
Form Eq. (i), we get the critical points x = re x=1 
ar 
At the critical point x =—, ad is (—ve). 
3 dx 


1 
Therefore, at x = A , y has a local maximum. 


d? 
At x =1, a2, is (+ ve). 
dx 
Therefore, at x = 1, y has a local minimum. 
Also, faj=5 
1 139 
> =, aos 
eer 


F(0) =5, f@) =7 
Hence, the global maximum value = 7, the global minimum 


value = 5. 
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—x 1 ; 
d x 1 Je Alogi - x 
= ~ = le ex? = @2 =V1-x? 
dx 1-x 
1 
y-vV1-x? = a NL x +C 
l= x 


V3/2 sin! /3 
See rar=( 


1/2 I _x? 1/6 


i) 
Neca 
a nla 

Il 
| OE Mt 


Ex. 25 If (x) is a differentiable real-valued function 
satisfying 0’ (x) + 2 (x) <1, prove that 0(x) - 
non-increasing function of x. 

Sol. o’(x) + 2 O(x) <1 
=> e°* (x) + 2 (x) e* <e™* 


=> £( e o-Fe | <0 


T. 
—Isa 
2 


dx 


1 
= e* [a0 - *| is a non-increasing function of x. 


L.; ; ‘ : 
= (x) ——is a non-increasing function of x. 
2 


Ex. 26 Determine all curve for which the ratios of the 
length of the segment intercepted by any tangent on the 
y-axis to the length of the radius vector is a constant. 


Sol. Let y = f(x) be the equation of the required curve. 


ae 
Given that = k (a constant) 
x+y 
dy _y oo 
> Vo +k i+] — 
dx x x 
Lety =vasthenv +x =v kylie v4 
Xx 
dv dx . : 
=> = +k —, integrating we get 
Jltv" x 
=> log|v+4j1+v? |=tkInx+C 
2, 2 
+ fx° + 
=> log | 227 V* "Y lo +kinxt+C 
x 


Which are the equations of the required curves. 
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Ex. 27 Let u(x) andv(x) satisfy the differential equa- 
toast” + p(x) u= f(x) ana + p(x) v = g(x), where 
dx dx 


p(x), f(x) and g(x) are continuous functions. 

If u(x1) >v (x;) for some x, and f(x) > g(x), for all x > xy, 
prove that any point (x,y), where x > x,, does not satisfy the 
equation y = u(x) and y =v(x). [IIT JEE 1997] 
Sol. Given that 


ms + p(x)-u= f(x) and ay + p(x)-v = g(x) 
ee dx 
Subtracting, we get 
ia + p(x)-(u-v) = f(x) - g(x) 
x 
Multiplying by el () st we get 
ol Pix) dx du-v) + (u—v) + p(x): ol Pts) ax 
dx 
= {f(x) — g(x)}- of Pts) dex 
ie Luby = 4702) - gap 
dx 


Since, exponential function takes only positive values and 
F(x) > g(x) for all x > x,, RHS is + ve; x > x, 


- int 2h 


. x)dx, , 7 ‘ 
ie, (u—v)- ae ae increasing function. 


Hence, if lets) ie (x), then for x > x, 


Wehave, —_{u(x) — o(x)} (x) > {ulaq) — v(4)} 0 (24) 

ie. sy = pa 
(x) 

Thus, u(x) > W(x), Vx > 4 

ie. u(x) # W(x), V x > % 


Hence, no point (x, y) such that x > x, can satisfy the equations 
y =u(x) andy = v(x). 


Ex. 28 A normal is drawn at a point P(x, y) of a curve. It 


meets the x-axis at Q. If PQ is of constant length k, then 
show that the differential equation describing such curves is, 
d ; 
y 7 =+,k* —y? and the equation of such a curve pass- 
x 
ing through (0, k). [IIT JEE 1994] 
Sol. Let y = f(x) be the curve such that the normal at P(x, y) to this 
curve meets x-axis at Q. Then, 


PQ = length of the normal at P 


But PQ=k 


2 
d 
=> yry[ 2) =k’ or yest ke -y? 
x dx 
d 
=> a + dx 
Key? 
y 


Integrating both the sides, we get 


— Jk? —y® =+ x + C,since it passes through (0, k) > C = 0. 
— Jk? -— y? =+x 

or Pa-y=x? 

=> x’ + y’ =k’, is required equation of the curve. 


Ex. 29 A curve passing through the point (1, 1) has the 
property that the perpendicular distance of the normal at 
any point P on the curve from the origin is equal to the 
distance of P from x-axis. Determine the equation of the 


curve. [IIT JEE 1999] 


Sol. Let P(x, y) be any point on the curve y = f(x). Then, the 


equation of the normal at P is, 
1 


= XX 
ody 
or x+y X_(yBax lao sili) 
dx dx 


It is given that distance of Eq. (i) from origin = Distance from 
x-axis (i.e. y) 


Le. = 


=> x? + 2xy ay =y’ 
dx 

or ee eae == 
dx 2xy 


which is homogeneous differential equation and we can solve 
by homogeneous or by total differential. 


Here, using total differential, 
axy dy —y*® dx=- x’ dx 
xd(y*)—y" dx _ 


2 
= a[ 2 |--a 
x 


Integrating both the sides, we get 
2 


y 


> —=-x+C ...(ii) 
x 
It passes through (1,1) = C =2 
2 
Y sx 42 or y =—- x? +2x 
x 
2 


=> x’ + y* —2x = 0, is required equation of curve. 


Ex. 30 A country has a food deficit of 10%. Its population 
grows continuously at a rate of 3% per year. Its annual food 
production every year is 4% more than that of the last year. 
Assuming that the average food requirement per person 
remains constant, prove that the country will become 
self-sufficient in food after n years, where n is the smallest 

log, 10 —log, 9 


integer bigger than or equal to 
ee Pee Cog. 1.04) — 0.03 


{HUT JEE 2000] 


Sol. Let Py be the initial population, Q) be its initial food produc- 
tion. 


Let P be the population of the country in year t and Q be its 
food production in year t. 


dP 3P dP 3 
= or = dt 
dt 100 P 100 


=> 


Integrating, we get 
log P = ae t+C 
100 
At t = 0, we have P = P, 
=> C=log Py 
=> P =P, e003! ...(i) 


It is given that the annual food production every year is 4% 
more than that of last year. 


4 \ 
= = (-—— 
o-0)(1+— | 
Let the average consumption per person be k units. 
90 
> =kP) | — |=0.9 kP 
Q 0 100 0 


Q = 0.9 KP) (1.04)' (ii) 


This gives quantity of food available in year t. The population 
in year t is, 

P =P, €03! 
0.03 t 


[from Eq. (i)] 
iii) 


. Consumption in year, t = kPye 


The country will be self sufficient, if 


Q>P 
=> 0.9k P, (1.04)! = kP,e? 3! 
=> me (1.04)' > e%03# 
10 

an (1.04)! 7 9.034 2 

10 
=> t log (1.04) — 0.03 t = log (2) 

10 
=> t {log (1.04) — 0.03} = log (2) 

log 10- log 9 


=> 2 ssa 
log (1.04) — 0.03 
Thus, the least number of year in which country becomes self 
sufficient. 
log 10- log 9 
log (1.04) — 0.03 


> t= 
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Ex. 31 A right circular cone with radius R and height H 
contains a liquid which evaporates at a rate proportional to 
its surface area in contact with air (proportionality constant 
=k >0), find the time after which the cone is empty. 

[IIT JEE 2003] 


Sol. Let the semi-vertical angle of the cone be 0 and let the height 
of the liquid at time ‘f be ‘h’ from the vertex V and radius of 
the liquid cone be r. Let V be the volume at time t. Then, 


re QR B 


Y 
V= _ nr*h 
3 
13 r 
> V =-—mr° cot 0 tan 0 =— 
3 h 
Let S be the surface area of the liquid in contact with air at time t. 
Then, S=ar° 
dV 
= —e«S§ 
dt 
dV : ha! 
=> ae = —kS,k is constant of proportionality. 
t 
=> S (Sr cot 8 | =~ er 
dt \ 3 
2 dr 2 
=> mr 7 cot 0=—knr° = cot 0dr =—k dt 
t 


0 T 
On integrating, we get cot 0 J. dr=—k \F dt 


= Rcot 0=+ kT, where T is required time. 


> T=H/k (as tan 0@= R/ H) 


Ex. 32 Solve the equation 
x | y(t) dt =(x +1) [ t y(t) dt, x >0. 
Sol. Differentiating the equation w.r.t. x, we get 
xy(x) +1: J, y(t) dt =(x + 1) xy(x) +1- J, ty (t) dt 
ie. J, y(t) dt = x? y(x) + J, t y(t) dt 


Again, differentiating w.r.t. x, we get 


y(x) = x° y"(x) + 2xy(x) + xy(x) 


ie. (1 — 3x) y(x) = x! dy(x) 
dx 
i (1 —3x) dx 2 dy(x) 
x y(x) 


Ce 
Integrating, we get y = — e Ma 


x 
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Ex. 33 f(y, y2) are two solutions of the differential 


equation ay + P(x)- y =Q(x) 
dx 


Then prove that y =y,+C(y; —Yy>2) is the general solution 
of the equation where C is any constant. For what relation 
between the constant a, B will the linear combination 

Oy, +By, also be a solution. 

Sol. As y,, y2 are the solutions of the differential equation; 


d ; 
&Y + P(x) y = Q(x) i) 
dx 
dy, + P(x) + y, = Q(x) ...(ii) 
dx 
and Os spe Yo = Ox) _..(iii) 
dx 
From Eqs. (i) and (ii), (2- a) + P(x) (y —y,) =0 
d. dx 
2% —n)+ P(x)-(y-yi)=0 _ ...fiv) 
dx 
. ves d 
From Eqs. (ii) and (iii), k (Vy — V2) + P(x) (y, — y2) =0 ...(v) 
—(y-y) = 
From Eqs. (iv) and (v), ax eee | 
diag oe 
dx 
d d 
(y-yi) (1 — ya) 
= dx — dx 
y~V"U Vi — Y2 
Integrating both the sides, we get 
log (y — y1) = log (v: — ya) 
yaywte ie V2) 
Now, y = — + By, will be a solutions, if 
om < (ay; + By2) + P(x) (ay: + By2) = Q(x) 


or o(& + P(x) v1] + p( + P(x) v2.) = Ox) 


or a Ax) + B Ox) = O(x) 
: (a + B) O(x) = (x) 


at+pP=1 


[using Eqs. (ii) and (iii)] 
Hence, 


Ex. 34 Find a pair of curves such that 
(a) the tangents drawn at points with equal abscissae 
intersect on the y-axis. 
(b) the normal drawn at points with equal abscissae 
intersect on x-axis. 
(c) one curve passes through (1, 1) and other passes 
through (2, 3). 
Sol. Let the curve be y = f,(x) and y = f,(x) equation of tangents 
with equal abscissa, x are 
(y — fil™) = f 1) (X — x) 
and Y — fo(x) = f “n(x) (X — x) 
These tangent intersect at y-axis, 


= — x f(x) + file) =— x f a(x) + fol) 
= ix) — fol) = x (F(x) — f ’2(x)) 
Integrating both the sides, we get 
= In| fi(x) — f(x) | =In| x| + C 
mi fix) — file) = + G x Sai) 
Now, equations of normal with equal abscissa x, are 
1 
(x) = x 

y ~ file) Fae): x) 

and (y — fal) = fF is oa x) 


As these normal intersect on the x-axis, 


x+ filx): f(x) =x + folx) > f a(x) 


> Si(x): ft (x) = filx) - fo (x) Integrating 
= f P(x) - f'(x) = 

; _ C, —, G& _ A, 
~ TINO Fa Ga a 


[using Eq. (i)] _...(ii) 


-¢,x | 


soe and Pda x 
x x 


From Eqs. (i) and (ii), we get 
afta) =2[ Re 6 G x, 2fca)=+[ 

x x 

We have, fi) = 


= fi(x) 


and = f,(2) =3 


Ex. 35 Given two curves y = f(x) passing through (0, 1) 
and y = i a f(t) dt passing through (0,1 / n). The tangents 
drawn to both the curves at the points with equal abscissae 
intersect on the x-axis find the curve y = f(x). 

Sol. Equation of the ee to the curve; y = f(x) is 
= f (x) (X — x) 


Equation of tangent to the curve g(x 


=y,= t. f(t) dt is 


(Y — yi) = g(x) (X — x) = f(x) (X — x) 
Given that tangent with equal abscissas intersect on the x-axis. 
ayy 7 Mee age ed 
f(x) f(x) 
fix) __y1 _ 
f'@) feo ea 
- fx) _f'@) _ &@)_f'& 
yw f(x) a(x) f(x) 
= BW), = g(x) =e 
a(x) 
= g(x) =kCe™ => f(x) =k Ce™ 
y = f(x) passes through (0,1) > kC =1 
y1 = g(x) passes through 
iio tet Seen 
n 
=> f(x) =e™ 


Ex. 36 A normal is drawn at a point P(x, y) of a curve. It 


meets the x-axis and the y-axis in point A and B, respec- 


tively, such int + a 1, where O is the origin, find the 
OA OB 


equation of such a curve passing through (5, 4). 


Sol. The equation of the normal at (x, y) is 


(X= 2) +(F-y) 2 =0 


=> = | Y =1 
eg” (x + y dy / dx) 
dx dy | dx 
[x+y 2) 
= OA=x+y —,OB= x 
dy 
dx 
Also, Fig, eg, ie =pag 
e) dx dx 
dy 
dx 


Integrating, we get 

G=1) +esi1P=c 
Since, the curve passes through (5, 4), C = 25. 
Hence, the curve is (x — 1) +(y- 1) = 25. 


Ex. 37 A line is drawn from a point P(x, y) on curve 


y = f(x), making an angle with the x-axis which is supple- 


mentary to the one made by the tangent to the curve at 


P(x, y). The line meets the x-axis at A. Another line perpen- 
dicular to the first, is drawn from P(x, y) meeting the y-axis 


at B. If OA = OB, where O is origin, find all curve which 


passes through (1, 1). 


Sol. The equation of the line through P(x, y) making an angle 


with the x-axis which is supplementary to the angle made by 


the tangent at P(x, y) is 
dy 
Y -y =-—(X - x) 
dx 


where it meets the x-axis. 


Y=0, X=x+ 
dy / dx 


The line through P (x, y) and perpendicular to Eq. (i) is 


dx 
Y-y =— (X -x 
y 7 ) 


where it meets the y-axis. 


P60 faye” > Cieyeg 
dy dy 
Since, OA = OB 
= Pa ee ee 
vy Be dy 


or o-d=04+9F 


dx 
OA=x+y— 
aa 


(i) 


(ii) 


(iii) 
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or a aa put y = vx 
dx y-x 
dv 1+2v-v’ 
> x—= 
dx v-1 
1-v)d d. 
a Le, 
1+2v-v x 
> log (1+ 2v —v’) + log x= 
=> x’ +2xy-y?=C 


where C, = log JC 


Since, curve passes through (1, 1) >C =2 


. Required curve, x? —y? + 2xy =2 


Ex. 38 The tangent and a normal to a curve at any point 
P meet the x andy axes at A, B,C and D respectively. Find 
the equation of the curve passing through (1, 0) if the centre 
of circle through O, C, P and B lies on the line y = x (where O 
is origin). 


Sol. Let P (x, y) be a point on the curve. 


=> ce{ x+y Zo 
dx 


~ | 
B=| QjVy-x— 
( * dx 


Circle passing through O, C, P and B has its centre at 
mid-point of BC. 


Let the centre of the circle be (a, B). 


dy 
> 20=x+y— 
dx 
and Hage” 
dx 
miele. ie ace 
dx dx 
= dy _y=* 
dx ytx 


dx 1l+v 
1+v dx 
> 3 dv =-— 
ve +1 x 
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Integrating both the sides, t ‘ , 1 
ntegrating bo e sides, we ge lim f(x) =3"". Also, f EGS te 


1+v dx x —>b7 : 
J 5 d Sey asa 
2 7 (a)b-a>n/4 (b)b-a<n/4 
-~a< 
> *( av+f is _—— dx (c)b-as 1/24 (d) None of these 
ees? eae a Sol. Since, 
y 3 1 
=> T tog [v2 441 [4 tan [4] S—log x46 f(x)2f +5 
2 
> log (|v? +1) x}+ tan} v=C = f(x) f(x) 21+ f *(x) 
| x) F(x 
=> log x+y ttant=c => FO) I) » 
~ 1+ f “(x) 


As x =landy =0, 


log1+tan'0=C>C=0 


.. Required curve, (log ./x’ + y”) + tan’! ( yo =0 


Ex. 39 If f(x) bea positive, continuous and differentia- 
ble on the interval (a, b). If lim, f(x) =1 and 


xa 


On integrating w.r.t. ‘x’ from x =a to x =b. 


7 (tan! (f (xh >(b =a) 


or (b-a)< | lim (tan™'(f *(x))) — lim (tan™(f *(x))) 


x—>b x—at 


or (b-—a) <7 /24 


Hence, (c) is the correct answer. 


=— 


NS 


> 


Differential Equations Exercise 1: 


Single Option Correct Type Questions 


. If the differential equation of the family of curve given 


x 


by y = Ax + Be’ 


constants, is of the form 


(1 — 2x) aie t+ly|+k ay + ly |=0, then the ordered 
dx \ dx dx 


, where A and Bare arbitrary 


pair (k, 1) is 
(a) (2, —2) 
(c) (2, 2) 


(b) (-2, 2) 
(d) (-2, -2) 


A curve passes through the point ( n) and its slope at 
4 


any point is given by Y ~ cos? (2) . Then, the curve has 
x x 


the equation 


(a) y = xtan™ [1m 4 
x 


(Oy =+ tan {in} 
x 


(b) y = xtan™ (In 2) 


(d) None of these 
x 


. The x-intercept of the tangent to a curve is equal to the 


ordinate of the point of contact. The equation of the 
curve through the point (1, 1) is 


(a) ye? =e (b) xe? =e 
pA 2 
(c) xe*¥ =e (d) ye* =e 


. A function y = f(x) satisfies the condition 


f'(x)sin x + f(x) cos x =1, f(x) being bounded when 
x30 FT= [" ” f(x) dx, then 


2 

Tl Tl 

b) — <I <— 
tO 


2 

T T 
(a) — <I <— 
2 4 2 


(i<i<t (d)0<I<1 
A curve is such that the area of the region bounded by 
the coordinate axes, the curve and the ordinate of any 
point on it is equal to the cube of that ordinate. The 
curve represents 

(a) a pair of straight lines __(b) a circle 


(c) a parabola (d) an ellipse 


The value of the constant ‘m and ‘c’ for which 

y= mx + cis a solution of the differential equation 
D*y —3Dy — 4y =— 4x. 
(a) ism =-—1;c =3/4 

(c) no such real m, c 


(b) ism =1;c =—-3/4 
(d) is m=1;c =3/4 


i 


10. 


11. 


The real value of m for which the substitution, 


y =u” will transform the differential equation, 


d 
ax*y = +y'* = 4x° into a homogeneous equation is 
oe 
(a)m=0 (b)m=1 
(c) m=3/2 (d) No value of m 
. The solution of the differential equation, 
d 1 Pe 
2 cog = — ysin—=-1, 
dx x x 
where y > —-las x > is 
Giiada= = ce (b) y = =< 
x x _ 1 
xs1In — 
x 
ee es (d) y= = 
x x 1 
xcos — 
x 


, A wet porous substance in the open air loses its 


moisture at a rate proportional to the moisture content. 
If a sheet hung in the wind loses half its moisture during 
the first hour, then the time when it would have lost 
99.9% of its moisture is (weather conditions remaining 
same) 

(a) more than 100 h 

(b) more than 10 h 

(c) approximately 10 h 

(d) approximately 9 h 


A curve C passes through origin and has the 

property that at each point (x, y) on it, the normal line at 
that point passes through (1, 0). The equation of a 
common tangent to the curve C and the parabola 


y? = 4x is 

(a) x =0 (b)y =0 
(c)y=xt1 (d)x+y+1=0 
A function y = f(x) satisfies 


x 


(x +1): f’ (x) -— Ax? + x) f(x)=— Vx >- 1. 
(x +1) 
If f(0) =5, then f(x) is 
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12. The curve, with the property that the projection of the 16. The substitution y = z® transforms the differential 


ordinate on the normal is constant and has a length equation (x°y? — 1) dy + 2xy°dx =0 into a homogeneous 
pdnaliose sas differential equation for 


(a) x—aln(yy"—a" + y)=C (a)a=-1 (b) 0 
(b) x + Ja? -y? =C (c)=1 (d) No value of o 


o-a'ee 17. A curve passing through (2, 3) and satisfying the 

c)(y —a)° =Cx e 

(a) eee) differential equation ih ty(t) dt = x’ y(x),(x > 0) is 
ay =tan (x + 


ee eet | | @)x+y?=13 (by? =2 
. The differential equation corresponding to the family o 
13. The differential equat ponding to the family of 2 
_ ox : 2 2 
curves y=e” (ax + b)is (+e a1 ase 
2 
@i% 42% yao SX 2M ry=0 | | 
dx? dx dx” dx 18. Which one of the following curves represents the 
d’y dy - d’y . dy - solution of the initial value problem Dy = 100 — y, where 
Oe oa a eo y (0) = 50? 
14. The equation to the orthogonal trajectories of the > 
2. 
systemofparabolasy=ax* is 9 2 00 100, 
2 2 
(a) ty? =C (b) x? +2 =C (2) 50 
2 y? to 
(c) —-y’?=C (d) x? -~=C 
2 2 
y y, 
15. A function f(x) satisfying [ f (tx) dt =n f(x), where t 
sist ae 9 100 100 
en (c) 80 Oo « 
(a) f(x) =C-x" (b) f(x) =C-x"7! 
= O . io  ° 
(c) f(x) =C- x" gigscxt™” 
| Differential Equations Exercise 2 : 
More than One Option Correct Type Questions 
19. The differential equation x dy +4 3 y 21. Which of the following pair(s) is/are orthogonal? 
dx dy (a) 16x’ + y? =Candy'® =kx 
dx (b) y=x+Ce* andx+2=y+ke” 
(a) is of order 1 (b) is of degree 2 (c)y = Cx? and x? + 2y? =k 
(c) is linear (d) is non-linear 


(d) x? -y? =Cand xy =k 
20. The function f(x) satisfying the equation 
F(x) +4 f(x) F(x) + Lf (x)? =0. 
(a) f(x) =C-e@N* 
(b) f(x) =C-e2* 19» 
(fajsce? 
(4) fx) =e O* 9" 


where C is an arbitrary constant. (d) y =cln 


22. Family of curves whose tangent at a point with its 
: . : T . 
intersection with the curve xy = c” form an angle of — is 
4 
(a) y? —2xy —x° =k 
(b) y? + 2xy —x° =k 


(c) y=x—2ctan™ (=) +k 
c 


) 
) 


23. The general solution of the differential equation, 


x (2) =y-log (2) is 
dx x 


@ysxd-& 
(b) y = xe! + Cx 
(c) y =ex-e™ 
(d) y = xe 


where C is an arbitrary constant. 


24. Which of the following equation(s) is/are linear? 
(a) “ +%=mnx 


x x 
by(2)+ax=0 
dx 


(c) dx + dy =0 
2 


y 
(d) —> =cosx 
) dx* 


25. The equation of the curve passing through (3, 4) and 
satisfying the differential equation, 


dy : dy 
—| #(x-y)—-x=0 
y ) (x—y) hk 
can be 
(a)x-y+1=0 
(b) x? + y? =25 
(c) x° + y? -5x-10=0 
(d)x+y-7=0 
26. Identify the statement(s) which is/are true? 


(a) f(x,y) =e"* + tan» is homogeneous of degree zero. 
x 


2 
(b) x- log Y ax t+ sin Y dy = 0is homogeneous 
x x x 


differential equation. 

(c) f(x, y) =x" + sinx-cosy is not homogeneous. 

(d) (x? + y”) dx — (xy? — y*) dy = 0is a homogeneous 
differential equation. 
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27. The graph of the function y = f(x) passing through the 


28. 


29. 


30. 


point (0, — 1) and satisfying the differential equation 

d 

aY 4 y cos x = cos x is such that 

dx 

(a) it is a constant function 

(b) it is periodic 

(c) it is neither an even nor an odd function 

(d) it is continuous and differentiable for all x 

A function y = f(x) satisfying the differential equation 
d in? 

*Y sin x —ycosx + sm * 0 
dx x ¢ 


is such that, y > 0as x — , then the statement which is 
correct? 


m/2 ™ 
(a) lim f(x) =1 (b) i) f(x) dx is less than — 
x70 0 2 


T/ 2 
(c) j, f(x) dx is greater than unity 


(d) f(x) is an odd function 


Identify the statement(s) which is/are true? 
2, 


(a) The order of differential equation ,/1 + oy =xisl. 


nc 
(b) Solution of the differential equation 
xdy —ydx =, x’ + y* dxisy +x’ +y? =Cx’. 


2 
(c ay =2 (2 -y| is differential equation of family of 
x 


curves y =e” (Acosx + Bsinx). 
(d) The solution of differential equation 


=1 d -1 -1 
(1+ y?) + (x —2e"™" ”) = is xe Y =e? VG 
x 


Let y =(A + Bx) e*” is a solution of the differential 
2 


d 
equation y +m y +ny=0,m,neé I, then 
dx? dx 
(a)m=-6 (b)n=-6 
(c)m=9 (d)n=9 


284 


Textbook of Differential Calculus 


Differential Equations Exercise 3: 


Statement | and II Type Questions 


Directions 
(Q. Nos. 31 to 40) 


For the following questions, choose the correct answers from 


the codes (a), (b), (c) and (d) defined as follows : 


31. 


32. 


33, 


34, 


(a) Statement I is true, Statement II is true and Statement II is 
the correct explanation for Statement I. 

(b) Statement I is true, Statement II is true and Statement II is 
not the correct explanation for Statement I. 

(c) Statement I is true, Statement II is false. 

(d) Statement I is false, Statement II is true. 


A curve C has the property that its initial ordinate of 
any tangent drawn is less than the abscissa of the point 
of tangency by unity. 

Statement I Differential equation satisfying the curve 
is linear. 


Statement II Degree of differential equation is one. 


Statement I Differential equation corresponding to all 
lines, ax + by + c = Ohas the order 3. 


Statement II General solution of a differential 
equation of nth order contains n independent arbitrary 
constants. 


Statement I Integral curves denoted by the first order 
linear differential equation 2 Le y =— xare family of 
x x 


parabolas passing through the origin. 


Statement II Every differential equation geometrically 
represents a family of curve having some common 


property. 
Statement I The solution of (y dx — x dy) cot =) 


=ny* dxissin =) =Ce™ 
y 


Statement II Such type of differential equations can 
only be solved by the substitution x = vy. 


35. 


36. 


37. 


38. 


39. 


40. 


Statement I The order of the differential equation 
whose general solution is 


12 2 2x +c ; 
y =c,cos2x + cysin® x + cye*+ cse** © is 3. 


Statement II Total number of arbitrary parameters in 
the given general solution in the Statement I is 6. 

d’ d 
Consider differential equation (x? + 7 eal = 2.27 


dx? dx 


Statement I For any member of this family y > ~ as 
x > ©, 


Statement II Any solution of this differential equation 
is a polynomial of odd degree with positive coefficient of 
maximum power. 


Statement I Order of differential equation of family of 
parallel whose axis is parallel to Y-axis and latusrectum 
is fixed is 2. 


Statement II Order of first equation is same as actual 
number of arbitrary constant present in differential 
equation. 


Statement I The differential equation of all 


2 
. . . . x 
non-vertical lines in a plane is ao 0. 


dy 


Statement II The general equation of all non-vertical 
lines in a plane is ax + by = 1, where b 40. 


Statement I The order of differential equation of all 
conics whose centre lies at origin is, 2. 


Statement II The order of differential equation is same 
as number of arbitrary unknowns in the given curve. 


StatementI y=asin x + bcos x is general solution of 
y’t+y=0. 

Statement II y = asin x + bcos x is a trigonometric 
function. 
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Differential Equations Exercise 4: 


Passage Based Questions 


Passage I 
(Q. Nos. 41 to 43) 


Let y= f(x) satisfies the equation 
f(x)= (e™ + e* Joos x— 2x— f(x 2) f’ (dt. 


41. y satisfies the differential equation 


(a) - + y =e" (cosx —sinx) —e “(cosx + sinx) 


(b) — — y =e* (cosx —sinx) + e*(cosx + sinx) 


dx 


(c) = + y =e" (cosx + sinx) —e *(cosx —sinx) 
iG 


(d) We y =e (cosx —sinx) + e “(cosx —sinx) 
dx 
42. The value of f’(0) + f (0) equals to 

(a) -1 (b) 2 

(c) 1 (d) 0 


43. f(x) as a function of x equals to 


e* 


(a) e “(cos x — sinx) + - (3cosx + sinx) + 


Xe 


(b) e “(cosx + sinx) + : 


| 
bal 


(3cosx —sinx) 


iss) 


e 
(3cosx 
5 


x 
(d) e *(cosx + sinx) + : (3cosx — sin x) 


| 
Py 


(c) e “(cos x —sinx) + 


sin x) + 


o 


i 
ey 


Alm WINS GAlw wnlrw 
° 


Passage II 
(Q. Nos. 44 to 46) 
d@? 
For certain curves y = f(x) satisfying ame = 6x -— 4, f(x) has 
dx 
local minimum value 5 when x = |. 


44, Number of critical point for y = f(x) for x € [0, 2] 


(a) 0 (b) 1 
(c) 2 (d)3 

45. Global minimum value of y = f(x) for x € [0, 2] is 
(a) 5 (b) 7 
(c) 8 (d) 9 


46. Global maximum value of y = f(x) for x € [0, 2] is 
(a) 5 (b) 7 
(c) 8 (d) 9 


Passage III 
(Q. Nos. 47 to 49) 


If any differential equation in the form 
SAC VN AA & Y))+ O12 VN AN Y)+...=0 


then each term can be integrated separately. 


For example, 
2 
[sin xy d(xy)+ J =) d =) =—cos xy + : [) +C 
y y 2\y 


47. The solution of the differential equation 


xdy —ydx=,x* —y? dxis 


sin! 2 sin? % 


(b)xe  * = 


(d) None of these 


48. The solution of the differential equation 
(xy* + y) dx — xdy =0is 


49. Solution of differential equation 
(2x cosy +y” cos x) dx + (2ysin x — x” sin y) dy =0is 
(a) x* cosy + y*sinx =C 
(b) xcosy — ysinx =C 
(c) x? cos” y + y*sin?x =C 
(d) None of the above 


Passage IV 
(Q. Nos. 50 to 52) 
Differential equation < = f(x) g(x) can be solved by 
x 
dy 
g(y) 


separating variable f(x) dx. 

50. The equation of the curve to the point (1, 0) which 
satisfies the differential equation (1+ y*) dx — xydy =0 
is 
(a)x°+y?=1 (b) x? -y?=1 


(c)x°+y?=2 (d) x? -y’? =2 
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2 
51. Solution of the differential equation ua + ra 


ae fina 


= (is 


(a) tan! y + sin”! x =C 
(b) tan”! x + sin?! y=C 
(c) tan! y-sin' x=C 

(d) tan”! y —sin’) x =C 


52. if =1 235 Sond then y is equal to 


dx 
(1- x)? (1+ x)? 
(a)e 2 (b)e 2 —1 
(c) n(1 + x)-1 (d)1+ x 
Passage V 


(Q. Nos. 53 to 55) 
Let C be the set of curves having the property that the point of 


53. 


54. 


99. 


IfC,,C, EC 
C,: Curve is passing through (1, 0) 
C,: Curve is passing through (—1,0) 


The number of common tangents for C, and C, is 


(a) 1 (b) 2 
(c) 3 (d) None of these 
IfC,EC 


C3: is passing through (2, 4). ita + = 1. is tangent to 
a 

C3, then 

(a) 25a + 10b* —ab* =0 

(c) 13a + 25b —16ab = 0 


(b) 25a + 10b —13ab = 0 
(d) 29a+b+13ab=0 
If common tangents of C; and C, form an equilateral 


triangle, where C,,C, € C and C,: Curve passes through 
(2, 0), then C, may passes through 


intersection of tangent with y-axis is equidistant from the point (a) (-1/3,1/3) (b) (—1/ 3,1) 
of tangency and origin (0, 0) (c) (-2 / 3,4) (d) (—2 / 3,2) 
° 
Differential Equations Exercise 5 
Matching Type Questions 
56. Match the following : 
Column I Column II 
(A) xdx + ydy _ a-x-y (p) — —1/x 
xdy — ydx x+y 7 
(B) Solution of cos” x = — tan2x- y= cos*x, where |x| < ; and (2) = NS (@) a[x? + y = asin {c + tan” (2) 
IX x 
(C) The equation of all possible curves that will cut each member of the family (t) x7 + yy + Cy=0 
of circles x? + y — 2cx = Oat right angle 
(D) i ; * = 2 : sin 2x 
Solution of the equation x I Mt) dt= (x + I) i) ty (t) dt, x > Ois (s) y= 
7 7 2 (1- tan? x) 
57. Match the following : 
Column | Column II 
(A) Circular plate is expanded by heat from radius 5 cm to 5.06 cm. Approximate increase in (p) 4 
area is 
(B) Side of cube increasing by 1%, then percentage increase in volume is (q) 0.67 
2 
3 
(C) If the rate of decrease of = — 2x + 5is twice the rate of decrease of x, then x is equal to ©) 
(D) Rate of increase in area of equilateral triangle of side 15 cm, when each side is increasing (s) 3V3 


at the rate of 0.1 cm/s; is 


58. 


59. 


60. 


61. 


Match the following : 
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Column | Column II 

(A) The differential equation of the family of curves y= e& (Acosx + Bsinx), where A, B (p) 2,1 

are arbitrary constants, has the degree n and order m. Then, the values of n and m are, 

respectively 
(B) The degree and order of the differential equation of the family of all parabolas whose (q) 1,1 

axis is the x-axis, are respectively 
(C) The order and degree of the differential equations of the family of circles touching the (r) 25.2 

x-axis at the origin, are respectively 
(D) The degree and order of the differential equation of the family of ellipse having the same (s) 1,2 


foci, are respectively. 


Differential Equations Exercise 6 : 


Single Integer Answer Type Questions 


Find the constant of integration by the general solution 
of the differential equation (2x”y — 2y*) dx 


+(2x* + 3xy°*) dy =0if curve passes through (1, 1). 


A tank initially contains 50 gallons of fresh water. Brine 
contains 2 pounds per gallon of salt, flows into the tank 
at the rate of 2 gallons per minutes and the mixture kept 
uniform by stirring, runs out at the same rate. If it will 
take for the quantity of salt in the tank to increase from 
40 to 80 pounds (in seconds) is 206A, then find A. 


If f : R- {-1}-and f is differentiable function which 
satisfies : 

fix + fly) + f(y) = yt flx)tyf (x) V x, yeR-{-¥j, 
then find the value of 2010 [1+ f(2009)]. 


62. 


63. 


64. 


65. 


If o(x) is a differential real-valued function satisfying 
0’ (x) + 2(x) < 1, then the value of 20(x) is always less 
than or equal to ......... : 


The degree of the differential equation satisfied by the 


curves ,j1+x —-ajl+y=Lis....... : 


Let f(x) be a twice differentiable bounded function 


satisfayi 2f °(x)- f’(x)+2(f’ (x))* - f° (x)= f’’ (x). If 
f(x) is bounded in between y =k, and y =k», Then the 
number of integers between k, and k, is/are (where 


f(0)= f"(0) =9). 

Let y(x) be a function satisfying d’y / dx” —dy / dx 

+e?* =0, y(0) = 2 and y’ (0) = 1. If maximum value of y(x) 
is y(), Then Integral part of (2c) is ...... : 


Differential Equations Exercise 7 : 
Subjective Type Questions 


66. 


Find the time required for a cylindrical tank of radius r 
and height H to empty through a round hole of area ‘a’ 
at the bottom. The flow through a hole is according to 
the law U(t) =u 2gh(t) where v(t) and h(t) are 
respectively the velocity of flow through the hole and 
the height of the water level above the hole at time ¢ and 


g is the acceleration due to gravity. 


67. 


The hemispherical tank of radius 2 m is initially full of 
water and has an outlet of 12 cm’ cross-sectional area at 
the bottom. The outlet is opened at some instant. The 
flow through the outlet is according to the law 

v(t) =0-6 ./2gh(t), where v(t) and h(t) are respectively 
velocity of the flow through the outlet and the height of 
water level above the outlet at time ¢ and g is the 
acceleration due to gravity. Find the time it takes to 
empty the tank. 
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68. 


69. 


70. 


Textbook of Differential Calculus 


Let f :R* — Rsatisfies the functional equation 


f(xy)=e"*"? (e” f(x)te” f(y) V xyeR’ If 
f (1) =e, determine f(x) 


Let y = f(x) be curve passing through (1, V3) such that 
tangent at any point P on the curve lying in the first 
quadrant has positive slope and the tangent and the 
normal at the point P cut the x-axis at A and B 
respectively so that the mid-point of AB is origin. Find 
the differential equation of the curve and hence 
determine f(x). 


If y, and y, are the solution of differential equation 


dy/dx + Py=Q, 


fi, 


72. 


where P and Q are function of x alone and y, = y, z, 
= f = dx 
then prove thatz=1+c-e ™ 


> 


where c is an arbitrary constant. 


Let y= f(x) 
satisfies : 


f(x)= x+f x? z flz)dz+| xz? f(z) dz. 


Determine the function. 


be a differentiable function V x € Rand 


If f: R-{-1} > Rand f is differentiable function 
satisfies : 

F(x) + FY + x fy =y + F(x) + yf(X)V x, 
ye R-{—]} Find f(x). 


Differential Equations Exercise 8 : 
Questions Asked in Previous 10 Years' Exams 


(i) JEE Advanced & IIT-JEE 


73. 


74, 


75. 


A solution curve of the differential equation 
2 dy 2 _ 
(x Pare rales) ae =0, x >0, passes 
Xx 


through the point (1, 3). Then, the solution curve 

[More than One Correct 2016] 
a) intersects y = x + 2 exactly at one point 
b) intersects y = x + 2 exactly at two points 


c) intersects y =(x + 2)? 


( 
( 
( 
(d) does not intersect y = (x + 3)? 

Let f :(0,c¢) — Rbe a differentiable function such that 


f'(x)=2- JO) for all x € (0, c) and f(1) #1. Then 
x 


[More than One Correct 2016] 


(c) lim x’ f(x) = 
x— 0+ 
(d) | f(x)| <2 for all x € (0,2) 
Let y(x) be a solution of the differential equation 
(1+e* )y’ + ye* =1.If (0) =2, then which of the 


following statement(s) is/are true? 
[More than One Correct 2015] 


c) we has a aes point in the interval (—1, 0) 
(d) y(x) has no critical point in the interval (—1, 0) 


76. 


77. 


78. 


Consider the family of all circles whose centres lie on the 
straight line y = x. If this family of circles is represented by 


the differential equation Py’’+ Qy’ + 1=0, where P, Q are 
2 

the functions of x, yand y’ (here, y’ = a y= ay 

dx dx 2 


then which of the following statement(s) is/are true? 
[More than One correct 2015] 
(a)P=y+x 
(b) P=y-x 
(c) Pt+Q=1-xt+yty't(") 
(d) P-Q=xt+y-y’-(y’)’ 
The function y = f(x) is the solution of the differential 


d x “+42 
equation Lan ; y = * in (-1,1) satisfying 
x x*-1 


1-x? 


f(0)=0. Then, [ f(x) dx is 


[Only One correct 2014] 


n 3 
(a) ae (b) a a (c) 


nm 3 
6 4 6 2 

Let f :[1/2,1] > R(the set of all real numbers) be a 
positive, non-constant and differentiable function such 
that f’(x)<2f(x) and f (1/2)=1. Then, the value of 

i. f(x) dx lies in the interval [Only One Correct 2013] 


(a) (2e —1, 2e) 


(c) [e-1] 


(b) (e - 1, 2e -1) 


e=—1 
(d) (0 5 


79. A curve passes through the point [. =) Let the slope of 
6 


the curve at each point (x, y) be y + sec [2 , x >0. Then, 


x x 


the equation of the curve is [Only One Correct 2013] 


(a) sin (2) =logx+ ; (b) cosec (2) =logx +2 
x 


x 
(c) sec (=) =logx +2 (d) cos (=) =logx+ u 
x x 2 
= Directions (Q. Nos. 80 to 83) Let f :[0, 1] R (the set of 


all real numbers) be a function. Suppose the function f is 
twice differentiable, f(0) = f(1) =0 and satisfies 
f(x) -—2f' (x) + F(x) 2 e* , x €[0, 1] 
[Passage Based Questions 2013] 
80. If the function e~* f(x) assumes its minimum in interval 


[0, 1] at x =1/ 4, then which of the following is true? 
1 3 uf 
PRIS) Ses | LO Se 


(c) f(x) < f(x), 0<x<7 (d) f(x) < fle), <x <4 


81. Which of the following is true? 


(a) 0< f(x) <e (b) - = < f(x) <= 


2 2 


()- =< fx) <1 (d) 20 < f(x) <0 


82. Which of the following is true? 
(a) g is increasing on (1, ©) 
(b) g is decreasing on (1, ©) 
(c) g is increasing on (1,2) and decreasing on (2, ) 
(d) g is decreasing on (1, 2) and increasing on (2, ) 
83. Consider the statements. 
I. There exists some x € R such that, 
f(x) + 2x = 21+ x”) 
II. There exists some x € R such that, 
2f(x)+1=2x (1+ x) 
(a) Both I and II are true 


(ii) JEE Main & AIEEE 


88. If a curve y = f(x) passes through the point (1, — 1) and 


(b) I is true and II is false 


satisfies the differential equation, y(1+ xy)dx = x dy, 


1 
then f{- ;| is equal to [2016 JEE Main] 
2 


2 2 
(a) - = (c) - (d) 


89. Let y(x) be the solution of the differential equation 


(x log ge + y = 2x log x, (x 2 1). Then, y(e) is equal to 
dx [2015 JEE Main] 


(a) (b) 0 (c) 2 (d) 2e 
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(c) lis false and II is true (d) Both I and IJ are false 


84. If y(x) satisfies the differential equation 


y’-ytanx=2 xsec x and (0), then 
[More than One Correct 2016] 


2 
T Tt 
b) y’| —|=— 
w v(%] iG 
1 4n 2m” 


@ (3) toe 
85. Let y’ (x) + w(x) g’ (x) = g(x) g’ (x), y(0) =0, x € R, where 


f ‘(x) denotes a and g(x) is a given non-constant 
x 
differentiable function on R with g(0) = g(2) =0. Then, 


the value of y(2) is ...... [Integer Type 2011] 


86. Let f : ROR bea continuous function, which satisfies 


f(x= i f (t) dt. Then, the value of f(In5)is.... 
’ [Integer Type 2009] 


= Direction For the following question, choose the correct 
answer from the codes (a), (b), (c) and (d) defined as 
follows 
(a) Statement I is true, Statement II is also true; Statement II is 
the correct explanation of Statement I. 
(b) Statement I is true, Statement II is also true; Statement II is 
not the correct explanation of Statement I. 
(c) Statement I is true; Statement II is false. 
(d) Statement I is false; Statement II is true. 


87. Let a solution y = y(x) of the differential equation 
xx? -1dy—y,/y? —1 dx =0satisfy (2) = 5 
3 


2 T 
Statement I y(x) = sec [sec ' y——|and 
ais es 1 2v3 1 
Statement II y(x) is given by — = 2v3 == 
y x x 
[Statement Based Questions 2008] 


2 


90. Let the population of rabbits surviving at a time t be 
governed by the differential equation 


we = ; p(t) — 200. If p(0) = 100, then p(t) is equal to 
t 


[2014 JEE Main] 
t 


(a) 400 — 300e2 


t 
(b) 300 — 200e 2 
f 
(c) 600 — 500e2 
ae 
(d) 400 —300e 2 
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92. 


93. 


94. 
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At present, a firm is manufacturing 2000 items. It is 
estimated that the rate of change of production P with 


respect to additional number of workers x is given by 


a = 100 — 12,/x. If the firm employees 25 more workers, 
x 


then the new level of production of items is 

[2013 JEE Main] 
(a) 2500 
(c) 3500 


(b) 3000 

(d) 4500 

The population p(t) at time t of a certain mouse species 

satisfies the differential equation oe = 0.5(t) — 450. If 
t 


p(0) = 850, then the time at which the population 


becomes zero is [2012 AIEEE] 
(a) 2 log 18 (b) log 9 
(c) ; log 18 (d) log 18 


eee =y+3>0and y(0)=2, then y (log 2) is equal to 

dx [2011 JEE Main] 
(a) 5 
(c) -2 


Let I be the purchase value of an equipment and V (t) be 


(b) 13 
(d)7 


the value after it has been used for t years. The value 
V(t) depreciates at a rate given by differential equation 


dV(t) 
GET R(T = 8), 


where k > 0is a constant and T is 


95. 


96. 


the total life in years of the equipment. Then, the scrap 
value V(T) of the equipment is 


[2010 AIEEE] 
kT? k(T - 1) 
fa2 fir= 
(a) 5 (b) 5 
-kT d)T?—2 
(c)e (d) k 
Solution of the differential equation 
cos xdy = y(sinx—y)dx,0<x< Z is [2010 AIEEE] 
2 


(a) secx =(tanx+C)y 
(b) ysec x = tanx+C 
(c) ytanx =secx+C 
(d) tanx =(secx+C)y 


The differential equation which represents the family of 
curves y =c,e°*, where c, and c, are arbitrary 


constants, is [2009 AIEEE] 
(a)y’=y" (b) y” =y’y 
(c) yy’ =y’ (d) yy” =(y’) 


97. The differential equation of the family of circles with 


fixed radius 5 units and centre on the line y = 2 is 
[AIEEE 2008] 


(a) (x-2)y” =25 -(y -2)’ 

(b) (y -2)y” = 25 -(y -2)° 
(c) (y-2)?y” =25-(y -2)° 
(d) (x-2)’y” =25 -(y -2)° 


Answers 


Exercise for Session 1 26. (a,b,c) 27. (a,b,d) 28. (a,b,c) 
l(a) 2. (a) 3. (d) 4. (a) 5. (d) 29. (b,c,d) 30. (a,d) 31. (b) 
6.(a) 7. (b) 8. (a) 9.(a) 10. (b) 32.(d) 33. (d) 34.(c) 35.(c) 36. (a) 

37.(b) 38. (d) 39.(d) 40. (b) ~~ 41. (a) 

Exercise for Session 2 42.(d) 43. (c) 44.(c) 45. (a) 46. (b) 


47.(a) 48.(b)  49.(a) 50.(b) = 51. (a) 


po a 52.(b) 53.(c)  54.(a) —55.(a) 


6.(a) 7. (a) 8. (a) 9.(a) 10. (a) 


1.(b) 12.(c) = 13.(a)—-:14.(b) «15. (b) 56. (A) >(q), B) >), ©) >@, D) >@) 
57. (A) > (q), (B) > @), (C) > (p), (D) > (8) 
Exercise for Session 3 58. (A) + (s), (B) > (s), (C) > (q), (D) > (p) 


59.(1) 60.(8)  61.(1) 62.(1)  63.(1) 


1.(a) 2. (a) 3. (b) 4.(b) — 5.(c) 1 Gat 


6.(c) 7. (a) 8. (c) 9.(a) 10. (c) 


66.120. 2A 

Exercise for Session 4 wa \ g 
1.(b) 2. (d) 3. (a) 4. (b) 5. (a) 67.1= 10% 10° 
6.(a) _7.(c) 8. (b) 9.(a) 10. (d) 135 Jg 


68. f(x) =e log x 


Exercise for Session 5 24 pearwmsdes PO ad P@dt+ 


1. (a) 2. (c) 3. (c) 4. (a) 5. (c) 


6.(a) 7. (b) 8. (c) 71. f(x) = “ (4 + 9x) 
Chapter Exercises 72. f(@) = = 
1.(a) 2. (a) 3. (a) 4. (a) 5. (c) és 


73. (a, d) 74.(ad) 75.(a,c) 76. (b,c) 77. (b) 
78.(d) 79.(a)  80.(c) 81. (d)_—-82. (b) 
83.(c) 84.(d)  85.(0)  86.(0) 87.(c) 
88.(d) 89.(c) 90.(a) 91.(c) 92. (a) 
93.(d) 94.(a)  95.(a) 96. (d)—«972.(c) 


6.(b) —_7.(c) 8. (a) 9.(c) 10. (a) 
11.(b) 12.(a)  13.(b)—:14.(a)_—‘15. (a) 
16.(a) 17.(d)  18.(b) ‘19. (a,b,d) 

20. (c,d) 21. (a,b,c,d) 22. (b,c,d) 
23. (a,b,c) 24. (a,c,d) 25. (a,b) 


Solutions 


1. y-e*% =Axe +B 
—2x 


e*. y, —2ye°* = Ale ** — 2x e**) 
Cancelling e~** throughout 
yi —2y = All — 2x) li) 
Differentiating again y, —-2y, =-2A 
=, A= 2y1 ~ Yo 
2 


On substituting A in Eq. (i) 


Ayo — 2y) =(2y1 — ya) (1 — 2x) 
2y, — 4y =2y,(1 - > —(1-2x)yo 


aC a Ca 


Hence, k=2and/=-2 
= Ordered pair (k, 1) =(2, —2) 
pe age iy 
dx x x 
v 2 
vtx—=v-cos’v 
dx 
J a +[2=c => tanv+Inx=C 


cos” Vv 


tan +Inx=C 
x 


Ifx=lye > C=1 => tan2=1-Inx=In* 
4 x x 


y=xtan’! [m ‘| 
x 


» Y —y =m(X — x). For X-intercept Y = 0 
aguee: 
m 
Therefore, x -2 = y 
m 
Ya 
(x,y) 
5 >X 
- Oe ele 
dx x-y 
dv v 
Put y=vx vtx—= 
dx 1-v 


dv v v-vtv 
= 4 = 
dx 1-v 1-v 
1-v dx 
J 7 av=|— 
v x 
--—-Inv=Inx+C 
v 
-*-pYsmx+C => -~=sinyt+C 
y x 
x=1ly=1>C=-1 
1-~=Iny => y=e-e* 
y 
—x/y _ xly _ 
e => ye e 
4. sinx — + y cosx=1 
x 
A» 
> 
dy 
— + ycot x = cosec x 
dx 
Pag) O Sree 


ysin x = J cosee x-sinx dx 


ysinx=x+C 


Ifx =0,yis finite .. C=0 


y = x (cosec x) = 


sinx 
2 
Now, I<— and [>— 
2 
Hence, bas <I< uae 
2 4 
5. ico dx = y> Differentiating f(x) = 3y" ay 
. dx 
P(x) 
| (xy) 
y=3y 2 = y= 
dx 
o 3y dy =dx 
3y? 


ae =x+C = Parabola 


(rejected) 


2 
6. pape ane =< 
dx dx? 
2 
Substituting in Z y 3 dy 4y =- 4x 


dx 


0-3m—-—4(mx +c)=- 4x 


3m — 4c — 4mx = — 4x 
— (3m + 4c) = 4x(m — 1) ...(i) 
Eq. (i) is true for all real x, ifm =+ 1andc =—3/4. 
d d 
you > Y emit 
dx dx 
5 4 om ma du 4m 6 
Since, 2x" -u"-mu" -—+u" =4x 
dx 
du 4x° —y'™" 
dx 2mx' ym! 
> 4m=6 > m=- 
and 2m-1=2 > m=-— 
d 1 1 J 
is y y tan— =-sec —- 2 
dx x x x -% 


1 1 
-f — tan—dx 
x? x 


1 1 
IF=e =sec— => y-sec— 
x 


x 
{ \ 1 1 
=- sec? (=)5 dx =tan—+C 
x 


x x 


If y > -1, then x 4 


dl 1 
> C=-1 > y=sin——cos— 
x x 
. a. KM => M=Ce™' whent =0;M=M, 
t 
> C=M) 
=> M=Me™ 


M 
when t= 1, M=—> 


> k =1n2 
Therefore, M = Me? 


when we , then t = log, 1000=9.98 
1000 
= 10h approximately 
10. Slope of the normal = y 
=I 

yA 
P (xy) 

O (1,0) 


11. 


12. 
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Sy oe 
2 


Eq. (ii) passes through (0, 0). 
Thus, C = 0 
xt y? —2x=0 


Now, tangent to y? = 4x 


1 
y=mx+ — 
m 
If it touches the circle 
Va 
a) a > xX 


+(1 
Then, m+Uim)| _, 
1 +m 
= 1¢+¢m =m 
=> m— oo 


Hence, tangent is y-axis ie, x = 0. 


F 2x(x + 1) Z e* 
Fe) x+1 ar are 
IF= —2x dx x2 
ax? dx 
eo a ever, 
S ee 
> f(x):e* = aa +C 


Ordinate = PM. Let P =(x, y) 


Projection of ordinate on normal = PN 


yA 


>Xx 
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...(iii) 
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PN = PN cosO0=a (given) Iny+Inx=IncC 
pan Ae =a xy = (e 
1+ tan’@ At point (2, 3), 
2x3=C>C=6 
=> y =ay1+(y,)° say ee 
: y= 
dy _yy 74 18 
> a . = 
dx a It y le 
am (ecu a dy = fax —In(l00-y)=x+C 
Ly? ed In(100-y)=-x+C 
Also x=0, y=50 
=> alnjy + Jy? -a?|=x+C 2 ~ 1n50 
13. y =e*(ax + b) asst) x = In 50 —In(100 - y) 
Differentiating w.r.t. x, we get an In 50 z 
dy =e x dy x ‘ 100 -y 
—=e*(ax+ b)+e*-a or —=ytae pee 
dx ( dx . (i) = 50x 
Again, differentiating both the sides 100-y 
a = + ae* iii) = 100 — y =50e* 
eae => y =100 —50e* 
From Eq. (iii) - Eq. (ii) ; 
2 dy dy 
d’y 2dy | 0 19. Here, x|—— | -—3y +3=0 
dx? dx - ae 
is required differential equation has order 1, oe ee 2 and non-linear. ; 
20. Here, (f’(x))° + 4f’(x)- f(x) + (f(x))° =0 
14, ® rox are 2, 2%, (Pa) + AF) fl) + (FO) 
dx x° dx x f'(x) f(x) 
dy x dy x => + 4 +1=0 
Now. ar =-1 > m= p => i f(x) f(x) 
we y og y 
‘ -4+ /16—-4 
yt _ f(x) _-4#y 
y =-—++C f(x) 2 
° FO) _ 
15. | f(tx) dt =n- f(x) = 243 
fle) 
Put,x=y = dt= = dy Integrating both the sides 
1 px log | f(x)| =(-2 + V3) x + G 
— J, £0) dy = nfl) Pade 
x fo = flx) =e ?* Yc 
“Fy thoes 
J, fo) aaa 21. (a) 3ax+2y Yao 
Differentiating, f(x) =n[flx) + xf(x)] i 
flx) (=n) = nx f(x) = BD Speen 
oe - l=n de y 
ed and 16y" ay =k 
1=n dx 
Integrating, In f «(+ 7 Cx=In(Cx) " ; =a dy Sie k 
é dx 16y” 
ee. f(x) ee eee 16x kK . & k 
2, 2a a-1 301 te 16y 16 
16. (x°z* -1) az" * dz +2xz™ dx =0 y y y 
16 
or ox? 22%! — 2% "1) dz +. 2x2" dx =0 a Mo ey 
16 
y° x 


for homogeneous every term must be of the same degree, 


3a+1=a-1 > a=-!l 
17. Differentiate, xy (x) = x’y"(x) + 2 xy(x) 


or xy(x) + x” y’(x) =0 


(b) ae ce *=1-—(y-—x)=-(y-x-1) _ [using ce™ 
Be 
and ay. ge el 
dx dx 
dy = 
—[1-ke*]=1 
es [ ] 


“=y-x] 


or ia@ee ayo ea 
dx 


d 1 
Yom = 
dx y-x-1 
=> mm, =—1 
2 
(c) £Y = 20x 2x y= 1 
dx x x 
d d 
Also, axt+4y"%a9 = Va-* em, 
dx dx 2y 
Hence, mm, =—-1 
(d) x -y'=c 
d d 
2x —2y “Y =0 => YY =~ =m, 
dx x y 
xy =k 
d d 
xO by o> ey = Y =m, 
dx dx x 
mm, =—1 


Hence, (a), (b), (c) and (d) are all correct. 


22. Let m= o be the slope of tangent (x, y) to the required curve. 
Xe 


m, = slope of the tangent at xy = c” 


x x 
2 
m+ —~> mek 
Hence, X—=+1 or X =+1 (i) 
‘eee 1-~m 
x? - 
Consider y? —2xy — x? = 
dy ( 2) 
=> 2y —-2|/y+x—]-2x=0 
ar? - dx 
d 
= DY y-xyaxty 
dx 
es dy _xt+y_ (say) 
dx y-x 
From Eq. (i) 
+ 
ce Are 
LHs = —¥—7 _* 
(a8 ee 
xly-x 
Di. 39 
=~ *Y ~1RHs 
x+y 


23. x Y= ylog(2) 2 ~ tog {2} put y = vx 
dx x x 
> WY adiga 
dx dx 
v 


d dv 
v+x——=vlogv => x-——=Vv(logv—1) 
dx dx 


24. 


25. 


26. 
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= i} dv = (= = dt dx 
v (log v — 1) x 


P=1 x 

let log v=t 
> log (t — 1) = log (x) + log C 
> log (t — 1) = log (xC) 
=> t=1+xC 
=> log ~ =1+ xC 

x 
=> yaxe t& 

1=Cxe 

or y=x-e 

Sos 
and log — = log e + Cx 

x 
> y =ex-e™ 


Clearly, (a) and (c) are of the form 7 + Py =Q, which is 
x 
linear in y. 
_ da *y : . day, 
Also, (d) is —— = cosx, on integrating — =sinx + C 
dx? dx 


which is also linear in y. 


dy _y-x)t (x-y)? + 4xy 
dx 2y 


d 
=> i =1 or a =— = 
dx dx y 
=> x-yt1=0 and x? +y?=25 
(a) f(x, tx) =e’ + tan7/(t), independent of x. 
= Homogeneous differential equation. 


2 
(b) log (2) dx+ % sin 2.dy =0 
x x 


x 


= Homogeneous differential equation. 
(c) f(x, y) =x" + sinx cosy 
f(x, tx) = x* + sin x- cos (tx), not independent of x. 


= Not homogeneous differential equation. 
2 


x+y 
(d) f(x y) = 7.3 
xy y 
= f(x, tx) is not independent of x. 
= Not homogeneous differential equation. 
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sin x 


J cos x dx = 


27. Integrating Factor = e 
ise yee =e cosx=—e*7 ™*4C 


At point (0, -1), 
-1e°=-e° +C>0 


yein* = — gsinx 
yest 
28 oY cot x =— ae 
” dx * x? 
1 
Integrating Factor = e/~Cot* 4 = epg sine _ _ 
sinx 
1 i 1 
“. Required solution is y -— =f “s —dx+C 
sinx x°  sinx 
1 1 
—=—+C 
sinx x 
Asx>~,y >0=>C=0 
= 1% = lim f(x) =1 Ai) 
x0 
I ={"" sinx de 
0 x 
Since, = is decreasing, when x > 0 
x 
= f(x) < f) 
1/2 ™ T 
> x)<—andx<— 
* fle) <4 : 
/2 
a f(x) > i() => [ F(x) dx >1 
29. (a) Order of the differential equation is 2. 
xdy — ydx 
_ 2 
(b) xdy — ydx aes x _ dx 
yx? + y? y? x 
1455 
x 
2 
Inf@ + JJ1+ 4] =In|[cx| 
x x 
[2 2 
+ 
2g Ne OF icy 
x x 
ie. ytyx? ty? =Cx’ 


(c) y =e" (Acosx + Bsinx) 
dy 
dx 

=y +e (-Asinx + Bcosx) 


=e" (Acosx + Bsinx) + e*(—Asinx + Bcosx) 


d’y _dy 
—_ =— + e* (- Asinx + Bcosx) 
dx” dx 


+ e* (— Acosx — Bsin x) 


ay ae + e* (— Asinx + Bcosx) — 
dx’ dx 2 
dy | dy (2 

of =2 
dx dx - dx - 


30. 


371. 


32. 


33. 


34. 


(d) (1+?) oe + x=2e™Y 
xX 


dx 1 em y 
=> + x= 


dy 1+y° 
1 


1+y? 


2 <1 
IF=e 1l+y = en y 


1 
tan 
e ng 


—] = 
=> xe" =2fe™ y. dy 


1 y? 
-1 -1 
xe v= e tan" y +k 


24 (A + Bx) e** = Be* 
dx 


> + my =@ + m)(A + Br) e™ + Be™ 
x 
2 

> 1) ep abana aw hie 
dx? dx 


+B(b6+m)e* =0 
=> 3m+n+9=0 and m+6=0 
> m=-6 and n=9 
Equation of tangent 
Y-y=m(X —- x) 


Put X = 0, Y=y-mx 


P(x.) 


O 


Since, initial ordinate is 
yr-mx=x-1 

=> mx—y=1-x 

dy 1 2% 


which is a linear differential equation. 
dx x x 


Hence, Statement I is correct and its degree is 1. 

= Statement II is also correct. Since, every 1st degree 
differential equation need not be linear, hence Statement II is 
not the correct explanation of Statement I. 

Statement I The order of differential equation is 2. 


.. Statement I is false. 


2 
Integral curves are y = cx — x 


The differential equation does not represent all the parabolas 
passing through origin but it represents all parabolas through 
origin with axis of symmetry parallel to y-axis and coefficient 
of x” as —1, hence Statement I is false. 


Statement II is universally true. 


yd AY oot X = x de 
y y 
x x 
or cot —-d |- x dx 
ag) 


35. 


36. 


37. 
38. 


39. 


40. 


or fcot tdx=nx+C 


: a: 
In (sint) = nx + C;sin — = Ce™ 


y 


y =c, cos2x + c,sin’ x + c,cos’ x + ce + cs 
1 -— cos 2x cos2x+1 
et = 6, cos2x + Cy +6; 
2 2 
+ cye™ + cse?* - e% 


Co , C3 Co, o3 1 \ 2x 
=|c, -— + —|cos2x+|—+—]+(q, + c’s)e 
[a 2 =) (: 3) +e 


=), cos2x + Aze** + Ag 
= Total number of independent parameters in the given 
general solution is 3. 


The given differential equation is 


(2) 
a x 
= dx 
dy x? +1 
dx 
=> in 2) =n? +1) + InGe>0 
dx 
=> 4 _ (x? +1) 
dx 
3 
= y=e[Erx]ecicen 


Obviously y > -, as x 4 «; asC > 0 
(x —h)? = 4b (y —k) here b is constant and h, k are parameters. 


The general equation of all non-vertical lines in a plane is 
ax + by =1, where b #0. 


Now, ax + by =1 
=> at+b o =0 (differentiating w.r.t. x) 
Ix 
a 
> b ies =0 (differentiating w.r.t. x) 
dx 
d ’y 
> —=0 asb #0 
Pe ( ) 


2 
Hence, the differential equation is aa =0. 

Xe 
The equation ax” + 2hxy + by’ =1 represents the family of all 
conics whose centre lies at the origin for different values of a, 


h, b. 

.. Order is 3. 

Thus, Statement I is false and Statement II is true. 
Hence, option (d) is the correct answer. 


y =asinx + b cosx 


d 
ae 7 acosx — bsin x 
Xe 
a 
=> oar =~ aeosx —bsinx =—y 
d? 
> {Vt yso 
dx? 


But Statement II is not the correct explanation of the Statement I. 


41. 


42. 
43. 
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f(0) =2 
f(x) =(e* +e) cosx —2x — af f(t) dt—J" tft | 
1 


flx)=(e% &*) cosx 2x [x fe) flO) —te- FO -f* floael 
f(x) =(e* + &*) cosx — 2x — xf(x) + 2x af x f(x) - [re ar 


f(x) =(e* +e) cosx — [re dt (i) 
On differentiating Eq. (i) 
f(x) + f(x) = cosx (e* — e*) —(e* + e&™*) sinx ...(ii) 


d ; : 
Hence, = + y =e (cosx —sinx) — e* (cosx + sinx) 
Xe 


£0) + f(0)=0-2-0=0 
IF of Eq. (i) is e* 
ye= fe?*(cosx —sinx) dx — [(cosx + sinx) dx 
ye= fe?*(cosx —sinx) dx —(sinx — cosx) + C 
Let [= fe?*(cosx —sinx) dx=e’*(Acosx + Bsinx) 


Solving, A=3/5and B=—1/5andC =2/5 


5. 


3 1 Z 2 
y=e'(2 cosx + sinx] (sin x oe a 


Solutions (Q. Nos. 44 to 46) 


d’ 
Integrating, ot =6x —-4, 
dx 


d 
we get  =3x? 4x4 A 
dx 


d 
When x = 1, y =0 sothat A =1. 


dx 
ay 


=3x7 -—4x4+1 sali 
dx 


Hence, 


Integrating, we get y = x 2x? + x4 B. 
When x = 1, y =5, so that B=5 
Thus, we have y = x? —2x° + x +5 


1 
From Eq. (i), we get the critical points x = 7 x=1 
1 d* 
At the critical point x = 3 a is negative. 
Xx 


1 
Therefore, at x = 7 y has a local maximum. 


a 
Atx=1, a is positive. Therefore, at x = 1, y has a local 
Ix 


minimum. 
1 157 
Also, f(1)=5, (3) rag? f(0) =5, f(2) =7 


Hence, the global maximum value = 7. 


and the global minimum value = 5. 
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47. xdy —ydx =x’ —y” dx 


48. 


49. 


50. 


57. 


52. 
53. 


= a(*)- evi 


ees d(y/x) =(@ 
1 -(y/x)? 


=> sin? =Inx =InCorCe=e™ 


x 
(xy* + y)dx—xdy =0 
=> xy*dx + y dx-—xdy =0 
2 
3 < x 
> x dx—||—|d re 
J iL) [ 
Fi 3 
=> aig SV 26 
4 3\y 
2x cos ydx — x’ siny dy + y* cosx dx + 2y sin x dy =0 
= face? cosy) + fav’sinx) =0 
=> x’ cosy + y’sinx =C 
dx __ydy 
x 1+y? 
> Inx= "Int y*)+C 
From the given condition, C = 0 
ae 
x" -y°=1 
2 
dy | 1t+y 2a 
dx Jy — x? 
=> oat de =0 
l+y 1-x 
=> tan y +sin’! x=C 
d (1+ x)? 
es =(1+ x): +y)givesy=e # -1 
dx 
Tangent at point P(x,y), is y —y = f’(x)(x-~x) 


Q:(0,y — x f(x) 

Then, PQ=O0Q 

=> x7 + x°(f'(x))? sy? + x°( f(x)? -2xy(f'(x)) 
= x sy? —2xy- f(x) 


2 2 


or dy | dx =~ ~ put y =tx 
2xy 


dt dy 
> ttx—=— 
dx dx 
dt t-1 
t+x—= 
dx 2t 
= jit -a+t) ot t= dx 
dx 2t ee x 
2 
=> a147 


=14+2>5x7+y?-cx=0 
2 
x x 


Cx? +y?-x=0 


Cox? +y?+x=0 


C, and C, touch externally => number of common tangents = 3. 


54. C3:(x-5)+y? =5° 


Tangent, bx + ay —ab = 0, length of perpendicular to tangent 
from centre = radius. 


=> 5b —ab| =5va’ + b? 
=> a’b? —10ab? = 25a’ 
= ab” —10b” = 25a 


ZORM = 30° 


nav? ss or ad 
1+OR 


QM 


sin30° = =1/3 


2 
radius of C, = 1/3 = C =—-2/3,Cix' + y"+~x=0 


Point (—1/3,1/3) will satisfy C). 


56. (A) Let x =rcos@ y =rsin® 


xe + y? =r? — + cos’@) =r? ...(i) 


and tan0 == 
x 

d(x? + y”) =) 
From Eq. (i), x dx + y dy =rdr (iii) 
From Eq. (ii), 


d (2) =d (tan@) 
x 


=> xAY ~ VOX _ 50? 6 d0 
x 
x dy —y dx =x’ sec” 0 d0 
=r’ cos” @ sec’ 0 dO = r7d0 ...(iv) 
From Eqs. (iii) and (iv) 
rdr a’ —y’ 
r°d0 r 
or — =d0 
202 
a’ -r 
sin” (=) =0+C 
a 
> r=asin(0+ C) 
> yrty= asin + tan’ (2)} 
x 


d 
2 2 
(B)  ~sec x tan 2xy = cos” x 
x 
2t 2 
5 > x sec? x dx 
IF a ed tan2x see oe tan® x-1 


dt 
=e ', wheret=tan’ x-1 


=e™l'l =| |= |tan? x-11 
; T 
Given that, | x | <— 
4 
tan? x <1 
IF =1- tan? x 
Solution is y (1 — tan” x) = J cos’ (1 — tan® x) dx 


= J(cos* x — sin’ x) dx 


= [cos 2x dx =P ** 4 ¢ 
T 33 
when x = —, y = — 
6 8 
3 
(1 \atxec 
8 3 2 2 
sin2x 
C=0 > y= a 
2(1 — tan“ x) 
(C) x? + y*? —2cx =0 
d 
ax+2y % -2¢=0 
dx 
or Gaye te 
dx 
d 
From Eqs. i) and i) x? + y?—2( x42] x=0 
x 


d 
or ety? 2xy y 
dx 


= 0is the differential equation 


...(ii) 


representing the given family of circles. To find the orthogonal 


trajectories. 
2 x? =- 2x a 
y yay 
or y’ dy =x dy —2xy dx 
2)_ 2 
Be ee 
y 
x2 
or -ay=a{=| 
y 
2 
or -y=—+C 
y 
=> x +y?+Cy=0 


= Orthogonal trajectory. 
(D) Differentiating the equation w.r.t. x, we get 


xy (x) +1 vo dt =(x + 1) xy(x) +1 I ty(t) dt 
Again, differentiating, w.r.t. x, we get 


y (x) = x"y"(x) + 2xy(x) + xy(x) 
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2 
or (1 — 3x) y(x) 22 @) 
dx 
be (1 — 3x) dx = dy(x) ee © ye 
x y(x) x? 
57. (A)r=5cm, dr = 0.06, A=ar° 
6A =2mr br =107 X 0.06= 0.67 
(B)v=x° 
dv =3x? bx 
SY aa ean Ss 
v x 
dx dx 
C)(x-2)— =2— => x=4 
(C)( Vs dt 
(D) AaB 
dA V3 dx 3 1 3v3 
= x = -15- = 


dt 2 dt 2 10 4 


58. (A) 7 =e* (Acosx + Bsinx) + e*(—Asin x + Bcosx) 
x 


=y +e (-Asinx + Bcosx) 
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+, —~ =— + e*(-Asinx + Bcosx)+e*(—Acosx — Bsinx) 


2(E>} nlf) 
— + =2 
de (2 ae es 


So, degree = 1 and order = 2 
(B) The equation of the family is y? = 4a (x — b) 
where a, b are arbitrary constants. 
dy wy d’y 
2y —=4a or |—]| +y—,=0 
[ dx (2 . dx? 
So, degree = 1 and order = 2 


(C) The equation of the family is 
(x-c)? + y? =e? 


2 2 
or x’? + y? —2cx =0 or ~~» =2¢ 
[2x + 2y ®) x—(x? + y?)-1 
dx 
=> =0 
2 
x 
So, degree = 1 and order = 1 
2 2 
; ots y 
D) The equation of the family is + 
w 2 eek. beh 
they have the same foci (+ ja” —b”, 0). 
On differentiating, —, 4 a a =0 
d-+X b+ dx 
x yp 
or + =0 Let 
atrn b+ ( if 


or x(b° + A)+ yp(a’ + A)=0 


= 1 because 
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a eee 
=> yah X= WP 
x+yp 
.. The differential equation is 
2 y? 
+ =1 
_ ply 2 a ee 
aoe b°x — a’yp ie 4 b°x —a’yp 
x + yp x + yp 
oe a + JP) % dx + YP) 4 
a“—-b (b* —a*)p 
So, order = 1 and degree =2 


ax’y dx —2y* dx + 2x°dy + 3xy* dy =0 
Dividing throughout by x’y , we get 


dx 2y° dy 3y° 
2 y dx +2-——+ —> dy =0 


x y x 
2: Wg 5 88 
a 5 Og OY PY x AY YEG 2 
x y x 
Ca 
_ oo ody , 3y x ee 
x y x 
3 
= 2atns) + 20ny) + 4%} =c 
x 
3 
=> 2 In|x| + 2In|y| +> =C 


C=1 


Let the salt content at time ‘f be uw lb, so that its rate of change 
is du/ dt. 


when x = 1, y =1. So, 


= 2 galx 2 lb=41b/min 
If c be the concentration of the brine at time ft, the rate at which 
the salt content decreases due to the out flow 
= 2 galxclb/ min 
= 2c lb/ min 
du 


—=4-2¢ wild 
= (i) 


Also, since there is no increase in the volume of the liquid, the 
u 


concentrations — 
50 


C= 


du 2u 
. Eq. (i) becomes — = 4 — — 
q. (i) bec er = 


Separating the variables and integrating, we have 


d 
fat=25 Jo 


or t=-—25 In(100 —u) + K 

Initially when t = 0, u = 0 
0=-251n100+ K 

Eliminating ‘K’ from Eqs. (ii) and (iii), we get 


100 
t=251n 
100 -—u 


Taking t = 4, when u = 40 and t = t, when u = 80, we have 
100 100 

t, =25 In| —] and t, =25 In| — 

60 20 


...(ii) 


...(iii) 


61. 


62. 


63. 


.. The required time (t, — 4) = 25 [in 5-In ;) =25 In3 


= 25 X 1.0986 = 26 min 28 s 
= 1648 s =206 x8 =206xA 
A =8 


f(x + fy) + xf(y))=y + f(x) + yf(x) (i) 


Differentiating w.r.t. x and y is constant 


F(x+ FY) + FO) A+ FY) = Fx) + yf'"(x) 


From Eq. (i) again differentiating w.r.t. y as x is constant 


f(x + fly) + xf(y)) 1 + x) f') =14+ f(x) 
From Eqs. (ii) and (iii) 


...(iii) 


1+ fy) _G+ty) f) 
atx) f(y) 1+ f(x) 
Q+y) fy) _ 1+ fe) _ 
1+ f(y) (+x) f(x) 
Hey kT) “yy — Lt F(x) 
f= a A and f(x) eS 
te) 3 Geer a ee 
IN 1+ f(x) 1+x 


Integrating both the sides f(x) = C(1 + x) 1 
From Eq. (i) put x = y =0 

FCF(0)) = F(0) 
From Eq. (ii), f(0)=C -1 
So, f(C-1)=C-1 
* (taking +ve sign) 
So, f(x) =—1and f(x) =(1+ x)-1=xandC =1 


f(x) =(1+ xy? -1=— 
1+x 
1+ flx)=—— 


1 
1+ (2009) = rare (2010) (1 + f(2009)) =1 
(x) + 20(x) $1 


e°* (x) + 26 (x) e* < e** 


d ~ie") <0 
2 


2x 
—le x 
rn ( (x) 
“ Ga o (x) - *) is a non-increasing function of x. 


1 : ‘ ‘ 
=> (x) ——is a non-increasing function of x. 
2 


.. 20 (x) is always less than or equal to 1. 
v2 dy _ 0 
dx 


1/2 
= 


1 - = 
— Cab. 3¢ 1+ 
1. ) ; y) 


VJilty 1 


a dy He 
afl +x dy/dx 


1 
=> = : 
“ji +x 1 +y dx 
Putting this value in the given equation, 
1+y _ dy 


dy hoe 
dx oe Jt+x dx 


.. Degree of the given equation is 1. 


64. Here, 2 f(x): f(x) [I te (F(x) = f(x) 


4 2 = bi (x) 
= PMG) = pea 
> [Feed f(x) = fa(tan(F29) 


= FO) 5 c= tan (p(x), a flo) = f'(0)=0 e=0 
6c. ee eee 


3 2 


1/6 1/6 
31 31 
|~—] <f(x)</— 
(F) <<(7) 
= Number of integers between ik, and k, are 3. 
65. Put, dy / dx =t 
dt/dx-t+e™* =0,LF.= @ oe 
Solution is, t-e * = [He -e *dx+C 
= te*~ =-e*+Cy(0)=1>5C=2 
2-e* 


C= xX 
2x 
= y =2% -——+C!,y(0) =2=9 C" =1/2 


dy | dx = fay = fee* -e*)dx 


2x 
e 1 
y(x) =2e*-—-+- > 

2 2 


y(x) < ; for x = log2 


[2x] = [2log2] = [log 4] =1 


66. Let in time dt the decrease in water level in the tank is dh, then 


amount of water flown out in time dt = mr’ - dh 


Now, through the hole the amount of water flown 
=(Volume of cylinder of cross sectional area ‘a’ 


and length vdt). 


=a-v-dt=aw.2gh dt 
Hence, lla /2gh dt=- 1 r°dh 
—-nr’ 


7 nov dh 
pa 2g 


> dt = 


67. 
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Now, when t = 0, = H and whent =t,h=0 


Thus [ ae i i ho? dh 
: 0 ua 2g 7H 
—nr 
=> r= -2(Vh)¢ 


pa 2g 


nr’ 2H 
=> t= a ee 
lla & 


Let at time t the depth of water is h; the radius of water surface 
is r. 


Now, if in time dt the decrease in water level 


is dh, then 
-tr’ dh=06 J2gh-a dt 
(a is cross-sectional area of the outlet) 
-T 9, dh 
=> 2Rh—-h =dt 
(06) a jag ( Vh 
T O 13/2 1/2 : 
=> h 2Rh'*)dh=| dt 
(06) a 2g I ( ) I, 


0 
2 Pa = Ra? =f 


T 
mE 5 ls 


ee: 4 wn? *) _ 7m X10° 
(06) a 2g 5 3 135 ./g 


We have been given, 
f (xy) =e *"7 fe” f (x) + e* FO)LV wy ER” i) 
Replacing x = 1, y = 1 in Eq. (i), we get 
fase fe fare fo fa =o 
f(x + h)—~ f (x) 


hoo h 
dee 
= lim * 
hoo h 
whee 
= lim £ x(elthix. (xy te": fC + h/x)) — f(x) 


> 
L 

o 
> 
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h-1--+x dz Yi 
ae 
TOE 1 , Lr : ) ee 
= lim + lim h ay 
h—0 h—0 nh. > yy: —+z0=0 
x dx 
ear. , a d 
= f(x)4 LO. pyro = y, 2 = 90-2) 
x x dx 
x dz _Q 
, _e@ => —= ~¢ 
= f')- fa) =o 2, 
= e* f '(x) - f (x) e* an = In|z-1|= J Q dx + i,‘W being constant of integration 
ex x 
d ( f(x)) 1 2 ax 
= Fl e* Je; - elle 
Integrating both the sides, we get 71. We have, f (x)=x+x° [ zf(z)dz+x {, z° f (z) dz 
f(x) =In|x|+C f(x)=xt+ x? Ap t+ xry (say) 
e* 1 1 
Since: f()=03C=0 Now, M=[ zf@)dz=f (Q+A)z+27h)z de 
Thus, f (x) =e*-In(x) ithe, 4 
69. Let P (x, f (x)) be a point lying on the curve in first quadrant. 3 4 
Equation of normal and tangent at P are => 9h, -4A,=4 ...(i) 
1 
OF - FD=- Fay K-») and Also, haf 2? fed 
x 
(Y — f (x)) = f ’(x) (X — x) respectively. 7 [, (1+ Ay) 2? +2z* Ay) dz 
=> A= a (422), 
f(x) 4 5 
Since, the mid-point of segment AB is origin. > 15A,-4A, =5 (ii) 
2% ox — f(x) = + FG): Fae From Eqs. (i) and (ii), 
me = ul and A, = a 
=> fiaf’ (x))? a x)-f(x)= 119 119 
> f(x)=x+ es eg 22 a Ge poss 
= Pe —2xt 4x7 +4 f(x) —xtax° + f(x) 7 119 119-119 
x)= = 
2f (x) f(x) 72. f(xt+ fiy)+xfyayt fix)ty f(x) 
Negative sign been neglected as f (x) > 0 Keep y constant and differentiating the expression w.r.t. ‘x’, we 
Thus, we have, x + f (x): f (x) =x" + f? (x) get 
d Fi(xt f+ xt FON=f (x) 1+ y) ---(i) 
> ae (x? + f (x)= yx? + f(x) Similarly, differentiate the expression w.r.t. ‘y’ and keep x 
: constant, we get 
d(x’ + f * (x) , , ¥s 
= dw +f @) x f+ fO) + xFOF'O)A+D)=C4f@) Gi) 
2yx + f° (x) Dividing Eq. (i) by Eq. (ii), we get 
Integrating both the sides, we get ./x? + f’ (x) =x +A 1+ FY) = J ey) 


f’)G+x) G+ f(x) 


It passes through (1, V3). 1+ f(y) f “(x)(1+ x) 


— — => 
Hence, A +1 cae 1 ; ; f') (1+ y) (1+ f (x)) 
Curve is x° + f “(x)=(x+1)° or y° =1+2x 
1] 1 ci 
70. We have been given, = f'o)=aa = oe and f “( os 
q C ar ra 
Et By =0, at Pye Q ; 
dx => on ei 
dy» dz dy, 
Now, =y,z7> = +E , 
i es dx = dx dx . f “(x) —+ 1 
sig OE jai OG, ty 320) 1+ f (x) 1+x 
dx dx 


=> f(x) =A, + x)*1-1 


73. 


Replacing x, y — 0 in the Eq. (i), we get 
Ff (f (0) = f (0) 


Now, f (x)=, 04+ x)*1-15 f (0)=A,-1 
and f(FO)=fA-)=m Ay -1 
Since, f (fF (0) =f (0), Ag) -1=%4-1 
=> Aer ey 
By taking +ve sign, we get A, = 0,1 
= f(x)=-1 or f(x)=x 
By taking — ve sign, we get A, =1 
56 
=> = -1=- 
F(x) 1A 1 +x 
: 2 dy 2 
Given, (x a a ee =0 
x 


2 


> [(x? + 4x + a) yx + 2} -y =0 
Kc 


> [(x-42)? + y(x4 29] -y* =0 
x 


Put x + 2= X andy =Y, then 
dY 
(x? + XY) —-Y’ =0 
dX 


=> X*dY + XYdY -Y"dX =0 
=> X°dY + Y(XdY — YdX) =0 
dY XdY —YdxX 
=> a Sees 
Y x 
Y 
=> —d (log |Y|)=d|— 
(log | Y|) (=) 


On integrating both sides, we get 


¥. 
=e =e eRe ee ea end 


meee L : 
> Ne Sag ...(i) 
Since, it passes through the point (1, 3). 
: —log3=1+C 
=> C =-1-log 3 = — (loge + log 3) 

= — log 3e 


.. Eq. (i) becomes 
y 
lo + —— - log Ge) =0 
Bly +" ~ bog Ge) 


= log (2! fee eer (ii) 
3e XZ 
Now, to check option (a), y = x + 2 intersects the curve. 
|x+2|) x+2 
> log | ——— |+ =0 
3e x+2 


(4) 
=> log | ——— | =-1 
3e 


> |x+2|=3 or x+2=243 
x =1,—5 (rejected), asx >0 [given] 


“. x= 1 only one solution. 
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Chap 04 Differential Equations 303 


Thus, (a) is the correct answer. 


To check option (c), we have y =(x+ 2)? 


and log (2! +7 =0 
3e x+2 
2 2 
= og] EAE) tA 
3e xt+2 
2 
= log| EEA | =e 2) 
3e 
2 
ey 2 e 2) or (x4 2)? -e7*? =3¢ 
3e 
=> x+2 = — 3e 
(x+ 2)? 
Y 
eXt2 
a? 
oes 3e/(x +2) 
Xx 
O 
Clearly, they have no solution. 
To check option (d), y =(x+ 3)" 
2 2 
ee ogg | ee 
3e (x + 2) 
To check the number of solutions. 
(x +3)? 
Let g(x) =2log (x + 3) + ——~ — log (e) 
(x+ 2) 


oe are 


2, ( (e+ 2)-2(x + 3)-(rt 3)? -1 
(x + 2) 
2 (x + 3)(x + 1) 
= + 
x+3 (x+ 2) 


Clearly, when x > 0, then, g’(x) > 0 
g(x) is increasing, when x > 0. 
Thus, when x > 0, then g(x) > g(0) 


&(x) > log (2}+2 >0 
e 4 


Hence, there is no solution. 
Thus, option (d) is true. 


Here, f(x) =2- ny) 
x 
or ra +722 [i.e. linear differential equation in y] 
x x 


1 


— dx 
Integrating Factor, IF = é! x = ex 


=x 


. Required solution is y - (IF) = fodrdx +C 


=> y(x) = [2(x) dx + C 
> yx=x?+C 
C 
yext— [.C #0, as f(1) #1] 
x 
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(a) lim r(+}- lim (1 — Cx’) =1 


x2 0t x x2 ot 
.. Option (a) is correct. 
(b) lim s(4] = tims Ost 
x o0t x x2 or 
.. Option (b) is incorrect. 
(c) lim, x? f(x) = lim, (x* -C)=-C¥#0 


76. 


Since, centre lies on y = x. 
-, Equation of circle is x” + y” —2ax —2ay + c =0 
On differentiating, we get 

2x + 2yy’ — 2a —2ay’ =0 


=> x+yy’-a-ay’=0 
=> a= we 
1+y’ 


x70 x0 


Again differentiating, we get 
(1+ y+ yy’ 1-(@ + yy’) 0”) 
(a+ y’)’ 
ie fe = (ty) [1+ 0’) + yy] -(x + yy) (y) = 0 
x 0F > 1+y'[O’+y’t+1]+ yy —x) =0 
On comparing with Py” + Qy’ + 1 = 0, we get 


.. Option (c) is incorrect. 


fQjees Ceo $< 
x 


For C > 0, 


*. Function is not bounded in (0, 2). 


.. Option (d) is incorrect. P=y-x 
75. Here, (l+e*)y’+ye =1 and Q=(y’)+y'+1 
=> ” +e wy + ye* =1 77. (i) Solution of the differential equation ay + Py =Qis 
dx dx : q de y=Q 
=> dy + e*dy + ye* dx =dx y-(IF) = [Q-(F) dx + ¢ 
=> dy + d(e*y) =dx ‘i 
where, IF = a nee 


On integrating both sides, we get 


yrey=x+C (ii) f f(x) dx =2 I f(x) dx, if f(-x) = f(x) 
-a 
Gnren yin) =2 Given differential equation 
=> 2+e°-2=0+C dy x x! + 2x 
ax C=4 dx x? -17 siege 
elas This is a linear differential equation. 
= - x+4 J x ie T r 
x 24 = In| x° -1] 2 
Le IF=e ~* =e? =jl-x 
—-4+4 
Nowat x=-4y= = =0 = Solution is 
as 1 x =| x(x? +2) 1—x° dx 
y(-4) = () y fae 
dy 


For critical points, 


ax 2 4 x 2 
or yl—x° =|(x° + 2x)dx=—+x* +e 
dy (1+e*)-1-(x+ 4e* f J 5 


i.e. = aco =0 
dx (1 + e*) f(0)=0 > c=0 
> e* (x +3)-1=0 5 
=> jl —x? =—+ x? 
or e * =(x+3) i . : 
3/2 3/2 2 
YA Now, . 


7 _ pant max =| tae iw dx [using property] 
y=x 


dx 


2 3/2 x? 
7 J 1-x 


>X 


_ 2 
=2 = Tsoi nex an) 


0 cos 


2 m3 | 9 = Tt/3 - 
=2)) sin? 6 dO =|, (1 — cos 20) dO 
yY’ 


_ (0 “mo m sin2n/3_ n 3 
Clearly, the intersection point lies between (— 1, 0). 2 Jo 3 2 3 4 


.. y(x) has a critical point in the interval (— 1, 0). 


78. 


79. 


80. 


Whenever we have linear differential equation containing 
inequality, we should always check for increasing or 
decreasing, 


dy 


ie. for—+Py<0 => dy 
dx 


—+Py>0 
x 


‘ : : : Pd . 
Multiply by integrating factor, i.e. B | * and convert into total 


differential equation. 


Here, f (x) <2 f(x), multiplying by glee 


ff (x):e* —2e* f(x) <0 => “ f(x)-e*) <0 
ix 
(x) = f(x)e* is decreasing for x e|z. 7 
Thus, when x > : 


(x) < o( 3) =e" f(x) <e" i 


2 
2x-1 : 1 _ 
=> f(x)<e*~ +1, given f ; =1 
= 0<f flx)de<f' ed 
ye eee tage - 
2x-1\! 
=> o<f Fes <{ 
1/2 
1 esl 
= 0< [flea a 
To solve homogeneous differential equation, 
ie. substitute % =v 
Pa 
dy dv 
your > S=vt+x— 
a dx 


Here, slope of the curve at (x, y) is 
2 + see(2] 


dx x x 
Put y =v 
x 


dv 
v+x—=v-+sec(v) 


x 
dv dv dx 
> —= = | — = | — 
“x = lee J x 
=> [cosvdv = | => sinv=logx + loge 
x 
=> sin( “| = log(cx) 
x 


As it passes through (1 *) => sin( ©) = loge 


> lo g=e 
: 2 


eae be 
sn 2) log x + > 
Let (x) = e* f(x) 
: 1 
o @)<oxe(02] 


Here, 


87. 


82. 


83. 
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and o’(x)>0,xeE (= : 
=e f(x) —e* f(x) <0, x€ [0 +) 


= f(x) < fla). 0<x<7 


Here, f”(x) —2 f(x) + f(x) 2 e* 
=> f'(xje~ —f'(xje* -— f(xje* + f(x)e* 20 


= “1poe} < {flne*} 21 
= ft pxe = f (ep 21 
dx 
a 
= fe f(x} 21, Vx €[0,1] 
dx 
“. (x) =e * f(x) is concave function. 
f(0) = fd) =0 
= (0) = 0 = f(a) 
> (x) <0 
> e f(x)<0 
f(x) <0 


Here, f(x) =(1 - x) -sin?x + x? 20,V x 


and g(x) -((2- 


> £60) =| ED — toga} 
(x + 1) aan 


For g’(x) to be increasing or decreasing. 


Let (x) = a - 


log | f(t)dt 


+ ve 


“(x+1)? x x(x +1) 
0’ (x) <0,Vx>1 
= o(x)< O01) = Ox) <0 
From Eqs. (i) and (ii), g’(x) < 0, x € (1, ) 
. g(x) is decreasing on x € (1, ©). 
Here, f(x) + 2x =(1- x)*-sin’x + x? + 2x 
where, I: f(x) + 2x =2(1 + x) 
a1 + x”) =(1— x)? sin? x+ x” + 2x 
=> (1-—x)*sin?x =x? -2x+2 
=> (1-x)sin?x=(1- x)? +1 
=> (1— x)’ cos? x=-1 
which is never possible. 
.. Lis false. 
Again, let h(x) =2 f(x) + 1-—2x(1+ x) 
h(0) =2f(0)+1-0=1 
h(1) = 2(1) + 1 - 4=-—3 as [h(0)h(1) < 0] 
= h(x) must have a solution. 


where, 


.. IL is true. 
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84. Linear differential equation under one variable. 


85. 


86. 


oY py =Q; Feell® 
dx 


. Solution is, y (IF) = fa: (IF)dx+C 


y’-ytanx =2xsecx and y(0)=0 
dy 
=> ——ytanx =2xsecx 


dx 


IF= fe™™*de= elog| cos x4 = osx 


Solution is y-cos x=[2xsec x-cosxdx+C 


=> y-cosx=x°+C 
As y(0) = 0 
> C=0 

y =x’ secx 


om 
- 9-4 


4 

(E os 4m a 
=> y 
4 y-g/(x) = atx) g(a) 
x 


Bae 8% _ oats) 
Solution is y (e 80) = f(x): £(x)-e 8) dx +C 


Put g(x) =t, g’(x) dx =dt 
y(e8) =fe-e dt+C=t-e — feet dt+C 


=tee'-e +C 
y ef) = (g(x) - 1) ee 4C 
Given, y(0) = 0, g(0) = g(2) = 0 


Eq. (i) becomes, 
y(0)-e8 =(g(0) —1)-e8 + C 

> 0=(-1):1+C > C=1 
y(x)-e8) = (g(x) -1) 8 +1 
y(2)-e8) = (g(2) — 1) e&) + 1, where g(2) = 

y(2):1=(-1)-14+1 

y(2) = 

From given integral equation, f(0) = 0. 


l 


l 


Also, differentiating the given integral equation w.r.t. x 


f(x) = f(x) 
If F(x) #0 
= ie => log f(x)=xte 
> f (x) = ee* 


f(0)=0 = e =0, acontradiction 


f(x)=0,VxER = f(ln5)= 


...(i) 


87. 


88. 


89. 


= f(x) 


Alter 
Given f(x) = [Fe dt 
= f(0)=0 and f’(x) 
If f(x) 
> feet = Inf(x)=x+4+e 
=> f(x) =e -e* 
f(0) =0 


= e° =0,a contradiction 


f(x)=0VxER = fi(ln5)= 


Given, 
dx x/x* -1 
f dy =| dx 
y y? 1 xafx? —1 
=> sec y=sec xtc 
2 nn 0 
Atx=2, y= : e—+¢ S cS 
ee G3 


v3 1 1 
y= Te 
2x 2 x 
Given differential equation is 
y(1 + xy)dx =x dy 
> y dx + xy’dx=xdy 
> EEE ike 
y 
4 _ (y dx dy) 
y 
On integrating both sides, we get 
2 
= a = x +C 
y 2 


*" It passes through (1, —1). 


1 
Now, from Eq. (i) es 
y 2 2 
2 2x 2x 
> x +1= >y= ; 
y pie oa | 


Given differential equation is 
(x log oo + y =2xlogx, 
dx 


2D 


dx xlogx 


=2 


=x dx s-4(2]=x0 
y 


(i) 


(x 21) 


90. 


91. 


92. 


This is a linear differential equation. 


SFogx® 


dx 
IF=e xlog x elostlog x) _ 


=logx 
Now, the solution of given differential equation is given by 


y-logx = flog x-2dx 


> y log x =2f log x dx 
=> y:logx =2[xlogx-—x]+c 
At x=l1c=2 
=> y:-logx =2[xlogx -—x]+2 
At x =e, 

y =2e-e)+2 
=> y=2 

dp 


1 
Given differential equation 6 p(t) = —200 is a linear 
t 
differential equation. 


Here, p(t)= >a) = —200 


Hence, solution is 


(t).IF = i Q(t) IF dt 
p(t)e2= J-200 -e dt 


t t 
p(t)-e ?=400e 2+ K 
> p(t) = 400+ ke*” 


If p(0) = 100, then k = —300 
t 


= p(t) = 400 — 300e2 


(100 -12Vx) 


=> dP =(100 — 12/x) dx 
On integrating both sides, we get 


fap = J (100 — 12x) dx 


P =100x -8x°? +C 
When x = 0, then P = 2000 
=> C =2000 
Now, when x = 25, then 


dP 
Given, —= 


P =100 x25 —8 x(25)*”” + 2000 


= 2500 — 8 x 125 + 2000 
= 4500 — 1000 =3500 


Given 
(i) The population of mouse at time ‘? satisfies the 
differential equation p’(t) = a = 0.5p(t) — 450 
t 


(ii) Population of mouse at time t = 0 is 
p(0) =850 


93. 
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To find The time at which the population of the mouse will 
become zero, i.e. to find the value of‘? at which p(t) = 0. 


Let’s solve the differential equation first 


p(t) = a) 


dt 
2dp(t) 
p(t) -—900 


2dp(t) 
Lp p(t) — 900 = Jat 


= 2log | p(t) -—900| =t + C, where Cis the constant of 
integration. 


To find the value of ‘C’, let’s substitute t = 0. 

= 2log| p(0) -—900|=0+C 

=> C =2 log | 850 — 900 | 

=> C =2 log 50 

Now, substituting the value of C back in the solution, we get 
2 log | p(t) —900| =t + 2 log 50 

Here, since we want to find the value of t at which p(t) = 0, 

hence substituting p(t) = 0, we get 


2 log | 0 —900|=t + 2 log 50 


= 05 p(t) — 450 


900 
> t =2 log | — 

50 
=> t =2 log 18 


fe pasos 
dx 


=> je fax 
=> log |y +3) =x+C 
Since y(0) =2 
=> log, [2+ 3)=0+C 

= log,5 
> log, |y +3) =x + log,5 
When x = log,2 
=> log, |y + 3| = log,2 + log.5 = log, 10 
=> y+3=10 
=> y=7 
Given, PAV) =—-k(T -t) 

dt 
d {V(t)}}=—k(T -2t)dt 


On integrating both sides, we get 


viy= KE) 4c 
2-1) 
k 2 
= Vy = 5-H +e 


Att =0,V(t) =I 


=<(r-oy' + 
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_ C=I- k r 96. Given, y =ce* 
k 2 k > y’ =c.¢e°* 
7 2a 7h pe F 
V@)=5(P 1 +1-ST > y Soy) (i) 
=> "= coy’ (ii 
Now, v(t) =1-"r? - ee ie 
a => y= ae fom Eq. (i), ¢2 = 4 
95. Since, cosx dy = ysinx dx—y’ dx y y 
1dy 1 => yy” =(y’)? 
> a5 7 tan x = —sec x 
y'dx y 97. Equation of circle having centre (h, k) and radius a is 
oe 1 (xh) +(y —k)’ =a’. 
2 -y a The equation of family of circles with centre on y =2 and of 
1dy dz radius 5 is 
=> aa (x- 0)? +(y—-2)? =5? (i) 
y dx dx ae 
dz > x +o -20x+y?+4—-4y =25 
> — +(tanx)z =—sec x ; ee 
dx On differentiating w.r.t. x, we get 


This is a linear differential equation. 


Therefore, dx dx 
IF =e! tanxdx — plogsecx — cacy 24 a=x+QXy-2) 


Hence, the solution is 


z+(sec x) = [sec x-sec x dx+C, 


1 
=> ——secx =—-tanx+C, 
y dy 
> sec x = y(tanx + C) 


=> yy -2)? =25 -(y -2)? 


